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Postepowanie wstgpujace jest strategia charakterystyczng dla syntezy. Na bazie
dotychczasowych informacji nastgpuje wyprowadzenie (synteza) nowe;j.

2. SCHEMAT WNIOSKOWANIA WSTEPUJACEGO

M éwiac ogdlnie, jeden krok wnioskowania wstgpujacego polega na dopasowaniu
odpowiedniej liczby asercji do warunkow konkluzji i wyprowadzeniu nowej asercji.
Nowa asercje tworzy konkluzja klauzuli ukonkretniona przez podstawienia dopaso-
wujace. Jezeli klauzula jest negacja (czyli nie ma konkluzji), wowczas wyprowadzona
asercja jest klauzula pusta.

- Zasada postgpowania zostala schematycznie przedstawiona na rys. 1.

uzgodnienie

asercjo, -—.

uzgodnienie

asercja, <+—-

podane asercja g <—- uzgodnienie
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asercjag -—- <—l [_——
drugi konkluzja, <+— zafoZenie,, , zatoZenie,,, zatozenie,
krok l
Qsercja, -—.
itd. I

Rys. 1. Schemat wnioskowania wstgpujacego

Na schemacie tym, asercje oznaczone numerami 1 do 5, sa podanymi zalozeniami.
W pierwszym kroku, w wyniku uzgodnienia [2] asercji, z zalozeniem,, oraz asercji,
7 zalozeniemg,, ukonkretniona zostala konkluzja, i przyjeta jako nowa asercja,.
W drugim kroku, po uzgodnieniu zalozef klauzuli; i ukonkretnieniu jej konkluzj,
powstaje asercja,. Dalej proces powtarza sig, az do osiagniecia klauzuli, ktora juz nie
wyprowadza nowej asercji. Konkluzja tej ostatniej klauzuli jest zwykle wyprowadzenie
informacji o osiggnigciu celu.

W Prologu, ze wzglgdu na sposob zapisu asercji do bazy danych, wnioskowanie
wstgpujace zapisuje sig zwykle w postaci regul o nastgpujacej skladni [5]:

<kontekst>: — <zalozenia>,assert(<konkluzje>)

gdzie assert jest predykatem zapisujacym fakty do bazy danych. Klauzula, w przy-
kladzie na rys. 1 moze mie¢ w Prologu schemat nastg¢pujacy:

regula @ —
zalozenie, ,, zaloZenie, ,, zalozenie, ,,
assert (konkluzja, ).
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3. IDENTYFIKACJA MODULOW WZMACNIACZA CMOS
JAKO PRZYKLAD ZASTOSOWANIA WNIOSKOWANIA WSTEPUJACEGO

Przykladem zastosowania wnioskowania wstgpujacego moze byé identyfikacja
uktad6w stosowanych w projektowaniu wzmacniaczy CMOS [8,10]. Zaklada si¢, ze
dana jest lista tranzystorow wraz z oznaczeniami wgztéw, do ktorych sa podlaczone.
Odpowiada to danym dla programéw symulacyjnych, np. SPICE [7)]. Nalezy podaé
reguly, ktore na podstawie tej listy pozwola na identyfikacje uklad6w elementarnych,
jak zwierciadlo pradowe, inwerter przeciwsobny itp. Rozpoznane uktady elementarne
beda z kolei stuzy¢ do identyfikacji wiekszych blokéw konstrukcyjnych (stopiefi
réznicowy, stopien koncowy itp.), w koncu calego wzmacniacza. Identyfikacja
ukladéw jest waznym elementem procesu automatyczne_] interpretacji wynikow
symulacji [4].

Dla elementow i ukladow przyjeto reprezentacje o strukturze ramowej [3], np.:

uklad ([rodzaj(...), typ(...), we(...), wy(...), zasilanie(...)])
Rozwazmy jako pierwsza regule identyfikujaca zwierciadlo pradowe (rys. 2).

""'-'_"__1

Rys. 2. Schemat zwierciadta pradowego

(R1)
. uklad ([rodzaj (zw1erc1adlo pradowe),
" typ (1),
we (l) H

zasilanie ()]) «

uktad ([rodzaj (tranzystor),
typ (ve),
zrodio (v) ,
bramka (i),
dren (0)]),

rozne([v, i, o]),

uklad ([rodzaj (tranzystor),
typ(9),
zrodlo (v),
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bramka (i),
dren(?)]).

Funktory o nazwach we, wy, bramka itp. stuza do zapisu polaczeri migdzy ukladami.
Zapis ten jest realizowany przez podanie wspolnej zmiennej dla zaciskow polaczonych
ze soba w jeden wezel. Zmiennymi sa tu i, o, v (oznaczenia wezléw) oraz ¢ (typ
tranzystora).

Nalezy ponadto podaé, ktére zaciski nie moga byé ze soba polaczone. Takie
niezamierzone potaczenie, moze wynikna¢ z uzgodnienia r6znych zmiennych z ta sama
stala [2]. Jako przyklad rozwazmy nast¢pujaca sytuacje: pierwsze zalozenie klauzuli
RS zostalo uzgodnione z asercja:

uklad ([ rodzaj (tranzystor),
typ (PMOS),
zrodlo (3),
bramka (1),
dren(1) ]) «.

Wynikiem unifikacji beda przypisania:
{ t=PMOS, v=3, i=1,0=1}.

Zakladajac, ze predykat rozne(...) nie zostal uzyty, zauwazmy Ze drugie zaloZzenie
klauzuli R1 po ukonkretnieniu ma posta¢ identyczna jak zapisana wyzej asercja
— daje si¢ wigc z nia uzgodnié. Wynikiem tych uzgodnien i ukonkretnienia konkluzji
bedzie wigc asercja )

uktlad ( [rodzaj (zwierciadlo _ pradowe),
typ (PMOS),
we(1),
wy (1),
zasilanie (3) ]) «.

Reprezentuje ona zwierciadlo pradowe o zwartym wejsciu i wyjsciu. Predykat
rézne([...]) zapobiega powtarzaniu si¢ symboli na lidcie [3], ktbra jest jego ar-
gumentem.

W podobny sposéb mozna zapisaé regule identyfikujaca parg roznicowa (rys. 3).

Rys. 3. Schemat pary réznicowej
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(R2)
uktad ( [ rodzaj (para __rdznicowa),
typ (9),
we(i,),
wy(0,),
wy(0,),
zacisk (w) ]). «
uktad ([ rodzaj (tranzystor),
typ(2), '
zrédlo (w),
bramka (i,),
dren(0,) ),
uklad ([ rodzaj (tranzystor),
typ(?),
zrodlo (w),
bramka (i,),
dren (0,)]),
rézne([ i, i,, 0., 0,, w]).

Trzecia regula okresla sposob identyfikacji stopnia réznicowego (rys. 4).

|
zwierciod{o |l
pradowe typu p :
|

|

I

para réznicowa :
|

typu n

|
!
ST . l
!
I
|
1

zwierciad+to
prqdowe typu n

Rys. 4. Schemat blokowy stopnia réznicowego

(R3)
uktad ([ rodzaj (stopien _rbznicowy),
typ (¢,),
we(w,),

wy (0),
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zasilanie(v,),
zasilanie (v,),
zacisk (s) ]) «
uktad ([ rodzaj (para_roznicowa),
typ (¢,),
we(i,),
we (i),
wy(0,),
wy (0,),
zasick (w) ]),
uktad ([ rodzaj (zwierciadlo _ pradowe),
typ (4,),
we (s),
wy (W),
zasilanie (v,) ],
zmien __typ (¢, ¢,),
ukiad ([ rodzaj (zwierciadio _ pradowe),
typ(z,),
we (i),
wy (0),
zasilanie (v,) ]),
dopasuj ([ i,, i,, 0,, 0,, w,, w,, i, 0 ]).

Na uwage zastuguja tu dwa predykaty pomocnicze zmieri __ typ i dopasuj. Zadaniem
pierwszego jest zapewnienie réznych typow pary réznicowej i obciazenia. Operaci¢ ta
mozna zrealizowaé przy pomocy dwoch asercji

zmien _typ (PMOS, NMOS) «.
zmien __typ (NMOS, PMOS) « .,

Zadaniem drugiego predykatu jest ,dopasowanie” oznaczen zaciskoOw pary roz-
nicowej do obciazenia. Operacj¢ ta mozna zrealizowac przy pomocy dwoch asercji:

dopasuj([ il’ i2’ 0, 0,, ill i2’ 015 02 ]) .
dopasuj([ i, i,, 0,,70,, 1,,i,,0,,0, ]) <.

Druga asercja odpowiada ,,obrotowi” pary réznicowej wokot osi symetrii.

Nalezy tez zwrdci¢ uwage na brak w zalozeniach klauzuli R3 predykatu réine (...).
Indywidualne nazwy zaciskéw zostaly bowiem zapewnione na etapie identyfikacji
ukladow elementarnych.

W oparciu o te trzy reguly, sprobujmy przesledzi¢ sposob wnioskowania wstgpuja-
cego, na przykladzie identyfikacji ukladu przedstawionego na rys 5.

Struktura topologiczna tego ukladu begdzie reprezentowana przez asercje:

(A1) uklad ([ rodzaj (tranzystor),

typ (NMOS),
zrodio (Vss),
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bramka (1),
dren(1) ]) «.

(A2) uktad ([ rodzaj (tranzystor),
typ (NMOS),
zrodio (Vss),
bramka (1),
dren(wy) ]) «.

(A3) uklad ([ rodzaj (tranzystor),

o typ (PMOS),
zrédlo (2),
bramka(-),
dren(l) ]) «.

(A4) uktad ([ rodzaj (tranzystor),
typ (PMOS),
zrodlo (2),
bramka (+),
dren(wy) ]) «.

(A5) uktad ([ rodzaj (tranzystor) ,
typ (PMOS),
zrodlo (Vdd),
bramka (3),
dren(3) ]) «.

(A6) uktad ([ rodzaj (tranzystor),
typ PMOS),
zrodlo (Vdd),
bramka (3),
dren(2) ) «.

Rys. 5. Scﬁemaf stophia rézmicowego
Przebieg wnioskowania mozZna przedstawi¢ w postaci drzewa dwudzielnego (rys. 6).
W kazdej Sciezce wystepuja na przemian wezly asercji i klauzule. W procesie
budowania drzewa stosuje si¢ strategi¢ poszukiwania ,,wszerz” [2].
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rozne rozne rozne
VssJ.Wy 'a+.1‘W)’12 VDD|3'2

dopasuj

lzmier‘m_typ(PMOS,NMOSl o Wyl 1wy
1 1 1 k] 1 $] 1]

R3

A0
Rys. 6. Drzewo wnioskowania — polaczenie gakzi ukiem oznaczé. kbniunkcje

Wyprowadzone w trakcie wnioskowania asercje maja postac:

(A7) uktad ([ rodzaj (zwierciadlo _ pradowe),
typ NMOS),
we(l),
zasilanie (Vss) ]) «.
(AB) uklad ([ rodzaj (para _rbéznicowa),
typ (PMOS),
we(+),
we (—_ ) ’
wy (wy),
wy (1),
zacisk 2) J) «.
(A9 uktad ([ rodzaj (zwierciadlo _pradowe),
typ (PMOS),
we (3),
wy(2),
zasilanie (Vdd) ]) « .
(A10) uklad ([ rodzaj (stopieni _r6znicowy),
typ (PMOS),
we ( - ) H
we (+),
zasilanie (Vss),
zasilanie (Vdd),
zacisk (3) ) «.
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Przedstawiony przyklad zostal zaimplementowany z niewielkimi zmianami w Prologu.
Program moze by¢ latwo rozszerzony o nowe reguly, identyfikujace pozostale bloki
konstrukcyjne wzmacniacza.

4. IMPLEMENTACJA REGUL IDENTYFIKACJI W PROLOGU

Przedstawiony nizej program, napisany w Turbo Prologu, jest przykladem
implementacji regut R1, R2 i R3 identyfikujacych moduly wzmacniaczy CMOS.
Dla poprawienia czytelnoci program i wydruki zostaly uzupelnione polskimi
literami.

domains
file = lista__tranzystorow -
specyfikacje specyfikacja *

specyfikacja = nazwa (string); rodzaj(symbol); typ(symbol);
we (symbol); wy (symbol),
zrodio (symbol); bramka (symbol); dren (symbol);
zacisk (symbol) i zasilanie (symbol)
lista = symbol* :
nazwy = string*

database
uktlad (specyfikacje)
nr__uklad (integer)
rozpoznane (nazwy)

predicates
regula (integer) rozne (lista)
zapisz _rozpoznane (nazwy) zapisz (specyfikacje)
nalezy _do (symbol, lista) nazwa__ukladu (string)
zmien _ typ (symbol, symbol) dopasuj (lista)
czytaj__dane czytaj rozpoznaj (integer)

clauses
regula (1): —
uklad ([ nazwa (T1), rodzaj(tranzystor), Typ, ‘
zrédlo (V),  bramka (We), dren (Wy) ]),
rézne ([ V, We, Wy )),
ukiad ([ nazwa (T2), rodzaj(tranzystor), Typ,
zrédlo (v), bramka (We), dren (We)]).
zapisz _rozpoznane ([ T1, T2]),
zapisz ([ rodzaj (zwierciadlo _pradowe), Typ,
we (We), wy (Wy), zasilanie (V) ]).
regula (2): —
ukiad ([ nazwa (T1), rodzaj(tranzystor), Typ,
zrédlo (W),  bramka(Wel), dren (Wyl) ]),
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uklad ([ nazwaT2), rodzaj (tranzystor), Typ,
zrodlo(W),  bramka (We2), dren (W, y2) D,

rozne (W, Wel, We2, Wyl, Wy2]),

zapisz _ rozpoznane ((T1, T2 ]),

zapisz _rozpoznane ([T2, T1]),

zapisz ([ rodzaj (para _rdznicowa), Typ,

we (Wel), we(We2), wy (Wyl), wy (Wy2), zacisk (W) ]).

reguta (3): —
uktad ([ nazwa (U1l), rodzaj(para_rdznicowa), typ (T1),
we (I1), we (12), wy (Wyl), wy (Wy2), zacisk (W) ]),
uklad ([ nazwa (U2), rodzaj (zwierciadlo _ pradowe), typ (T 1),
we (S), wy (W), zasilanie (V2) ]),
zmien __typ(T1, T2),
uktad ([ nazwa (U3), rodzaj (zwierciadlo _pradowe), typ(T2),
we (We), wy (Wy), zasilanie (V1) 1).
dopasuj ([ 11, 12, Wyl, Wy2, Wel, We2, We, Wy ]),
zapisz _rozpoznane ([U1, U2, U3)),
zapisz ([rodzaj (stopien _roznicowy), typ(T1),
we (Wel), we(We2), wy (Wy),
zasilanie (V1), zasilanie (V2), zacisk (S) 1),
zapisz _ rozpoznane (Uklady): —rozpoznane (Uklady), !, fail.
zapisz _ rozpoznane (Uklady): —
write ("Uklady: ”, Uklady), nl,
asserta (rozpoznane (Uklady)).
zapisz (Uklad): —
nazwa __ukladu (Nazwa),
nl, write ("tworza uklad: ”, Nazwa), nl, write (Uklad), nl,
assertz (uklad ([nazwa (Nazwa) : Uklad])).
rézne ([ : —L
rozne ([W:Reszta]): —nalezy _ do (W, Reszta), !, fail.
rozne ([ _:Reszta]): —rozne (Reszta). :

nalezy _do (G:_]: —!.
nalezy _do (G, [ _:Reszta]): —nalezy _do (G, Reszta).

nazwa __ukladu (Nazwa): —
nr _ukladu (Nr),!, retract (nr __uktadu(_)), Nr1=Nr+1,
str _int (Str, Nr1), concat ("Uk1”, Str, Nazwa),
assertz (nr _ukladu (Nrl))
nazwa _ ukladu ("Ukl1”): —assertz (nr _ukladu(1)).

zmien __typ ("PMOS”, "NMOS”): —!

zmiefi _typ "NMOS”, "PMOS”).

dopasuj ([I1, 12, Wyl, Wy2, 11, 12, Wyl, Wy2]): —!.
dopasuj ([I1, 12, Wyl, Wy2, 12, 11, Wy2, Wyl]).
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Dane dla programu podawane sa w postaci zblizonej do formatu przyjetego
w programie SPICE [7], tj. <nazwa> <dren> <bramka> <zrédlo> <typ>.

czytaj__dane: —

writec ("Podaj nazwg pliku z lista tranzystorow: ),
readln (NazwaPliku),

opeenread (lista _ tranzystoréw, NazwaPliku),
readdevice (lista__tranzystorow),

czytaj,

closefile (lista __ tranzystorow).

szytaj: —

not (eof (lista __ tranzystoréw)),!,
readln (Opisl),

front token (Opisl, Nazwa, Opis2),
front token (Opis2, Dren, Opis3),
front token (Opis3, Bramka, Opis4),
front token (Opis4, Zrodlo, Opis5),

. front token (OpisS, Typ, _),

asserta (uktad ([nazwa (Nazwa), rodzaj (tranzystor), typ (Typ),
zrodlo (Zrodio), bramka (Bramka), dren (Dren) 1)),

czytaj.

czytaj: —readdevice (keyboard).

rozpoznaj(4): —!.
rozpoznaj (Nr): —regula (Nr),

write ("zgodnie z regula nr ”, Nr), nl, nl, !,
rozpoznaj (Nr). '

rozpoznaj: —Nrl1=Nr+1, rozpoznaj (Nrl).
goal

czytaj _ dane, rozpoznaj (1).

Uklad z rys. 5 bedzie opisany nastepujaco:

Ml 1 1 Vss NMOS
M2 wy 1 Vss NMOS
M3 1 - 2 PMOS
M4 wy + 2 PMOS
M5 3 3 Vvdd PMOS
M6 2 3 Vdd PMOS

Wynikiem dzialania programu jest wydruk, ktéry pokazuje rozpoznane moduly

wzmacniacza.

Uklady: ["M6”, "M 5”]

tworza uklad: Ukll

[rodzaj ("zwierciadlo __ pradowe”), typ ("PMOS”),
we (”3”), wy ("2”), zasilanie ("Vdd”)]

zgodnie z reguig nr 1
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Uklady: ["'M2”, "M1”]

tworza uktad: Uk12

[rodzaj ("zwierciadlo _pradowe”), typ ("NMOS”),
we ("17), wy ("wy”), zasilanie ("Vss”)]

zgodnie z regula nrl

Uklady: ["M4”, "M3”]

Uklady: ["M3”, "M4”]

tworza uklad: Ukl3

[rodzaj ("para _réznicowa”), typ ("PMOS”), we (" +7), we (" —"),
wy ("wy”), wy ("17), zacisk ("2")]

zgodnie z regulg nr 2

Uklady: ["Ukt3”, Ukl1”, "UkR”]

tworza uklad: Uki4 ,

[rodzaj ("stopien _réznicowy”), typ ("PMOS”), we (" =), we (" +7),
wy ("wy”), zasilanie ("Vss”), zasilanie ("Vdd”), zacisk (”3”)]

zgodnie z regula nr3

W pelnej wersji, program zawiera 16 regul i jest w stanie rozpoznaé 72 rézne wersje
wzmacniacza.

PODSUMOWANIE

W drugiej czgéci pracy przedstawiono zasade wnioskowania wstepujacego.
Struktura przestrzeni poszukiwaf wstgpujacych jest bardziej skomplikowana niz
w przypadku przestrzeni poszukiwan zstepujacych [9]. Co za tym idzie, przeszukiwanie
tych przestrzeni jest trudniejsze.

W praktyce rzadko stosuje si¢ do przestrzeni poszukiwan wstepujacych strategie
inne niz poszukiwanie wszerz [9]. Poszukiwanie wszerz polega na rozwazeniu
wszystkich asercji o glgbokosci n, zanim bedzie wygenerowana jakakolwiek asercja
o glebokosci n+1. Glebokos¢ asercji jest o jeden wigksza niz najwieksza sposrod
glebokosci asercji, z ktorych ja wyprowadzono. W przedstawionym przykladzie
asercie A1 — A6 maja gleboko$¢ zero (zostaly podane), asercje A7 — A9 maja glebokosé¢
1 (zostaly wyprowadzone z asercji o glebokosci zero). Natomiast asercja A10 ma
glebokoéé 2. W przytoczonym programie przykladowym i w pelnej wersji programu,
poszukiwanie wszerz zrealizowano przez odpowiednie ponumerowanie regul.

Identyfikacja ukladow jest waznym etapem automatycznej interpretacji wynikow
analizy uktadéw [4]. Interpretacja taka nie jest praktycznie mozliwa, jezeli nie zostang
okreslone funkcje ukladu oraz moduléw z ktorych jest zbudowany.

Zainteresowanym Czytelnikom autor udostgpni pelny tekst prototypowego sys-
temu identyfikacji uktadow.
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H. BUDZISZ
KNOWLEDGE PROCESSING IN THE DOMAIN OF ELECTRONIC CIRCUITS

Part 2: Forward reasoning

Summary "

Rules. of inference are very general statements of the relationshipe between assumptions and
conclusions forming clauses. In forward reasoning technique, discussed in this part of the paper, the
complete computation cycle of inference engine corresponds to the repeated applications of the modus
ponendo ponens rule. In each step of the process, conclusions are generated which in turn become new
assertions within the knowledgebase. As an example illustrating thé way of reasoning a problem of CMOS
amplifier modules identyfication has been shown. A Prolog implementation of the inference has also been
presented.

Czes¢ 3: Wnioskowanie zstgpujace

W interpretacji proceduralnej klauzul hornowskich, regula wnioskowania modus
tollendo tollens jest rozumiana jako uaktywnienie procedury. Przy tej interpretacji, wnios-
kowanie zstgpujace jest ciagiem wywolan procedur, z ktérych kazda wywoluje nastepne
procedury. Proces jest uruchamiany przez cel poczgtkowy, a koticzy sig po osiagnigciu asercii.
Asercje mterpretuje sig jako procedury rozwiazujace cel bezposrednio, bezreduk owania go do
podceléw. Jako przykiad ilustrujacy technike wnioskowania zstgpujacego, przedstawiono
problem weryfikacji projektu ukiadu cyfrowego CMOS. Pokazano tez sposob implementacji
metody w Prologu.
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1. WPROWADZENIE

Aby wykazaé w jezyku klauzul, ze zbi6r zalozen implikuje pewna konkluzje, przy
zastosowaniu strategii zstepujacej [2] zakladamy, ze konkluzja nie jest prawdziwa
i pokazujemy, ze negacja konkluzji jest sprzeczna z zaloZeniami (reductio ad
absurdum).

Na przyklad z Tstabilny(x) oraz stabilny(x)<«pasywny(x) wynika “pasywny (x),
czyli ,jezeli uktad nie jest stabilny to znaczy, ze nie jest pasywny”. Klasycznym bledem
logicznym jest natomiast wyciagnigcie na podstawie prawdziwosci stabilny(x) oraz
stabilny ( X ) «—pasywny(x), wmosku pasywny(x), czyli ,jezeli uklad jest stabilny to jest
pasywny”.

Sprowadzenie wywodu do wykazania sprzecznosci jest nieco nienaturalne i dlatego

wygodniej jest zastosowaC proceduralna interpretaci¢ wnioskowania zstepujace-
go [8,9]

W interpretacji proceduralnej, klauzulg hornowska [2], postaci:

Be—4,..,4,n>20
utozsamia si¢ z procedura
<nagldwek> « <tres¢>.

Nagtowkiem jest konkluz;a B (cel, jaki nalezy osiagnac), a trescia c1qg wywolan
procedur A, .. A, (clag celéw pomocniczych).

Przy tej mterpretac_u w rozumowaniu zstepujacym, wychodzi si¢ od celu (kon-
cowej konluzji), sprowadza si¢ go do celéw pomocniczych itd. do chwili, gdy wszystkie
cele pomocnicze zostana osiagnigte, tj. uzgodnione z asercjami. Asercje interpretuje si¢
jako procedurg, ktora rozwiazuje cel bezposrednio, bez redukowania go do podcelow.
O postgpowaniu zstgpujacym mowi si¢ tez ze jest sterowane celem (ang. go-
al —directed).

2. SC_HEMAT WNIOSKOWANIA ZSTEPUJACEGO

W kazdym kroku wnioskowania zstgpujacego, aby osiagnaé aktualny w tym
kroku cel, nalezy najpierw osiagna¢ cele pomocnicze. W kolejnych krokach
nastgpuje wiec ,rozbicie” celu gldwnego na coraz prostsze cele pomochnicze.
W wyniku takiego postgpowania, tworzy si¢ drzewo, ktorego przyklad pokazany
zostal na rys. 1.

Ze schematu tego wynika, Ze cel jaki nalezy osxqgnac reprezentuje konkluzja
klauzuh W pierwszym kroku nalezy osiggna¢ dwa cele pomocnicze wyrazone
w zalozemu i zalozemu7 ,- W wyniku uzgodnien z konkluzja, i konkluzja okaque
sie, ze nalezy osiagnaé nastgpne cele pomocnicze. Dalej "proces powtarza si¢, az
wszystkie li§cie tego drzewa beda asercjami.



414 .- H. Budzisz Kwart. Elektr. i Telekom.

konkluzja; -—zatozenie,, , zatoZenie,,.

konkluzja ; —«— zatozenie,, , zotoZenie,,.

.

asercjays —e— konkluzjag-—

konkluzjas -—zatoZenies, , zatoZenieg, , zotoZeniesy.

1 T

asercjog ~e—,

konkluzjo, - zofozenie g, , ...

Rys. 1. Schemat wnioskowania zstgpujacego

3. PRZYKLAD ZASTOSOWANIA POSTEPOWANIA ZSTEPUJACEGO
DO WERYFIKACJI PROJEKTU UKLADU CYFROWEGO

Podstawowymi elementami, ktore stuza do realizacji uktad 6w cyfrowych w techno-
logii CMOS, sa tranzystory PMOS i CMOS (rys. 2ai 2b), kt6re w uktadach cyfrowych sa
czgsto w uproszczeniu traktowane jako przelaczniki dwustanowe (zwarte i i rozwarte).

a d b) 3 c) d}
. . . =" u
r==---1 r=—f--—-- i }
b i ! bl | L i r——}-"i
o—|—| NMOS o—;—l PMOS | [ ! ' [
| ! | | | 1 [ SR——— |
I P R ] L
2 d

Rys. 2. Podstawowe elementy skladowe do budowy ukladéw cyfrowych w technologii CMOS: a) klucz na
tranzystorze NMOS, b) klucz na tranzystorze PMOS, c) zasilanie, d) uziemienie

Przy takim modelu, wlasciwosci tranzystorow mozna opisaC nastepujaco:

Vb, 2, d€ {0,1} [(b=1 — z=d) - NMOS (b, %, d)]
Vb, 7, d €{0,1} [(6=0 — z=d) - PMOS (b, %, d)]

gdzie: stale 0 i 1 oznaczaja stany logiczne.

Pierwsze sformulowanie mozna odczytaé nastgpujaco: jezeli stan logxczny 1 na
bramce spowoduje zwarcie zrédla z drenem, to mamy do czynienia z tranzystorem
NMOS. W drugim zapisie na bramce wystepuje stan loglczny 0. Po odpowiednich
przeksztalcemach [3], otrzymuje si¢ nastgpujacy zapis w jezyku klauzul:

: (Rl) ; NMOS (b, 2, d)«rowne (b,0)
(R2) NMOS (b, 2, dyeréwne (2,d)
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(R3) PMOS (b, 2, d)«r6wne (b,1)
(R4) PMOS (b, 2, dyrowne (¢,d)

Istotnie, tranzystor NMOS nie moze by¢ traktowany jako przelacznik tylko wtedy,
gdy b=1, i Z#d, czyli

(b = 1) A1 r6wne(Z, d)

Wszystkie inne kombinacje wartosci b, Z i d sa dopuszczalne.
Negujac wigc powyzsze wyrazenie, otrzymuje sie:

(b = 0) vroéwne(Z, d)

co odpowiada warunkom klauzul R1 i R2. Podobne rozumowanie mozna prze-
prowadzi¢ dla tranzystora PMOS.

Dwa pozostale elementy stuzace do budowy ukladu: zasilanie i uziemienie
(rys. 2c i 2d), mozna opisa¢ nastepujaco:

(RS zasilanie (z) « rowne (z,1)
(R6) uziemienie (1) «— réwne (1,0)

Predykat rowne (...) zdefiniowany jest przy pomocy asercji:

(Al rowne (0,0)«
(A2) rowne (1,1)«

Stale 0 i 1 oznaczaja stany logiczne.
Rozwazmy dalej jako przyklad dwa proste uklady cyfrowe: inwerter i bramke
NAND. Opis funkcjonalny inwertera sprowadza si¢ do zapisu:

V we,wy € {0,1} [inwerter (we,wy)—»(we;éwy)]

Po odpowiednichb przeksztalceniach zapis ten mozna przedstawi¢ w postaci klau-
zulowej:

R7 e inweter (we,wy), rtowne (we,wy).

czyli ,.,nieprawda ze uklad jest inwerterem i stan na wejSciu jest rOwny stanowi na
wyjsciu ukladu”. Z drugiej stony topologi¢ inwertera (rys. 3b) mozna oplsac klauzulq

(R8) inwerter (we,wy) «zasilanie (v),
uziemienie (),
PMOS (we,v,wy),
NMOS (we,u,wy).

Nalezy wykaza¢, ze uklad z rys. 3b, opisany klauzula R8 rzeczywiscie realizuje
funkcje inwertera opisana klauzula R7. Drzewo dowodu z zastosowaniem mechaniz-
mu wnioskowania zstgpujacego i strategii poszuklwama .w glab” [2], przedstawmne
zostalo na rys. 4.

Wychodzac z klauzuli R7 nalezy wykazaé, ze p» ~vnaimniej jedno z zalozen nie jest
prawdziwe. Pierwsze zalozenie inwerter (we,wy) daje sie uzgodnié z konkluzja klauzuli
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‘a) bl oV

Rys. 3. Inwerter: a) symbol, b) typowa implementacja w technologii CMOS

R7
invo’/ert‘er( we,wy) L -réwne {1,0] ‘
RS R
zagilanie {v) uziemienie (u) PMOS (we,1,wy) NMOS {1,0wy)
RS R6 R3 R2
réwne{v,1) réwne (u,0) réwne {we 1) réwne {0,wy)
! ! |
A2 Al A2 ' A1
réwne {1,1) rowne (0,0} rowne {1,1) réwne (0,0)
{v=1] {u=0l {we=1) {wy=0)

Rys. 4. Drzewo wnioskowania dowodu poprawnofci implementacji inwertera

R8 i zostaje rozbite na cztery podcele. W wyniku uzgodnienia predykatu zasilanie (v)
za posrednictwem klauzuli R5 z asercja A2, pod zmienna v podstawiona zostaje
warto$é logiczna 1. Z kolei uzgodnienie predykatu uziemienie (u) poprzez R6 z asercja
Al, prowadzi do podstawienia {u=0}. Ukonkretniony predykat PMOS (we,1,wy),
poprzez R3 daje sie uzgodni¢ z A2, w wyniku czego otrzymuje si¢ podstawienie
{we=1}. W koficu uzgodnienie predykatu NMOS (1,0,wy) prowadzi do podstawienia
{wy=0}. Poniewaz wszystkie zalozenia klauzuli R8 udalo si¢ uzgodni¢, musimy
przyjaé, ze ukonkretniony predykat inwerter(1,0) jest prawdziwy. Jednak drugie
zalozenie R8, ktore w wyniku ukonkretnienia przyjmuje postaé réwne (1,0), nie daje si¢
uzgodnic z Zadng asercja, a wiec ma wartoscC falsz. Ostatecznie prawdziwe okazu]e si¢
zaprzeczenie wyrazone przez klauzule R7.

Dlakompletnosci dowodu nalezaloby zbudowa¢ druga wersj¢ drzewa dowodowego
w ktorym predykat PMOS (we,1,wy) zostaje uzgodniony z konkluzja klauzuli R4. .

Przechodzac do drugiego przykladu, opis funkqona.lny ‘bramki NAND mozna
przedstawi¢ nastgpujaco:
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V we,, we,, wy € {0,1}
NAND (we,, we,, wy) = [(we=1) A (we, =D]>(wy=0)] A
[(we,=0) v (we,=0)]>(wy=1)]

co daje si¢ przeksztalcié do postaci klauzulowe;j:

(R92) « NAND (we,, we,, wy),
réwne (we,, 0),
rébwne (wy, 0).

(R9b) <« NAND (we,, we,, wy),
réwne (we,, 0), '
rowne (wy, 0).

(R9c) <« NAND (we,, we,, wy),
rowne (we,, 1),
rowne (we,, 1),
rowne (wy, 1).

a) | b) v

we, .
wy
wez wey O- Jl[
o——q[l

Rys. 5. Bramka NAND: a) symbol, b) typowa implementacja w technologii CMOS

-0 wy

Z kolei opis topologiczny (rys. 5) prowadzi do klauzuli:.

(R10) NAND (we,, we,, wy)« zasilanie (v),
uziemienie (),
PMOS (we,, v, wy),
PMOS (we,, v, wy),
NMOS (we,, p, wy),
NMOS (we,, u, p)-

Weryfikacja takiego uktadu jest juz bardziej ztozona. Jak Tatwo zauwazy¢ p:édykaty
zasilanie (u) i uziemienie (u) zawsze prowadza do podstawien {v=1, u=0}. Regu-
te (R10) mozna wigc uprosci¢ do postaci:

(R10") NAND (we,, we,, wy)«PMOS (we,, 1, wy),
- PMOS (we,, 1, wy),
NMOS (we,, p, wy),

NMOS (we,, 0, p)-
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Proces uzgadniania zalozef reguly (R10°) z regutami (R1)— (R 6) oraz asercjami (Al)
i (A2) prowadzi do podstawien: : . ’

li

(P1) {we, =0,we, =0, wy =1}
(P2) {we, =0,we, =1,wy =1}
(P3) {we, =1, we, =0,wy =1}
P4) {we, =1, we, =1, wy=0}
Rys. 6 przedstawia szczegélowo proces uzgadniania prowadzacy do podstawien (P4).
NAND {weq,we,,wy)

°MOS (we,,1,wy) PMOS { we,,t,wy) NMOS({1, P‘.Wyl NMOS(1.0,[_))
| |
R3 R3 R2 R2
!
réwne (we, 1) réwne (we,,1) réwne {p,wy) réwne (0,0}
|
A2 A2 At Al
! !
rowne (1,1) réwne (1,1) réwne(0,0) réwne(0,0)
{we,=1) {wez =1] (p=0,wy=0)

Rys. 6. Przyktad uzgadniania zmiennych predykatu NAND

Podstawiajac kolejno wartoéci zmiennych wygenerowane przez predykat NAND
do regul (R9a), (R9b) i (R9c) mozna stwierdzié, Zze wszystkie zaprzeczenia sa
prawdziwe (tzn. przynajmniej jedno zalozenie w kazdej klauzuli nie jest prawdziwe).
Warto zauwazyd¢, ze podstawiena (P1)—(P4) przedstawiaja definicje bramki NAND,
a sekwencje predykatow réwne(...) w regulach (R9a)—(R9c) okreflaja stany za-
bronione. Jezeli stany dopuszczalne i zabronione sa sprzeczne, to projekt jest
poprawny.

4. IMPLEMENTACJA REGUL WERYFIKACJI W PROLOGU

Przedstawiony nizej program napisany w Turbo Prologu jest przykladem im-
plementacji regut weryfikacji oméwionych przykiadéw. Dla poprawienia czytelnosci,
tekst programu uzupelniono polskimi literami.
predicates

—PMOS (symbol, symbol, symbol)
—NMOS (symbol, symbol, symbol)
zasilanie (symbol) '
uziemienie (symbol)

inwerter (symbol, symbol)
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_NAND (symbol, symbol, symbol) :
réwne (symbol, symbol) '
clauses
rowne (X, X).
_NMOS(B,_,_) —roéwne(B, ”0”).
_NMOS(_,ZD): —réwne(Z,D).. -
_PMOS(@B,_,_): —rowne (B, "1”).
_PMOS(_,ZD): —rowne(Z,D).
zasilanie (Z): —réwne (Z, ”17).
uziemienie (U): —rowne (U, 70”).
inwerter (We, Wy): —zasilanie (V), uzwmleme ), .
_PMOS(We, V, Wy), _NMOS (We, U, Wy).
NAND (Wel, We2, Wy): —zasilanie (V), uziemienie (U),
_PMOS(We2, V, Wy), _PMOS (Wel, V, Wy),
—NMOS (Wel, P, Wy), _NMOS (We2, U, P).

Odpow1equ ne cel sformulowany w klauzuli (R7) jest fafsz, zgodnie z przed-
stawionym poprzednio wywodem (teksty przedstawione dalej w ramkach, zostat-
skopiowane z ekranu).

Goal: inwerter (We, Wy), rowne (We, Wy)
False

Predykat inwerter mozna tez wykorzystaé w inny sposdb. Na pytanie: “jakic sg
dopuszczalne stany na wejsciu i wyjsciu inwertera?”, odpowiedzZ jest nastgpujaca:

Goal: inwerter (We, Wy)
We=1, Wy=0

We=0, Wy=1

2 Solutions

Odpowiedzia na pytanie: “czy prawda jest, Ze inwerter ma stan na wejsciu 1 istan O na
wyjéciu?”, jest stwierdzenie: prawda.

Goal: inwerter 17, 70”)
True ’

Podobnie dla bramki NAND. Na pytanie: “jakie sa dopuszczalne stany na obu
wejsciach i wyjéciu bramki NAND?”, odpowiedzia jest wykaz czterech rozwiazan.

Goal: _NAND (Wel, We2, Wy)
Wel,=1, We2=1, Wy=0
Wel=0, We2=1, Wy=1
Wel=1, We2=0, Wy=1
Wel=0, We2=0, Wy=l1

4 Solutions
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Program moze by¢ latwo rozszerzony na uklady bardziej zlozone. Rozszerzona wersje
programu zawieraja m.in. opis bramki NOR i pelnego sumatora jednobitowego, autor
udostepni zainteresowanym Czytelnikom.

PODSUMOWANIE

We wnioskowaniu zstgpujacym, przestrzed poszukiwan przybiera postaé drzewa
koniunkcyjno-alternatywnego (ang.- and-or tree) [8]. Do przeszukiwania takiego
drzewa stosuje si¢ zwykle technik¢ poszukiwania “w glab”. Jezeli poszukiwanie
zakonczy si¢ niepowodzeniem, nastgpuje nawr6t w kierunku korzenia do najblizszego
wezla alternatywnego, w celu zbadania dalszych mozliwosci osiagniecia postawmnych
lub wyprowadzonych celow.

Przy rozwigzywaniu niektorych problemow korzystne jest stosowanie obu sposo-
bow wnioskowania — zstgpujacego i wstgpujacego [9]. Jest to mozliwe wowcezas, gdy
dane s3 zar6wno zalozenia poczatkowe jak i konicowy cel, a poszukuje si¢ drogi jaka
nalezy dojs¢ do celu. Taka dwukierunkowa strategia poszukiwania daje w efekcie
zmniejszenie przestrzeni poszukiwan., ‘
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H. BUDZISZ

KNOWLEDGE PROCESSING IN THE DOMAIN OF ELECTRONIC CIRCUITS
Part 3: Backward reasoning

Summary

In the procedural interpretation of Horn caluses, modus tollendo tollens rule of reasoning is interpreted
as procedure invocation. In top-down problem-solving, we reason backwards from the conclusions,
repeatedly reducing goals to subgoals until eventually all subgoals are solved directly by the original
assertions. The process of reasoning is activated by the initial goal statement. A rule-based verification of

i digital CMOS circuits design has been chosen to exemplify backward reasoning. Prolog implementation has
also been shown.
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Reprezentacja wiedzy o ukladach elektrdnicznych
Cze$¢ I1. Sieci semantyczne i reprezentacja ramowa
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W pierwszej czegéci pracy przedstawiono zastosowanie jezyka klauzul do reprezentacii
wiedzy o uktadach elektronicznych [1]. Jest to reprezentacja podstawowa na ktorej oparte sa
struktury tworzsce sieci powiazaf miedzy obiektami. Sie¢ semantyczna jest grafem reprezen-
tujacym zwigzki miedzy obiektami. Zwiazki te tworza czgsto struktury hierarchiczne, dia
ktorych projektuje si¢ mechanizmy dziedziczenia wlasciwosci, dostgpu do wartosci domysl-
nych i do procedur obliczeniowych. Obiekty stereotypowe, taczace elementy lub uklady zich
wlasciwos§ciami, tworza struktury ramowe. Struktury te sg réwniez organizowane w sieci
semantyczne.

1. SIECI SEMANTYCZNE

Zaleznoéci (asercje) dwuargumentowe [1] przedstawia si¢ czgsto jako graf skiero-
wany, nazywany siecia semantyczng [2,3,7,8]. Wezly grafu reprezentuja obiekty,
a krawedzie zwiazki migdzy nimi. Rys. 1 przedstawia sie¢ scmantycznq dla przykiadu
opisu inwertera [1].

Taka graficzna reprezentacja jest duzym ulatwieniem w prOJektowamu i przy
modyfikacjach opisu, gdyz uwidacznia strukture powiazan pomiedzy obiektami. Sie¢
semantyczna shuzy czgsto do zapisu hierarchicznych powiazan migedzy obiektami.
Powigzania te zapisuje si¢ zwykle przy pomocy predykatow klasalub jest _to. Tworzy
sie w ten sposoOb strukturg drzewiasta (rys. 2).

Przez analogic do drzewa genealogicznego, uzywa si¢ tu okreslen »ojciec”
i,,dziecko” (,,przodek” i ,,potomek™). Tak wigc na rys. 2, obiekt uklad _ nieliniowy jest
»ojcem” obiektow modulator i detektor oraz ,,dziadkiem” modulatoréw FM i AM.
Kazdy obiekt lub klasa obiektéw maja zwykle pewne okres§lone cechy. Powigzania
miedzy obiektami i ich wlasno§ciami tworza zlozona sie¢ semantyczna. Przyklad takiej
sieci przedstawiony jest na rys. 3. Zawiera ona dwa drzewa hierarchiczne (ukladéw
i sygnaléw) oraz powiazania mi¢dzy nimi, a takze opis niektorych wlasciwosci
obiektow.
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ss

Zrdédio

bramka

yp
)

Rys. 1. Sie¢ semantyczna opisu inwertera

ukiad
nieliniowy

Rys. 2. Przyklad drzewa hierarchicznego

Jest to juz wigc gotowa struktura, dla ktérej latwo sporzadzié bazg wiedzy. Ponizej
przedstawiono jako przyklad fragment takiej bazy.

wiasciwos¢ (uktad __elektroniczny, we, sygnat__elektryczny) «
wlasciwo§¢ (uklad _ elektroniczny, wy, sygnat _ elektryczny) «
jest__to (uklad _ analogowy, uklad _elektroniczny) «
wla$ciwod¢ (uktad _analogowy, we, sygnal__ ciagly) «
wlaSciwos¢ (uklad _analogowy, wy, sygnal_ ciagly) «
jest_to (uklad _ liniowy, uklad _analogowy) «

jest _to (uklad _ nieliniowy, uklad __ analogowy) «

wiasciwo$¢ (uktad _liniowy, spelnia, zasada _ superpozycji) «

+ wlasciwo$¢ (uklad _ nieliniowy, spehia, zasada superpozycp)
jest _to (filtr, uklad _ liniowy) « .
wlasciwosé (filtr, we, sygnal_smusoidalny) «

wlasciwos¢ (filtr, wy, sygnal _ sinusoidalny) «

jest _to (wzmacniacz, uklad _liniowy) «

jest _to (detektor, uklad _ nieliniowy) «
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\ fwe N fwemy
l u.c/ol u.dafct Iu.cyfrowy I

zasada
superpozycji jest-to
3

o %q‘

£ %) s.okresowy

1 °

[=3

W
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Rys. 3. Przyklad hierarchicznej sieci semantycznej

Do opisu whasciwosci uzyto predykatu tréjargumentowego, ktory laczy rézne
wlasciwoséci. Umozliwia to tworzenie opisu wielu roznych cech bez potrzeby powigk-
szania liczby predykatow. Duza liczba predykatéw o réinych nazwach, utrudnia
budowe mechanizméw obstugi sieci. Takie scalajace predykaty mozna oznaczyC na

rysunku specjalnym symbolem (rys. 4).

wladciwodd
prabiaiiiby

we

4

sygnat

uktad

elektroniczny Y elektryczny

Rys. 4. Oznaczenie graficzne predykatu scalajacego

Przedstawiony przyktad uwypukla wspomniane juz dwie wazne w praktyce cechy
— duza elastycznosé przy modyfikacjach bazy oraz rozwlekto$¢ opisu. Przedstawiony
sposob zapisu sieci semantycznej jest tylko jednym z kilku mozliwych [6]. Do obstugi
sieci hierarchicznej stosuje si¢ zwykle mechanizmy [7,8], ktore umozliwiaja miedzy
innymi:

— dziedziczenie wlasciwosci po przodkach i przekazywanie ich potomstwu,

— korzystanie z wlasciwosci domyslnych,

— korzystanie z procedur obliczeniowych,
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— okreslenie wlasciwosSci uzaleznione od kontekstu.
Mechanizmy te koresponduja ze sposobem rozumowania czlowieka. Na przyklad
okreslenie ,,sumator szeregowy” kojarzy si¢ z wlasciwosciami:

— przetwarza sygnaly cyfrowe, bo wszystkie uklady cyfrowe maja takie wlasciwo-
§ci (wlasnosé odziedziczona), '

— realizuje przeniesienie, bo wszystkie sumatory tak robia (wlasnosé odz1edzwzo-
na, ale z-innej klasy uktadow niz poprzednia).

— jest taktowany zegarem, bo wigkszo$¢ sumatoréw jest realizowana jako uklady
synchroniczne (wlasno$¢ domys$lna),

— jest 8-bitowy, bo sumatory szeregowe 16 i 32-bitowe sa rzadko stosowane
w praktyce (wlasno$¢ domyslna), _

— dzialanie jest oparte na algorytmie dodawania binarnego (procedura ob-
liczeniowa).
Inne tez bedzie rozumienie okreslenia ,,sumator”, jeSli zostanie uzyte w kontekscie
wigzacym go z ukladami analogowymi.

2. STRUKTURY RAMOWE

Obiekt prosty, wraz z wlasciwosciami, ktére uznaje sic za jego nieodlaczne
atrybuty, tworzy obiekt zlozony, czgsto nazywany obiektem stereotypowym [7,8]. Do
reprezentacji obiektu stereotypowego stosuje si¢ strukture skladajaca sie z wezla
reprezentujacego obiekt prosty oraz pewnej liczby nazwanych pél* [4,7,8]. Struktura
taka, schematycznie przedstawiona na rys. 5, nazywana jest rama (ang. frame).

wzmacniacz
operacyjny
l nazwa D
rd

CMRR

wzmocnienie

slew_rate D
pobdr _mocy D

Rys. 5. Przyklad reprezentacji ramowej

* okreslenie pole (termin ang. slot), przyjeto ze wzgledu na duze podobieristwo struktury ramowej do
rekordu.
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Rys. 6. Przyklad sieci laczacej ramy
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Podczas definiowania struktury ramowej, cz¢$¢ pol jest zwykle obiektami pustymi.
Wypelnianie tych pél nastgpuje w trakcie przetwarzania wiedzy. Operacja ta nazywana
jest konkretyzacja ramy, a wielko§¢ wypelniajaca — wypelniaczem (ang. filler). Stad
w literaturze angielskojezycznej mozna tez spotkad si¢ z okresleniem slot-and-filler
representation. ' B

Wygodnym sposobem zapisu struktury ramowej w jezyku klauzul (réwniez
w Prologu) jest predykat z termami w postaci list [6], np:

uklad (wzmacniacz _ operacyjny, [wzmocnienie ([?]),
’ : CMRR ([?, domyslnie, 80]),
slew _rate ([?, domyslnie, 10]),
poboér _mocy ([?]) «.

Symbol ,,?” przyjeto jako oznaczenie wartoéci nieokreslone;.

Ramy nie wystepuja zwykle jako struktury samodzielne, lecz tworza sie¢ seman-
tyczna (najczedciej drzewo hierarchiczne — rys. 6).

Zapis sieci ram w jezyku klauzul, jest podobny do zapisu zwyklej sieci semantycz-
nej, np.:

uklad (wzmacniacz, [jest _ to (uklad __ analogowy),
wzmocnienie ([?]),
szumy ([?]),
impedancja __ wejsciowa ([?]),
impedancja _ wyjsciowa ([?]),
pole _ wzmocnienia ([?]),
pobdr _mocy([?])]) «.
ukiad (wzmacniacz_mocy, [jest _to (wzmacniacz),
moc _wyjSciowa ([?]),
sprawnos$¢ ([?]),
znieksztalcenia ([ ?, domys$lnie, 0.03]) ]) « .
uklad (wzmacniacz _ pasmowy, [jest __to (wzmacniacz), ... ]) « .

Podobnie jak w zwyklej sieci semantycznej, ramy moga zawiera¢ wartosci
domyslne i wskazniki do procedur obliczeniowych. Konstruuje si¢ tez dla nich
mechanizm dziedziczenia. Jako przyklad niech postuzy poszukiwanie w sieci hierar-
chicznej podobnej do przedstawionej na rys. 6, wartosci parametru p dla uktadu u.
Przeszukiwanie struktur drzewiastych najwygodniej przeprowadza si¢ przy zastoso-
waniu rekursji. Warunkiem ograniczajacym glebokoéé rekursji bedzie zalozenie, ze
rama o nazwie uklad_ elektroniczny jest przodkiem wszystkich pozostatych obiektow
w sieci. Algorytm poszukiwania moze byé nastgpujacy:

1. Aktualnie rozpatrywang rama jest rama o nazwie u.

2. Jezeli aktualng rama jest ukiad _ elektroniczny, to parametr p nie jest stosowany
do opisu ukladu # — koniec poszukiwan.

3. Jezeli parametr p znajduje si¢ na lifcie parametréw aktualnej ramy, to
poszukiwana warto$¢ zostala odnaleziona — koniec poszukiwan.
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4. Znajdz przodka aktualnej ramy na podstaw1e wlasciwosci jest to i uczyn go
nowa aktualna rama — wro¢ do kroku 2.
W dodatku zamieszczono przyklad 1mplementac_]1 w Prologu sieci ram oraz
mechanizm dostgpu do wartosci parametrow, a takze przyklady testujace.

" Ramy stanowia pewien szkielet, wedlug ktorego mozna rozpoznawac lub wybiera¢
obiekty. Ramy ukonkretnione stoja najnizej w hierarchii — sa liSémi drzewa
hierarchicznego. Ukonkretnienie ramy mozna interpretowac jako przejscie od obiektu
stereotypowego do obiektu rzeczywistego. Przykladem konkretyzacji ramy wzmac-
niacz __ operacyjny moze by¢ zapis:

uktad (UAT709A, [jest _to(wzmacniacz _ operacyjny)
wzmochnienie ([25000]), -
pole _ wzmocnienia ([SE6]), -
pobor _mocy([0.075]),
impedancja_ wejsciowa ([7ES]),
CMRR ([80]),
slew _rate([0.3])]) «.

Wypelnione pola »przeslaniaja” (patrz: dodatek) te same pola wystepujace u przod-
kow. Pozostate pola, odziedziczone po przodkach nadal obowiazuja dla ramy
pAT09A, mimo Ze sa puste. Moga zosta¢ wypelnione w trakcie dalszej konkretyzacji.

PODSUMOWANIE

W wielu opracowaniach m.in. [3,7,8,9], opis metod reprezentacji wiedzy ogranicza
sic do schematow graficznych. Na lamach artykulow prowadzone sa dyskusje na temat
deklaratywnej lub proceduralne] postaci reprezentacji. Dodatkowe zamieszanie
wprowadza mnogo$¢ terminéw uzywanych do okreSlenia tych samych pojec.
Prof. R. Kowalski skomentowal te sytuacj¢ lapidarnym stwierdzeniem [9]:

There is only one language suitable for representing information — whether
declarative or procedural — and that is first-order logic” ’
Kierujac si¢ ta my$la, w pracy przedstawiono kilka powszechnie stosowanych metod
reprezentacji wiedzy, sprowadzajac ich opis do zapisu w jezyku klauzul [5]. Umozliwia
to ich pdzniejsza latwa implementacj¢ w Prologu lub innym jezyku programowania
logicznego. Prezentacja oparta zostala na przykladach zastosowan do opisu uktadow
elektronicznych. ‘ '

Czynione sa proby opracowania uniwersalnych systemow reprezentacji i prze-
twarzania wiedzy. Nie znalazly one jednak szerszego zastosowania w praktyce,
poniewaz kazda dziedzina zastosowan ma swoja wlasna specyfike w tym zakresie.

DODATEK

Przedstawiony nizej program jest przykladem implementacji w Prologu (Turbo
Prolog wer. 1.1) hierarchicznej sieci ram podobnej do przedstawionej na rys. 6 oraz
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mechanizmu dostgpu do warto$ci parametréw z zastosowaniem dziedziczenia. Dla
poprawy czytelnosci, tekst programu zostat przedstawiony z uzycwm polskich liter,
ktore w oryginale oczywiscie nie wystepuja. '

Sekcja predicates zawiera deklaracje predykatow a sekcja domains deklaracje
dziedzin ich argumentow. Podstawowa czescia programu jest sekcja clauses zawieraja-
ca definicje klauzul.

Asercje ukiad stuza do opisu hierarchicznej- sieci ram. Zapis jest podobny do
reprezentacji ram w jezyku klauzul (pkt. 2). Funktor ma stuzy do zapisu wlasciwosci
ukladu i zostal wprowadzony w celu ominigcia ograniczehr wyst¢pujacych w Turbo
Prologu. .

Algorytm poszukiwania wartosci parametrOw zapisany zostal przy pomocy
predykatu znajdz _ warto$é, zawierajacego wywolanie rekursywne. Do jego definiciji
uzyto predykatow pomocniczych nalezy _do i drukuj.

domains
parametry = parametr *
parametr = jest _to (symbol); ma (lista)
lista = symbol *

predicates
uklad (symbol, parametry)
znajdz__ wartos¢ (symbol, symbol);
nalezy __do (parametr, parametry)
drukuj (symbol, lista)

clauses
J*** definicja sieci ram opisujacych uklady elektroniczne ***/

uklad (uklad _ elektroniczny, []).

uklad (ukiad _analogowy,
[jest _to (uklad _elektroniczny),
ma ([ wejscie, sygnat_ ciagly]),
ma ([ wyjscie, sygnal__ciagly]) ]).

uklad (wzmacniacz,
[jest _to (uklad __analogowy),
ma ([ szumy, "?”’]),
ma ([ wzmocnienie, ”>1"]),
ma ([ impedancja _ wejsciowa, ”?”, domyslnie, duzal),
ma ([ impedancja _ wyjsciowa, ”?”, domyslnie, mata]),
ma ([ pole _ wzmocnienia, ”?’]),
ma ([ pobér _mocy, ”7’]) ]).

uklad (wzmacniacz _ operacyjny,
[jest __to wzmacniacz),
ma (["CMRR”, ”?”, domyslnie, ”80"]),
ma ([ slew_rate, ”?”, domyélnie, ”1” ]),
ma ([ margines __fazy, ”?”]),
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ma ([zakres _ napigcia _ wejsciowego, "?7]) ]).
uklad (miA709A, ,
[jest _to (wzmacniacz __ operacyjny),
ma ([ wzmocnienie, ”250007]),
ma ([ pole _ wzmocnienia, ”5E6”]),
ma ([ slew _rate, ”0.3”]) ]).
/*** mechanizm odszukiwania warto§ci parametréw ***/
znajdz_ warto$¢ (uklad _ elektroniczny, Parametr): —
write ("Parametr: ”, Parametr),
write (”, nie jest stosowany do opisu tego ukladu”), nl, !.
znajdz_ warto$¢ (Nazwa _ ukladu, Parametr): —
uklad (Nazwa _ ukladu, Parametry),
nalezy _do (ma ([ Parametr : Wartosc]), Parametry)
drukuj (Parametr, Wartosc) .
znajdZ_ warto$S¢ (Nazwa _ ukladu, Parametr) -
uktad (Nazwa _ ukladu, Parametry),
nalezy _do (jest _to (Przodek), Parametry),
znajdz _ wartos¢ (Przodek, Parametr).

nalezy _do (Parametr, [ Parametr _]): —!.
nalezy _do (Parametr, [ _: Parametry]): —
nalezy _ do (Parametr, Parametry).
drukuj (Parametr, [,,?”, domyslnie, Wartos¢]): —
write (,, Warto§¢ parametru: ”, Parametr),
write (”, nie zostala okre§lona”), nl,
write ( Warto$¢ domysina: ”, Wartosc), nl, !.
drukuj (Parametr, [,.,?” _]): —
write (,, Wartos¢ parametru: ”, Parametr),
write (7, nie zostala okreslona”), nl, !.
drukuj (Parametr, [ Warto$¢ _]): —
write (,Parametr: ”, Parametr, ”, ma warto$¢: 7, Wartosc),
nl.

Program zostal przetestowany na kilkﬁ przykladach. Tekst ujety w ramki zostal
skopiowany z ekranu.

Test 1:

Goal: znajdz_ warto$¢ (miA709A, wzmocnienie)
Parametr: wzmocnienie, ma wartos¢: 25000

W tym przykladzie warto§é parametru wzmocnienie, zostata znaleziona bezposrednio
na li§cie parametrow ramy mid709A4. Pole wzmocnienie przeslonllo takie samo pole
w ramie wzmacniacz.
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Test 2:

Goal: znajdz _ warto§¢ (miA709A, ,,CMRR”)
Wartos¢ parametru: CMRR, nie zostata okreslona
Wartos¢ domyélna: 80 :

Test 3:

Goal: znajdz_ warto$¢ (miA709A, impedancja _ wejéciowa)

Warto$¢ parametru: impedancja _ wejsciowa, nie zostala

okreslona :
Wartos¢ domyslna: duza

W tych dwoéch przykladach znalezione zostaly wartoéci domySlne odziedziczone po
przodkach. W nastepnym przyktadzie, odziedziczona zostanie wartosé¢ pola wzmoc-
nienie, ktora o ile nie zostanie przeslom@ta obowigzuje dla wszystkich
wzmacniaczy.

Test 4:

Goal: znajdz__ warto$¢ (wzmacniacz _ operacyjny, wzmocnienie)
Parametr: wzmocnienie, ma warto$é: > 1

Ostatni przyklad dotyczy parametru dobroé, ktéry nie JCSt stosowany do opisu
wzmachiacza operacyjnego, ani jego przodkow.

Test 5:

Goal: znajdz_ warto§¢ (wzmacniacz _ operacyjny, dobro¢)
Parametr: dobroé, nie jest stosowany do opisu tego uktadu

PODZIEKOWANIE
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H. BUDZISZ

KNOWLEDGE REPRESENTATION IN THE DOMAIN OF ELECTRONIC CIRCUITS

Part 11: Semantic networks and frame representation

Summary

In the first part of the paper [1] there were discussed methods of knowled ge representation in the clause
language. This is the basic representation concept which enables development of associative network
structures. Semantic net is.a directed graph which identifies objects with nodes and relations between them
with arcs. These relations are often used to build hierarchical structures provided with some specific
mechanisms like inheritance of properties, acces to default values and object-oriented computational
procedures. A collection of semantic net nodes and slots that together describe a stereotyped object, named
a frame, have been used to determine relations between circuits and their properties.
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A mathematical model of temperature distribution within integrated circuits has been
worked out on the base of discrete control volume method. Control volume approach to the
problem of heat transfer allows to consider geometry of semiconductor device, multilayer
structure, nonlinear properties of materials, time dependent heat generation and other factors
which can have a significant influence on thermal behaviour of working device. Experimental
and numerical results have been compared to verily the accuracy of the mathematical model.
The analysis of influence of fitting defects and external cooling conditions on the temperature of
active zone of integrated circuit has been cartying out. Some numerical examples are presented.

1. INTRODUCTION

Temperature of active zone of working semiconductor devices, including
integrated circuits, is one of the most important factor determining reliability of
electronic devices due to the fact that reliability of complex electronic device is
determined by the reliability of unique semiconductor element.

Thermal analysis of semiconductor devices is difficult because of complex external
and internal geometry, conditions of heat transfer and nonlinear properties of
materials. To determine temperature distribution and heat flow within semiconductor
device both experimental and theoretical methods are developed. The cost of
experiment is rather high and due to that the mathematical modeling of thermal
processes occurring in semiconductor devices become the most popular.

In addition, theoretical approach to the thermal analysis allows to consider the
problem of influence of wide range of factors on thermal behaviour of device what is
not always possible by experiments. To determine temperature distribution the
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boundary problem of heat transfer has to be solved. Two essential approaches to deal
with that problem are used: analytical and numerical [1], [2].

Analytical approach provides obvious advantages as accuracy and general form of
obtained solution. On the other hand these methods can be used only for solving simple
boundary problems. To solve complex problems of heat transfer (e.g. odd geometry of
the body, nonlinear properties of materials, radiation) wide range of numerical
methods is successfully used. Additionaly in thermal analysis of semiconductor devices
the following problems has be taken into account: multi layer and complicated internal
structure of device, heat generatron convective and radlatrve heat transfer on the outer
surface of device. -

Among the numerical methods which are used to deal with boundary problems of
heat transfer the following are considered to be the most effective [2):

— finite difference method (FDM),

— finite element method (FEM),

— control volume method (CVM),

— boundary element method (BEM).

Presented mathematical model of the temperature distribution within integrated
circuits has been evaluated on the base of control volume method [2], [3]. In contrary to
FEM or BEM control volume method has very clear and simple physical interpretation
and can be is especially effective for solving complex problems of heat transfer.

2. MATHEMATICAL MODEL OF TEMPERATURE DISTRIBUTION
WITHIN INTEGRATED CIRCUIT

Mathematical model of temperature distribution has been worked out taking into
account the following general assumptions [4]:

a) Three-dimensional temperature field in cartesian or cylindrical geometry is
considered.

b) Steady-state or transient temperature field is taken into account.

¢) Multi layer structure of the semiconductor device is considered.

d) Heat generation in the layer of semiconductor is taken into account.

e) Influence of gaseous gapes in the structure of integrated circuit on its thermal
state may be considered,

f) Convective and radlatrve heat transfer on the external surfaces is taken into
account.

g) Non-linear thermal properties of materials and temperature depedence of heat
transfer coefficients are considered.

In the control volume formulation of heat transfer problems analyzed body has to
be divided into arbitrary chosen number of elements (control volumes) with centrally
situated node. Temperature of node represents the temperature of control volume. For
each element of analyzed domain the energy balance is evaluated in order to obtain set
of equatios in the nodes temperature distribution. The energy balance equations
represents the first law of thermodynamics written for each element.
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Basic equation of energy balance for the element i can be written in the following
form [3]:

) Tk+1 — ‘ Tik :
;Qﬁ +‘ ; in /+ Vidu = Vipicp At ) 1)
where: _
Q i — heat flux rate from adjacent element j to element i,
Q;  — heat flux on the external surface of element i,
Gvi — density of internal heat sources in the element 7,
P — density of material, - ,
V — volume of the element,
Cpi — specific heat of material,
— index of time step,
At — time step rate,

TF*1,T, — temperature of the node i at k+ I and k step of time.

Assuming one — dimensional and adiabatic heat conduction between adjacent
elements volumes the heat flux rate Q; can be written as

. 1 ‘ '
=g ~ (TJ‘HI = Tf“), : @
ij
where: ‘ ,
R;; — thermal resistance between elements 7 and .

Thermal resistance R;;can be calculated from the following general formula [3] (see
figure 1):

dl ‘
R;; = Jm, . - | (3)

where:

A — thermal conductivity,
F(l) — area of the surface perpendicular to the line /.

Integration in (3) is performed along the line /; which joins nodes 7 and ;.

For the elements of regular geometry e.g. rectangie or cubicoid thermal resistance
can be expressed in very simple form: _
Al
ij=lF @

ij

where:

Al — distance between nodes i and J
When thermophysical properties are dlfferent m ad_]acent elements thermal
resistance R;; can be calculated as a sum: '
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Fig. 1. Difference elements (conirol volumes)
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where: - : : S
Al,Al; — distance between node i or j to the surface between elements.

When very thin layer of any material or gaseous gap is situated between two
elements, this additional resistance can be added to R;;:

A Fy;

R;=R + R + — 0 6)
gl i . ) E
where: : :

& — gap thickness,

4, — thermal conductivity of gas.

Heat power within device is generated in the junction of semiconductor. At the
presented model one assumes that heat power is generated on the surface of
semiconductor and can be treated as a flat (surfacial) heat source. When heat source is
located between two adjacent elements (see figure 1) heat flux Q ;; from element j to

element i is calculated from relationship

: 1 R, o
kt1 Tk+1 _ Tk+1 F - 7
w}iere

q, — density of surfacial heat source (W/m?),

F, — area of heat source.

Temperature of semiconductor junction is assumed to be equal to the temperature
T on the surface of heat source and can be calculated from formula:

R; R; R;R; g
T T; + F, : 8
*TRAR T RAR It ERaR S ®

On the external surfaces of the dev1ce the boundary condltlon of third kind has
been involved. Both, free convection and radiation is taken into consideration.
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Overall heat transfer coefficient a is a sum of convective «, and radiative o, heat transfer
coefficients:
' o =0+ o R ' ()

Convective heat transfer coefTicient is calculated from following relationship [5]:

o = H(T; — T,) o (10)
where:
T,; — temperature on the external surface of the element,
T, — temperature of the fluid.
Radiative heat transfer coefficient a, is calculated from relationship:

o, = stCIO 8(Tf,' + lel)(Tfi =+ Ta) (11)

where:
& — emissivity of the surface,
C. = 5.67 W/m?2K*. :
Unknown boundary temperature T,; is evalued from equation of energy balance
on the external surface of element i:

Sfi (ac + ar) (Tak+1 . Tfik+ 1) Rl (Tf‘k+1 - Tik+ 1) , (12)
e / i .
where :
R;; —thermal resistance between external surface and node i.
Either o, or o, depends on temperature T'; hence to evaluate Tf‘ 1terat1ve procedure has
to be apphed
Heat transfer through the gaseous assembling gaps is considered to be forced only
by conduction. Betause of very small thickness-of the gap heat transfer by convection
does not occur (what results from Rayleigh criteria [S]). Due to the relatively low
temperature ‘within device heat radiation in the gap has a small contribution
comparing to the conduction what justify above assumption.
Energy balance equations elaborated for each element of analyzed domain leads to the
set of N algebraic equations with respect to the N unknown nodal temperatures T; AR
i=12,...N:

AT 1'= T+ + B (13)
where: ) '

A — square matrix of dimensions N*N,

T*+1T* — vectors of nodal temperature at k+1 and k step of time.

.Calculations one begins at time 7 =0 (k=0) where initial temperature distribution
T(0) is known.

To solve set of equations the (1 3) standard Gauss method has been used Dueto the
nonlinearity of problem (nonlinear thermophysical - properties of materials,
nonlinearity of radiative and convective heat transfer coefficient) additional iterative
procedure of solution has to be applied. v
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3. COMPARISON OF EXPERIMENTAL AND NUMERICAL RESULTS

Experimental and numerical results for the silicon integrated circuit in Flat

Pack (FP) potting (figure 2) has been compared to verify the accuracy of worked out
mathematical model. '

gooonanonoonn

-l

b= 5 , B—B

b= o .

= ; 2
= = 3 TS )
=] P— 4 .

= - 5

= P 1

= )

= P r—

o =]

[= wl

TUUTUDUO0UOUU0T
Fig. 2. Shape and cross-section of silicon Flat Pack integrated circuit

1 — silicon resin 4 — semiconductor (e. g. silicon)
2 — radiator 5 — current leads
3 — scrap 6 — air gaps

The silicon region of measured FP- integrated circuit has dimensions
4.5%4.5%0.2 mm. On the upper surface of silicon 4 transistors BD —127 type are
symmetrically situated. The layer of semiconductor is mounted within potting with
copper or aluminium radiator. To provide equalization of temperature distribution
within layer of semiconductor during the measurements the thermal power was
generated in all 4 transistors.

To improve accuracy of calculations each transistor has been represented by
separated control volume. The control volume mesh of analyzed integrated circuit is
shown in the figure 3. :

In experiment the junction temperature of integrated circuit has been pointed out
indirectly by measurements of forward voltage in semiconductor. The impulse method
of measurements has been applied. . :

To come to the point graphs of the following relationship

Uy = £(T), (14)
where:

U, — forward voltage, :

T; — temperature of the junction
have been worked out for a fixed value of current intensity I ,.

Temperature T; of the device was kept constant during each measurement. The
range T;€[20°C, 130°C] was considered. It has been estimated [6] that average relative
error of evaluating of temperature T, is not greater than 1%. ”

Scheme of used measurement network is shown in the figure 4.

Measurement and calculations of steady-state temperature distribution

(including junction temeperature) were carried on for various rate of thermal power
(figure 5). B
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Fig. 3. Control volume mesh of F LATPACK integrated circuit a) 3-D grid b) 2-D gnd within x, y layer
1 — resin MG —15)
2 — semiconductor (silicon)
3 — scrap (kovar)
4 — resin and currend leads
5 — radiator (aluminium or copper)
Dimension of control volume elements:
Ax; = Ay, =3375mm (i = 1, 2,5, 6)
Ax; = Ay, =2,25mm (i = 3,4)
Az, = Az, = 0,5mm; Az, = Az, = 0,2’mm; Az, = 0,4 mm; Az, = 0,6 mm
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Fig. 4. Scheme of measurement network
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- Fig. 5. Steady-state junction temperature of integrated circuit
-0 — calculations 1 — vertical position of device
X, & — measurements 2 — horizontal position of device

Agreement between of experimental and numerical results is quite sufficient.
Calculated values of junction temperature vary from experimental results less than
8 percent. The same level of accuracy has been obtained in the cases of investigations of
different types of integrated circuits.

4. THERMAL ANALYSIS OF INFLUENCE OF ASSEMBLING GAPS AND
EXTERNAL COOLING CONDITIONS
ON THE TEMPERATURE OF ACTIVE ZONE OF INTEGRATED CIRCUIT

The integrated circuits as well as other semiconductor devices have
non-homogeneous internal structure. These non-homogeneities have different
influence on temperature distribution within semiconductor device. For example
calculations pointed out that assumptions of homogeneous structure of open work
instead of real structure leads to the variation of temperature of the active zone
integrated circuit not more than 1 K. v

The most significant influence on temperature distribution have asembling
gaps occuring between layers of potting of integrated circuits as a result of
non-ideal technological process. Thermal conductivity of gas mixture within gaps
is much more less than conductivity of silicon or other materials of which consists
the integrated circuit. This even very thin layers of gas causes the significant
increasing of total thermal resistance between active zone and outer surface of
device. :

External condition of heat transfer (cooling conditions) have also significant
influence on the temperature distribution within integrated circuit.
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Using evaluated mathematical model and computer code the influence of the following
factors on the temperature of active zone integrated circuit has been analyzed:

1). Thickness and location of assembling gaps.

2) Insulation of the one of frontal faces.

3) Position of the device on the mouting plate (honzontal or vertical).

4) Ambient temperature. v

5) Emissivity of external surface of device.

6) Velocity of coolant and position of the device in relation to the direction of the

coolant flow in the case of forced convection.

One assumes also that density of generated thermal power is calculated from the

relationship:

P
= -— . 15
qs .Fs : ( )
where:

P — global electric power,
F, — area of all working transistors..
Thermophysical properties of materials (used for calculations) are shown in table 1

[7, [8]-

Properties of materials Tablel
) Density p Specific heat ¢, Conductivity 4
Material kg/m? Jkg K W/m K
Aluminium 2700.0 896.0 : 229.0
Kovar* 2981.0 1374.0 18.0
Silicon 2330.0 710.0 128.0
Copper 8930.0 381.0 : 393.0
Plastic* M15| 1923.0 - 7150 1.257

* — producer information

In all analyzed cases (except no. 2) one assumes that frontal surfaces on the bottom
side of integrated circuit is insulated (what simulates the fitting on the mounting plate).
On the other surfaces heat transfer to the environment by convection and radiation is
taking into consideration and the boundary conditions of third kind are involved.

Results of calculations of steady-state temperature distribution within integrated
circuit in FP potting are shown in figures 6 — 11. The influence of air assembling gap of
thickness 10 um located between radiator and open-work on the temperature of silicon
is shown in the figure 6. Analyzed integrated circuit is supplied with radiator.

The influence of insulation of the one of frontal surfaces on the temperature of
silicon is shown in the figure 7. Insulation causes that conditions of heat-transfer into
surrounding become worse and as a result temperature of active zone increases.

The influence of position of integrated circuit (horizontal or vertical) on the silicon
temeprature is shown in the figure 8. In the case of horizontal position the heat transfer
coefficient on the frontal surface is.about 30% higher than in vertical position, but it
causes rather 1ncons1derable variation of temperature distribution within integrated
circuit, o
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Fig. 6. Steady-state junction temperature of integrated
circuit
1 — without any assembling gaps
2 — a gap between radiator and open-work

200
pd
$ 180 - =K
; 2
2 /
©120 —
[T}
[=9
5 ///
< 80
9 .
2 ,
5 40 /
(=] /

0 1 2 3
Power dissipated in junction P,W
F1g 7. Steady-state Junctlon temeperature of integrated
circuit mounted in vertical position
1 — one [rontal surface insulated
2 — all surfaces are not insulated

The influence of ambient temeprature on the silicon temperature is shown in the |
figure 9. The integrated circuits with cooper and aluminium radiator are considered.
The influence of ambient temperature is greater in the case of device with alummlum
radiator, due to the lower value of emissivity of aluminium.

The influence of emissivity of external surfaces what determines density of radlatlve
heat flux on the temperature distribution is shown in the figure 10. From the figure
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Fig. 8. Steady-state junction temperature of integrated
circuit when one frontal surface in insulated
1 — vertical position of device
2 — horizontal position of device
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Fig. 9. Steady-state junction temeprature as a function of

' ambient temeprature

1 — device with cooper radiator

2 — device with aluminium radiator

100

results that convection has greater influence on the heat transfer intensity than
radiation. It results from the fact of relatively low temperature of the surfaces. Taking
into consideration two extreme values of the emissivity i. e. ¢=0 anf ¢=1 one obtains
difference of silicon temperature less than 17°C.

Different cases of natural and forced convection on the surfaces of integrated circuit
are shown in the figure 11. The influence of velocity of cooling air on the temperature of
silicon is considered.
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Fig. 10. The influence of emissivity of external surfaces on
the temperature distribution
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Fig. 11. Steady-state junction temperature in different
cooling conditions
1 — forced convection on frontal and lateral surfaces
2 — forced cngeg:tion on frontal surfaces and free
convection on lateral surfaces

CONCLUSIONS

The experimental verification has confirmed sufficient agreement between
measurements and numerical results obtained using described mathematical
model.

Worked out model can be used in practice for designing and improving of
construction of semiconductor devices as well as for investigation of optimal
conditions of exploitation (for example cooling condition).
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The control volume method on the base of which is evaluated mathematical model
allows to consider in simple way the influence of great number of factors on the thermal
behaviour of integrated circuit.
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S. KUCYPERA, J. SKOREK

MODELOWE BADANIE WPLYWU ZEWNETRZNYCH PARAMETROW
BKSPLOATACYJINYCH I SZCZELIN MONTAZOWYCH
NA ROZKEAD TEMPERATURY W OBSZARZE CZYNNYM UKLADOW SCALONYCH

Streszczenie

W oparciu o dyskretna metodg bilansow elementarnych opracowano model matematyczny pola
temperatury w przyrzadach pdlprzewodnikowych. Zastosowanie metody bilansow elementarnych
umozliwia w stosunkowo prosty sposob rozwiagzywac zlozone problemy wymiany ciepla z uwzgl¢dnieniem
np. ztozonej geometrii obszaru, wielowarstwowej struktury, nieliniowych wiasciwosci materiatdow i innych
czynnikéw majacych znaczacy wplyw na stan cieplny przyrzadu pélprzewodnikowego.

W celu weryfikacji doktadnosci modelu matematycznego zostaly przeprowadzone roéwniez pomiary
temperatury z zastosowaniem metody impulsowej. W oparciu o opracowany model dokonano analizy
wplywu zewngtrznych warunk6w chiodzenia oraz defekiéw montazowych na rozkiad temperatury w strefie
czynnej ukladéw scalonych. Wyniki obliczen zilusirowano na wykresach.
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W dziedzinie cyfrowego przetwarzania obrazéw zagadnieniem o istotnym znaczeniu
staje si¢ redukcja informacji 2D sygnatu, w celu ekstrakcji cech obrazu istotnych dla danego
obszaru zastosowari. Praca dotyczy implementacji, pod Systemem Przetwarzania Informacji
Wizyjnej VIPS, trzech metod detekcji cech, opartych na gaussowskiej i morfologicznej filtracii
oraz przestrzenno-czgstotliwo§ciowej dekompozycji 2D sygnalu. Przedstawione sa rezultaty
dziatania algorytméw na obrazach rzeczywistych i testowych.

1. WSTEP

W dziedzinie cyfrowego przetwarzania obrazéw pojawia si¢ problem dzialania na
cechach obiektow, ktore sa reprezentowane w szerokim zakresie skali z uwzgled-
nieniem wzajemnego oddzialywania cech reprezentowanych na réinych. skalach
organizacji obrazu (np. zmienno$¢ poziomu szarosci obrazu moze przybiera¢ okres-
lona postaé w zaleznoéci od wybranej skali reprezentacji). Wynika stad potrzeba
przetwarzania obrazéw na rbéinych poziomach skali. Posiadanie narzedzi, umoz-
liwiajacych otrzymanie hierarchicznej reprezentacji obrazu w funkcji parametru skali,
moze -umozliwi¢ wlasciwag selekq@ mformacp niezbednej dla opisu i interpretacji
obiektow [4].

-Celem naszej pracy byta 1mplementaqa mozliwie bogatego i uniwersalnego zbioru
operatoréw dla uzyskania hierarchicznej struktury reprezentacji obrazu, z mozliwos-
cig elastycznego ksztaltowania w zaleznoéci od konkretnego problemu przetwarzania
obrazow.

Przy doborze operatorow oparto si¢ na nastgpujacych metodach detekcji cech
obiektow:

- operator zawc;zajqcy pasmo czgstotliwosci, dmalajqcy na zasadzie wykrywama
przej$¢ przez zero rezultatu splotu obrazu z filtrem uzyskan przez dzialanie
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laplasjanem na funkcje o ksztalcie gaussowskiego rozkladu normalnego
(Marr-Hildreth, Laplacian of Gaussian, LoG, lub V2G operator).

— operator realizujacy morfologiczny filtr otwierajacy przez zloZenie operacji
obliczania lokalnego minimum i maksimum sygnalu w obszarze elementu struk-
turalizujacego,

" — operator dokonujacy rozkladu sygnalu obrazu na zbiér przestrzennie zorien-
towanych pasm czestotliwosci.

Uktad pracy odpowxada kolejnosm wynienioniych wyzej metod detekcji cech
obiektow. - Implementacji algorytméw dokonano w jezyku C, w formie operacji
dolaczonych do $rodowiska Systemu Przetwarzania Informacji Wizyjnej VIPS,
wykonanego w Instytucie Automatyki Przemystowej Politechniki Szczecinskiej [15].

2. DETEKCJA CECH OBIEKTOW PRZEZ LoG
FILTRACIE O ZMIENNE)J SKALI

Literatura w dziedzinie cyfrowego przetwarzania obrazéw podaje kilka réwno-
waznych postaci analitycznych operatora V2G, rézniacych si¢ jedynie stala multi-
phkatywnq nie zmieniajaca ksztaltu operatora [3] [5], np.:

V= 0Y0rx + aZ/aZy) | W
g0 ) = exp [—(< + 1?)/20°]; @
V3G = Vig(x, ) = —1/62[2 — (x* + 1?)/a? Jexp[—(x* + y?) | 207]; (3)

gdzie o jest odchyleniem standardowym krzywej Gaussa.

Przez skalg operatora rozumiemy wymiar okna operatora, ktére jest dobierane tak,
aby wynosilo w przyblizeniu 4¢. Taki wymiar okna zapewnia uwzgl@dmeme 1stotnych
wartos$ci wspolczynnikow dyskretnej postaci. operatora. :

Zewzgledu na bezposredm zwiazek z wymiarem okna o nazywane jest parametrem
skali operatora.

“Detekcja cech operatorem V2G polega na obliczaniu splotu f{x,y)+ V 2G, gdzie
S{x,y) jest funkcja reprezentujacg sygnal obrazu (poziom szarosci) dla pixela
o wspolrzednych (x,), a nast@pme znalezieniu miejsc przej$é przez zero wymkow
obliczen [5]. :

- Przejicia przez zero wystgpuja w poblizu tych pixeli obrazu, gdzie zachodza zmiany
poziomu sygnah, to znaczy w okolicach krawedzi. W celu wyeliminowania przejsé
przez zero, ktore nie odpowiadaja zmianom sygnatu o odpowiednio duzej intensywno-
Sci, lub powstaja z powodu obecnosci szumu w obrazie, wybieramy tylko prze_]sma
o odpowiednio duzym nachyleniu, wigkszym od zadanego progu th.

Przez zastosowanie operatora V2G o rdéinych wartoéciach parametru skali
otrzymujemy rozniace ‘si¢ opisy sygnalu obrazu. W ogélnosci, dla malej skali
operatora otrzymujemy drobniejsze (bardziej subtelne) detale obrazu, lecz operator
jest mniej: odporny na zaklocema natomiast dla duze_] skali otrzymujemy mniej
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subtelne cechy obrazu, a operator wykazuje 1epsze mozliwoéci redukcji zaklocen [1].
Jednakze zasadniczym elementem lezacym u podstaw tej koncepcji jest nie problem
redukciji szum 6w, lecz zdolnosci do $ledzenia zachowan tych samych cech w zaleznosci
od skali, na ktorej sa analizowane [2] -

W celu zmniejszenia iloéci obliczen zrealizowaliSmy nasz V2@ operator przez
ztozenie dwéch jednowymiarowych operatoréw o postaci analitycznej:

V2G' = (1 — x2/o?)exp[—x2[20?%]; 4

(a)

(b) Y

CONENFAN

(@ | _j)

g A R
{ s, \
“. '.I
\_:,‘q ' } .
4 L
I

Rys. 1. Detekcja cech operatorem V2G (a) Obraz szary 50x113,
16 pozioméw, zbinaryzowany przy wydruku. (b) Przejicia przez zero
otrzymane dla =2, th =0, czas wykonywania operacji, t =4 min. 15 s.
(c) Przejécia przez zero, 6=>5, th=0, t=8 min. 10 s. (d) Przejicia przez '
zero, 6=10, th=0, t=14 min. 45 s. () Odpowiedz operatora V3G’
na krawedz
Czasy realizacji wszystkich operacji (rys. 1 —12) zmierzone zostaly dla
IBM PC 8 MHz bez koprocesora
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la)

(b) J,«"\ ’

(e) R

@]

Rys. 2. Detekcja cech operatorem V2G. (a) Obraz szary 50x 113,

16 pozioméw, zbinaryzowany przy wydruku. (b) Przejécia przez zero

otrzymane dla 6 =2, th=0, czas wykonywania operacji, t =4 min. 15 s.

(c) Przejscia przez zero, 6 =2, th=1, t=4 min. 15 s. (d) Przejécia przez
zero, 6=2, th=2, t=4 min. 15 s.

dzialajacych odpowiednio w kierunkach poziomym i pionowym. Przejécie przez zero
jest lokalizowane dla pixela o wspolrzednych (x,y), jezeli zostato stwierdzone w tym
punkcie przy dziataniu operatora w kierunku poziomym lub pionowym (logicznie
OR). Odpowiedz operatora na lokalna zmiang poziomu szaroéci (krawedz) przed-
stawiona jest pogladowo na rysunku le.

W celu zapewnienia maksymalnej elastycznoéci doboru skah reprezentacji obrazu
zdecydowano si¢ na implementacj¢ V2G operatora w postaci zmiennoprzecinkowe;.
W przypadku wyboru konkretnych wartoéci parametréw skali dla danego obszaru
zastosowan, mozna dokonaé przeksztalcenia operatorow na posta¢ o wspolczyn-
nikach catkowitych metoda podana w [3].
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(a)

OR Y A

(C) /_4\.'.

Rys. 3. Detekcja cech operatorem V2G, w ktorym wykrywanie przejsé

przez zero zastapione zostalo progowaniem sygnalu splotu (wartosc

progu okre§la parametr th)). Obraz wejsciowy identyczny jak na

rysunkach 1 i 2. (a) Krawedzie wykryte dla o=2, th, =1, czas

wykonywania operacii, t =3 min. 25s. (b) Krawgdzie, 6 =2,th,=2,t=3
min. 25 s. (¢) Krawedzie, 6=2, th,=3, t=3 min. 25s.

Rysunki 1 — 5 przedstawiaja wyniki dzialania operatora V 2G na obrazie rzeczywi-
stym dla réznych wartoéci parametru skali ¢ i r6znych rozdzielczosci obrazu.

Mozna zaobserwowaé, ze wraz ze zwigkszeniem parametru skali poprawia si¢
zdolnos¢ redukcji szumow operatora, natomiast kontury obiektow ulegaja znieksztal-
ceniu. Zastapienie wykrywania przej$¢ przez zero progowaniem sygnalu splotu
powoduje pogrubienie krawedzi i utrudnia lokalizacje wykrytych cech.

3. MORFOLOGICZNA FILTRACJA OTWIERAJACA
O ZMIENNEJ SKALI ‘

Filtracja morfologiczna dokonuje ekstrakcji cech przez wyb6r odpowiedniego
ksztaltu elementu strukturalizujacego. Metoda ta mozna dokona¢ ekstrakcji inte-
resujacych cech obiektu takich jak: krawedzie, zaokraglenia, dziury, rogi, kliny
i szczeliny, dzialajac elementem strukturalizujacym o odpowiednio dobranym ksztal-
cie. Szczegblowy opis podstaw teoretycznych morfologii ‘matematycznej i jej za-



454 T. Ostrowski, P. Bajkowski, K. Wicyriski, R. Musiat Kwart. Elektr. i Telekom.

()

(b) .

(c)

Rys. 4. Detekcja cech operatorem V2G. (a) Obraz szary 233 x 175,

16 pozioméw, zbinaryzowany przy wydruku, ,kostka Rubika”.

(b) Przejécia przez zero otrzymane dla 6=1, th=0, czas wykonywania

operacji, t=21 min. 25 s. () Przejécia przez zero, o=2, th=0,
t=31 min. 20 s.

stosowan w dziedzinie przetwarzania obrazéw mozna znalezé w opracowaniach
Serry [7] i Haralicka [6].
Podstawowe operacje morfologiczne mozna zdefiniowaé nastepujaco [9].

Definicja (dylaca).

Niech F i B beda podzb10ram1 dyskretnej przestrzeni Z2. Dylacje zb1oru F zb1orem
B oznaczamy przez F ®B i definiujemy jako:
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(a) ﬁ* 'ﬁ‘
By
s
A
) - A .
A , ,_'K}
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(e)

Rys. 5. Detekcja cech operatorem V2G. (a) Obraz szary 61 x 78,

16 pozioméw, zbinaryzowany przy wydruku, ,kostka Rubika”.

(b) Przejécia przez zero otrzymane dla ¢=2, th=0, czas wykonywania

operacji, t=3 min. 35 s. (¢) Przejécia przez zero, =10, th=0,
: t=12 min. 10 s.

/ : .
F®B={zeZ?|z=a+ bdlapewnychaeFibeB}. )

Zalézmy, ze AcZ? jest podprzestrzenia dyskretna, na ktérej okreslono funkcje
binarna (obraz) fx,y), es » @ B < 4 jest elementem strukturalizujacym. Dylacje funkcji
(obrazu) f{x,y) elementem B mozna zdefiniowaé przy uzyciu podstawowych operacji
logicznych nastgpujaco [8]: ‘

(fOB} (x, 3) = OR s f(x—i, y—=1)} - ©

W przypadku wykonywania operacji dylacji na obrazie szarym, logiczne dziatanie
OR nalezy zastapi operacja obliczania lokalnego maksimum, z wartosSci poziomow
szaro$ci pixeli obrazu w obszarze elementu strukturalizujacego [14]:

OB} (x,y) = max es fx—i,y—n}. @)
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Definicja (erozja)

Jezeli F i B sa podzbiorami dyskretnej przestrzeni Z2, to erozj¢ zbioru F zbiorem
B oznaczamy przez F ©B i definiujemu jako:

F@B={zeZzlz+beF dla kazdego be B}. 8)

Podobnie jak w przypadku dylagji, erozje obrazu f{x,y), »ea €lementem struk-
‘turalizujacym B < A realizujemy przez podstawowe operacje logiczne:

{/OB} (x, y) = AND e {f(x+1, y+))} . ®)

Jezeli wykonujemy erozje na obrazie szarym, logiczne AND nalezy zastapié
obliczeniem lokalnego minimum, z warto$ci pozioméw szarosci pixeli obrazu
w obszarze elementu strukturalizujacego:

{/©B} (x, y) = ming g {f(x+i, p+))} . - (10)

Przy wykorzystaniu poje¢ dylagji i erozji mozna zdefiniowaé nastgpujace dwie
zlozone operacje:

Definicja (otwarcie)

Otwarcie zbioru F zbiorem B oznaczamy Fe B i definiujemy jako zlozenie erozji
z dylacja:

FeB = (FOB)} ®B. 1)

Definicja (domknigcie)

Domknigcie zbioru F zbiorem B oznaczamy FeB i definiujemy jako zloZenie
dylacji z erozja:

FeB=[F®B}OSB.. . (12)

Podobnie jak w omawianej poprzednio V2G filtracji rowniez dla filtracji
morfologicznej mozna zdefiniowaé pojecia skali i jej parametru. Przez skale filtracji filtra
morfologicznego rozumiemy wielko$é uzytego elementu strukturalizujacego, a przez
parametr skali konkretny wymiar geometryczny tego elementu, na przyklad dlugosé
boku kwadratu, lub $rednicg kota, jezeli takie zostaly uzyte elementy strukturalizujace.

Szczegolnie interesujaca operacja morfologiczna jest otwarcie kolem (dyskiem)
Srednicy D, ze wzgledu na niewprowadzanie dodatkowych przejsé przez zero funkcji
krzywizny konturu obiektu » przy zwigkszeniu skali filtracji [9]. Algorytm filtracji zostat
tak zaprojektowany, ze umozliwia interakcyjne, graficzne zdefiniowanie elementu
strukturalizujacego o dowolnym ksztalcie i wymiarach, a wigc mozliwe jest wykonanie
filtracji morfologicznej o dowolnej skali. Rysunki 6 — 10 przedstawiaja wyniki takich
filtracji wraz z uzytymi elementami strukturalizujacymi (ksztalt elementu struk-
turalizujacego okresla ceche podlegajaca detekcji).

Zrealizowana w ten spos6b morfologiczna filtracja otwierajaca, stwarza mozliwosé
reprezentacji obrazow w abstrakcyjnej przestrzeni skali filtracji, pod katem doboru
zadanych cech.
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Rys. 6. Morfologiczna filtracja otwierajaca o zmiennej skali

(a) Obraz wejSciowy binarny 135 x 278 ,,rycina”

{47



(b)

Rys. 6. Morfologiczna filtracja otwierajaca o zmiennej skali
(b) Otwarcie obrazu (a) ,,pier§cieniem” §rednicy D =3. Czas wykonywania operacji, t=1 min 10 s

[458]



Rys. 6. Morfologiczna filtracja otwierajaca o zmiennej skali
(c) Otwarcie obrazu (a) ,,dyskiem” $rednicy D=3. Czas wykonywania operaciji, t=1 min 10 s

[459)
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Rys. 6: Morfologiczna filtracja otwierajaca o zmiennej skali
(d) Otwarcie obrazu (a) ,,pierScieniem” §rednicy D =7. Czas wykonywania operacji, t=4 min 10 s

[460]
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Rys. 6. Morfologiczna filtracja otwierajaca o zmiennej skali ]
(e) Otwarcie obrazu (a) ,,dyskiem” érednicy D =7. Czas wykonywania operacji, t=4 min 40 s

[461]



Rys. 6. Morfologiczna filtracja otwierajaca o zmiennej skali
(f) Otwarcie obrazu (a) ,,piericieniem” frednicy D=11. Czas wykonywania operacji, t=9 min 10 s

[462]



(g)

: Rys. 6. Morfologiczna filtracja otwierajaca o zmiennej skali
() Otwarcie obrazu (a) ,,dyskiem” §rednicy D=11. Czas wykonywania operacji, t= 10 min 40 s

[463]



(a)

(b)

Rys. 7. Ewolucja konturu obiektu, poddanego morfologiczne; filtracji otwierajacej o zmiennej skali
(a) Obraz testowy binarny 80 x 133. (b) Otwarcie obrazu (a) ,.dyskiem” $rednicy D =3, czas wykonywania
operacji, t=30 s

[464]



(e).

(d) %

Rys. 7. Ewolucja konturu obiektu, peddanego morfologicznej filtracji otwierajacej o zmiennej skali
(c) Otwarcie obrazu (a) ,,dyskiem”, D =5, t =45 s. (d) Otwarcie obrazu (a) ,dyskiem”, D=7,t=1min 15s

[465)



(e)

(£)

Rys. 7. Ewolucja konturu obiektu, poddanego morfologicznej filtracji otwierajacej o zmiennej skali.
(e) Otwarcie obrazu (a) ,,dyskiem”, D=9, t=2 nljn. (f) Otwarcie obrazu (a) ,,dyskiem”, D=11, t=3 min

[466]
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Rys. 8. Redukcja obiektow filtrem otwierajacym
(a) Obraz testowy 85x143. (b) Otwarcie obrazu (a) ,odcinkiem pionowym” o dlugosci 1=7, czas
wykonywania t=35 s. (c) Otwarcie obrazu (a) ,,odciniem skosnym”, 1=7, t=1 min 25 s

(4671
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Rys. 9. Redukcja obiektéw w obrazie filtrem otwierajacym
(a) Obraz testowy binarny 85 x 143. (b) Erozja obrazu (a) ,,odcinkiem poziomym”, =7, t=5s. (c) Dylecja
obrazu (b) takim samym elementem strukturalizujacym, t=15 s

[468)



(a)

(b)

(e)

Rys. 10. Redukcja szumu impulsowego przy pomocy filtra otwierajacego
(a) Obraz testowy binarny 136 x 90. (b) Obraz (a) zaszumiony — 5% szum impulsowy. (c) Otwarcie obrazu
(b) ,,dyskiem”, D=3,t=25s

[469]
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4. REPREZENTACJA OBRAZU OPARTA NA KONCEPCII
ORTONORMALNE] PRZESTRZENNO-CZESTOTLIWOSCIOWEJ
DEKOMPOZYCII 2D SYGNALU

Ta czg$€ pracy zawiera opis operatora, dokonujacego transformacji 2D sygnatu
obrazu na zbiér czterech obrazow o czterokrotnie mniejszej rozdzielczosci, ktérych
poziomy szaroéci posiadaja dobre wlasciwosci lokalizacyjne w dziedzinach przestrzen-
nej i czgstotliwosciowej.

- Dzialanie operatora polega na wykrywaniu zmian poziomu sygnalu o okreslonej
orientacji przestrzennej, poprzez rozwinigcie funkcji reprezentujacej wartosci sygnatu
obrazu wzgledem bazy ortonormalnej i reprezentacje obrazu wspdlczynnikami
rozwinigcia, z czterokrotnie zmniejszona rozdzielczoscia.

Do niedawna panowalo przekonanie, Ze nie istnieje prosta ortonormalna baza
rozwinigcia w przestrzeni L2(R) fukcji calkowalnych z kwadratem o dobrych
wlasnoSciach lokalizacyjnych jednocze$nie w dziedzinach przestrzennej i czestotliwos-
ciowej. Dopiero stosunkowo niedawno Grossmann i Morlet [10] wprowadzili klas¢
funkcji zwanych w oryginalnej terminologii ,,wavelets” (fale pierwotne), jako funkcje
¥(x), ktorych translacje i dylacje \/._s'lﬁ (8 — )y pere sz MOEA by¢ uzyte do rozwinigcia
w przestrzeni funkcji calkowalnych z kwadratem L2(R). Funkcje te s3 nowym
narzgdziem analizy funkcjonalnej, bgdacym uogoélnieniem bazy Haara. Postugiwanie
si¢ nimi wykazuje silna koncepcyjna analogi¢ z analiza fourierowska, z ta roznica, ze
rozwinigcie na ,,wavelety” umozliwia dyskryminacje okreslonej orientacji przestrzen-
nej kanatow czgstotliwosciowych. :

Praktyczna realizacja dekompozycji sygnalu polega na przemiennym uzyciu
dwoch jednowymiarowych filtrow H i Q, nazywanych filtrami zwierciadlanymi, we

(a) (b) d
-
' 1%
'L \
] ! q:‘;-

(o) g - ' (a)

) 'l o
o oL,

Rys. 11. Dziatanie algorytmu przestrzenno-czgstotliwosciowej dekompozycji sygnatu ,,wavelet”
Parametry: th), th,, th,, th,, okreslaja poziom progowania w obszarach A. D1, D2, D3, parametr 5 okrela
wielkos¢ okna filtracji (27 +1). (a) Obraz testowy binarny 26 x 37. (b) Wynik dziatania algorytmu na
obrazie (a), th, =0,2, th,=0.1, th,=0.1, th, =0.01, n=35, t=28 5. (c) Wynik dzialania algorytmu, th,=0.3,
th,=0.17, th,=0.17, th,=0.03, =5, t=28 5. (d) Wynik dzialania algorytmu, th,=0.3, th,=0.17,

) th,=0.017, th, =0.05, n=3, t=28 s
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wzajemnie prostopadlych kierunkach i dwukrotnym zmniejszeniu rozdzielczosci na
kazdym etapie rozwinigcia. S

Rysunki 11— 12 przedstawiaja wynik dziatania algorytmu na obrazach testowych.
Moze byé on interpretowany jako dekompozycja sygnalu na zbiér niezaleznych,
przestrzennie zorientowanych pasm czgstotliwosci.

@éj___
| 4

Rys. 12. Dzialanie algorytmu przestrzenno-czestotliwosciowej dekompozycii sygnalu ,wavelet”
Parametry: th , th,, th,, th,, okreflaja poziom progowania w obszarach A. D1, D2, D3, parametr 1 okresla
wielkosé okna filtracji (2 +1). (a) Obraz testowy binarny 26 x 37. (b) Wynik dzialania algorytmu na

obrazie (a), th, =0,2, th, =0.05, th; =0.05, th, =0.05, n=3, t=28s

(a)

J — (@ s
<]

By S B

Obraz 2"x2"

B wiersze kolumny

—Lo—{izl— n1
i —TzA— '
—{a—{iz— 4

2/1 zatrzymaj co druga kolumneg.
1/2 =zatrzymaj co drugi wiersz.

wykonaj splot kolumn lub wierszy filtrem

b) ' c)

-
-

Hnd>

0.542
0.307
~0.035
-0.078
0.023
-0.030
0.012
-0.013
0.006
0.006
-0.003
=0.002

D2 D3

me oo ANRO

[~

H¢-nd = H(nD; :
Rys. 13. (a) Strukfura algorytmu ,,wavelet”. (b) Rozmieszczenie obrazéw wyjsciowych. (c) Wspdlczynniki
filtrow

-
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Struktura algorytmu oraz parametry filtréw [10] przedstawmno na rysunku 13
Interpretacja obrazoéw jest nastgpujaca:
A odpowiada niskim czestotliwo$ciom,
D1 podaje wysokie czestotliwoSci (krawe;dzw) w kierunku plonowym,
D2 wysokie czgstotliwosci w kierunku poziomym,
D3 wysokie czestotliwosci w pionie i poziomie (rogi).

Algorytm mozZe by¢ realizowany kaskadowo, przy czym sygnalem wejsciowym
stopnia n kaskady jest obraz A na wyj$ciu stopnia n—1. Ilosc stopni w kaskadzie
mozna interpretowac jako parametr skali.

5. PODSUMOWANIE I KIERUNEK DALSZYCH PRAC

W pracy przedstawiono rezultaty implementacji pod systemem VIPS trzech
algorytméw detekcji cech lokalnych w obrazie. Ze wzglgdu na oparcie systemu VIPS
o klasyczna architektur¢ von. Neumanna (IBM PC) czasy realizacji algorytméw sa
znaczne (duza ilo$¢ dziatan zmniennoprzecinkowych dla obliczenia splotéw i operacii
logicznych w przypadku filtrow morfologicznych). Pewna kompensata tej niedogod-
nosci moze by¢ dolaczona do systemu operacja zmniejszania obrazu do dowolnych
wymiaréw, pozwalajaca dobra¢ minimalng rozdzielczo$é dla danego obszaru za-
stosowan. Rowniez reprezentacja pod systemem VIPS sygnalu obrazu na szesnastu
poziomach szaro$ci (oraz quasi binarny) nie pozwala na efektywna prace z ,,waveleta-
mi”, wymagajacymi reprezentacji obrazu o duzej precyzji i znacznej pamieci operacyj-
nej systemu.

Zaprezentowane rezultaty nalezy traktowaé jako baze do dalszych badas.
Zamijarem autor6w nie byla optymalizacja parametréw stosowanych algorytmoéw,
lecz stworzenie, w ramach posiadanych mozliwosci sprzgtowych, maksymalnie
uniwersalnego narzedzia, umozliwiajacego ,,strojenie” algorytméw w zaleznoéci od
postawionego celu. Cel ten bedzie inaczej zdefiniowany np. w metalografii a inaczej
w robotyce. W pierwszym przypadku mozna osiagnaé ciekawe rezultaty stosujac
operacje morfologiczne, w drugim preferowane beda detektory dzialajace na zasadzie
wykrywania przej$é przez zero.

Na uwagg zasluguje sp6jne podejscie do problemu detekcji cech, oparte na pojeciu
skali filtracji i jej parametru.

Dokonana dla wybranego zbioru parametréw skali ekstrakcja cech umozliwia, po
wyposazeniu operatoréw w zdolnos¢ rejestracii atrybutéw cech, takich jak: orientacja,
kontrast itp., wykonanie grupowania lokalnego cech na kazdym poziomie skali
wedlug metodyki podanej nizej, a nastgpnie przejicie do wyzszych poziomow
przetwarzania opartych na wiedzy, zgodnie z powszechnie akceptowang koncepcja
»Stozka przetwarzania” (processing cone) [5].

Realizacja tych celow wymaga jednak zastosowania systemu przetwarzania
obrazéw o znacznie zwigkszonej, przez zastosowanie architektury réwnoleglej mocy,
obliczeniowe;j. :
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Metodyka konstrukcji symbolicznego opisu sceny przez grﬁpowanie wykrytych
cech lokalnych [11], [12], [13]. :

6. DODATEK

1. Laczenie wykrytych krawedzi. -

2. Aproksymacja polaczonych krawgdzi odcinkami linii prostych.

3. Detekcja dla kazdej linii wszystkich linii z nia sasiadujacych, wykonana przez
skanowanie dla kazdego pixela linii, obrazu w kierunku do, niej prostopadiym, do
momentu napotkania linii sasiadujacej odpowiednio z lewej i z prawej strony.

4. Obliczenie dla kazdej linii $redniego poziomu szarosci pixeli w obszarze miedzy
ta linig i wszystkimi liniami sasiadujacymi odpowiednio z lewej i prawej strony.

5. Umowna orientacja linii tak, aby obszar o nizszym Srednim poziomie szaroSci
znajdowal si¢ z prawej strony, a obszar o wyzszym Srednim poziomie szarosci z lewej
strony linii.

6. Utworzenie struktury danych, realizujacej symboliczny opis sceny w formie
atrybutowego grafu relacyjnego z wierzchotkami reprezentujacymi lini¢ i jej atrybuty
takie jak: polozZenie, orientacja, §redni poziom sygnalu sasiadujacych obszar6w oraz
z galeziami (wskaznikami), odpowiadajacymi relacjom, np. lewego i prawego sasiedzt-
wa (rysunek 14). _ : :

- m\&w

Rys. 14. (@) Rysunek liniowy. (b) Opis strukturalny rys. (a).
Relacje sa oznaczone nastgpujaco: 1-lewy, 2-prawy, 3-wspolliniowy. Utworzony w ten sposob opis obrazu
moze byé¢ wejsciem do zadan wyzszego poziomu
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Part 1

The dynamics of the discrete-time phase-locked loop is considered in systematic way. The
general expressions from which the basic parameters of the discrete-time phase-locked loops .
in the presence of noise are obtained have been derived. The Markov theory based approach is
used together with ergodic theory. The different aspects of loop’s dynamics are shown. The
theoretical insight of this paper seems to be more complete as before. For example, the
problem of evolution of the invariant measure under the increasing impact of noise while the
chaotic phenomenon occurs in the deterministic case may interest the reader. The paper
consists of two parts. Part I is devoted to the theory while Part II provides ilustrating
examples.

1. INTRODUCTION

The dynamics of nonuniform sampling digital phase-locked loops in the presence
of noise has been mainly considered in the papers of Weinberg and Liu [2], Lindsey and
Chie [1,3]. Bitjucki and Serdiakov [7] Varanasi and Gupta [13] more recently. The
continous state space of dynamics is of concern in the mentioned papers. The case of
discrete state space while the effects of quantizations are taken into account has been
considered by Holmes [5] Cessna and Levy [6], D’Andrea and Russo [4] first of all. It
has been considered in [9] also. In this paper the expressions for the basic parameters of

‘the discréte time phase-locked loops including the mean squared value of the steady
state phase error process, the mean time to acquire, the mean, time to skip the cycleand
their variances are given. The problem is concerned within Markov approach together
with ergodic one. The paper consists of two parts. Part I is devoted to the theory mainly
while Part II provides numerical and computer modelling based resuits.
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2. THE BASIC DEFINITIONS AND RELATIONS

Let X be the space equivalent to the space of states of the dynamical system and %,
the family of Borel subsets of X. Then the stochastic operator P(x,4) acting upon
(X.%,);,xeX Ae AR, is defined as follows:

1) P(x, A) is a probabilistic measure of any 4 € &, for every x € X

2) P(x, A) is a measurable function of x in respect to &, field for every fixed 4 € &.
' ‘ - ¢y

Normalized measure ¢ on (X, #,) is called an invariant measure of stochastic

operator P if

o (A) = fP(x, A)do(x) forany Ae Z,. )
X
Now, let M stands for the set of sequences

M={x=(.,x_,x,X,.,):x, €C,, .., x; € G} 3)
1 <r < oo,i,..,i are integers and C,....Ce%h,.

The set
A={x:x€Cyx;y,;€C,,..., x%,,€C,} 4

is called a cylinder, — 0 <i<c0, r>0, C,,...,C, € #,.
Then the measure of any 4 is

1) = f do (x) f PG, dx,,,) .. f P (e i) )
Cl

C,

Ca r

This measure can be extended to M according to Kolmogorov theorem:
The measurable space (M, & ,.,u4) is obtained

(M’ gM’ .u) = X (Xigx: a-)ia ) (6)

i=-00
while product measure p is generated by

,u=;z . @)

n=-c0

The measure u is invariant while concerning any C because o is invariant. Its

extension is also invariant. The second meaning of invariant measure is the

stationary one. ’ , '
The dynamical system modelled as shift on (M, #,,, u) according to

P(x) = x4, 0 = ..., —1,0,1,... " ®)



Tom XXXVII-1991 ' On the digital nonuniform sampling... . 477

is called the automorphism of Markov. The natural interpretation of P(x,4) is as
transition function in view of (1) to (8).
The transition function can be given in terms of its density;

P(x, 4) = Jq (x, y)dy. €)

The %, measurable function satisfies

g(x,y) = 0, fq(x. y)dx =1 (10)
X

x,y € X and the integration is performed in respect to Lebesgue measure of spac.
X, dim X=m, x=x1,....x".
The density of transition function in » steps can be given in reccurent form as

q(x, ) n=1
q(n)(x' y) = fq(n—l)(z, »qlx, z)dzn > 1. (1n
X

Whereas the transition function in 7 steps or n-th iteration of stochastic operator P is

P®(x, 4) = f g™ (x, y)dy. - (12)
J ,

Generally the transition function in » steps satisfies the equation of Smoluchowski

PoEm(x 4) = jp(k; (v, 4) P™ (x, dy) (13).

4
k+m>1Lk>1

Suppose the initial density p of the point x,, 1s given. Then the transition function in
n steps is modified according to :

P®(x,, A) & fp(x)P(")(dx, A), n=1,... (14)
v
Moreover the density of the transition function in » steps is

97 (x, ») ¥ qg”(x, »)p(x), n=1.. (15)

The expressions (14) and (1 5) deﬁne new function in terms of the previous
ones. Also
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fp(x)dx =1, . (16)
X

Moreover the measure of any cylinder is not invariant in this case;

00 () = p()
and
o) = [Pes an ) an
X

according to the equation of Smoluchowski. Now the resulting cartesian measurable
space is

M. Z ) = X (X, 43, 0,), o

and the product measure u is

n=-00 .

p=X o,. (19)

The shift on this space is known as Markov shift or discrete time stochastic Markov
process, nonstationary generally.

If the state space X consists of N elements then A4 is an subset of the set of N elements.
Suppose the probabilities P, , are given

P,20; Y P, xeX. (20)

X,y
yeX

Then the transition function in one step is

P.y= ) P, ' @n

yed
The d1screte time counterpart of Smoluchowski equation is

P?‘- E+m — P, ® P, m : (22)
yed

k+m>1 k>=1.

It gives the transition probability in k+m steps in terms of the transition probabilities
in k and m steps.
If k+m=n, k=1, A=y then the resulting equation

P,,™ =Y P, P, 0o (@)

zeX
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Px,y(l) = P

X,y

is the discrete time counterpart of (11). Suppose the initial distribution of probability

is given

P,>0, Y P, =1. (23b)
x,6X

Then the new probability of transition in 7 steps is

P,{"=Y P "P (23c)

X0 Z9
z,6X

given in terms of previous one and the initial distribution of probability P, . Markov
process with the stete space X discrete is called a Markov chain. The invariant
stationary probability P, satisfies

xeX (23d)

3. ON THE EXISTENCE OF INVARIANT MEASURES

The anticipation of the bahaviour of dynamical systems include the knoledge about
their states while the discrete time n tends to infinity. This is called a steady state
behaviour and its properties are usually specified in details. The steady state in Markov
process case is considered in terms of the invariant, stationary distribution of
probability. The conditions under which it is well established are of interest.

Theorem 1. Continous state space [10]

Given the family # y< X of Borel sets. Suppose there exist
1) measure m: 0 < m(x) < ©
DsetCc X-m(C) >0
3) constants; integer m > 1, § > 0 such that

"x, =26 If xeX, yeCclX

g™(x, ) stands for the density of probablhsuc measure P™(x, ) absolutely contmous in
measure m,

P™(x, 4) = f g™ (x, y)dm ().
. A

Then there exists stationary invariant distribution P of probability satisfying
P(4) > dm(A)ford = C

and
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_ n\_q
1PO(x, ) — P <(1 — &m(C)><’") n=1..

The set C of theorem 1 has the physical meaning of the set which is reachable within the
finite number of steps. The proof of the theorem 1 is given in appendix 1.
The discrete state space counterpart of theoterm 1 is;

Theorem 2

- Suppose there is Markov chain of N states and the probabilities P, ™ of transition
in m steps are given. If there exist; integer m>1 and set C of M,>1 elements y and

- min P, "™ =6>0
xeX
yeC

Then the stationary, invariant probability distribution P, xe X exists Moreover

v
VeC,P, > 6

and
| <%>—1
|P,® — P} < (1 — Mo) ,n=1,..

xekX, yeC.

The meaning of set C is similar to that of theorem 1. It is the set of reachable states
within the finite number of steps. The proof of theorem 2 is given in appendix 2.

4. SOME CONSEQUENCES OF THE EXISTANCE
OF INVARIANT MEASURE

It is possible to consider the dynamical system from the ergodic point of view while
the invariant measure exists.
Definition of the metrical system
Let ¢"X - X,a € U stands for the continous semigroup of measure preserving
mappings [8,11]; (A metrical semigroup with zero)

LU 4Z, 1(0* () = p(4)

System (X,4 y.u,0"), X — space, #5, — family of Borel sets, [ — measure,
¢* — continous group of measure preserving mappings [8 11} is a metrical model of
dynamical system.

One sets A=Z" (the set of nonnegatlve mtegers) and ¢ as a shift in the stochastlc
discrete time Markov process case.

The properties of the metrical systems are well characterized [8,1 1]
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Theorem of Poincaré

Let (X, % .1,¢) is the metrical model of dynamlcal system and 4<% 4,u(A)>0.
Then the set

={xed:p"(x)¢ A, n=12,.} isof zero measure.

It means that the probability of not returning to any set 4 of positive measure
is equal zero.

Theorem of Birkhoff [8] _
Let (X% X,y,(p) be the metrical model of dynamical system. Then the series

- Z f o ¢*(x) converges to f*(x) in L?(X, &, 1),

L ="

p = 1 for every fe L*(X, #x, 1.
The case while p=1 is called the individual one;

ff*d#=jfd# and  f*oo(x) =S*).

Theorem of Bogolubov and Krylov [8,11]

Suppose X is a compact metric space and ¢: X — X is a continous mapping. Then
there exists ¢ — invariant probabilistic measure on X. The measure of the theorem of
Bogolubov and Krylov concentrates on the set of nonwandering points only [8].

DEFINITION

The point x € X is a wandering point of diffeomorphism ¢ if it belongs to
neighbourhood U and
Up"W)nU=29
|n|>0
A nonwandering point is this point which is not wandering. The set of nonwandering
points is denoted as Q(¢).
System for which the unique probabilistic measure exists is called uniogely ergodic.
The next theorem characterizes this case.

Theorem [8,11]

Suppose u is normalized, ¢ invariant measure of compact space X while ¢ is
homeomorphism. Then the following statements are equlvalent

1) system (X, ¢) is uniquely ergodic

2) If function f'is continous on X, f € C(X) then

lm Z f@* @) = jf(x)dp 0

for every x € X.
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3) If fe C(X) then
1~

I GO
k=o

converge uniformly to u(f).
Let us construct a measure of Bogolubov and Krylov theorem.
Suppose () consists of disjoint sets while X compact;

- 2(0) = U (9) , 24

while each of it is invariant under ¢.
One can choose first

mes (2, (¢)) = mes (o, ())/ mes (X)

i (p) ¥ {x € X: dist (0" (), 2 (9)) = 0}

dist means the distance in the sense of Hausdorff.

Secondly, the measure mes(£2,(¢)) can be distributed uniformly on £2,(¢) if it consists
of periodic orbit for example. '

Thus the measure of X\Q(o) is equal zero. -

If k> 1 then the unique ergodicity does not occur obviously, for even the system is not
ergodic at all in this case;

~

DEFINITION

System (X, y,u,¢) is the metrical model of ergodic dynamical system if

9 (A) =A=pA) =0 orpu4) =1

1=

i.e the measure of any invariant sets under ¢* is either 1 or 0. Thus there is not trivial
subsystem in this case.
The following theorem holds true in the ergodic case:

Theorem of Kac

Given ergodic system (X, % y,u,¢). Let A € B y, u(A4)>0and Bis the set of theorem
of Poincaré.
Then

v
x€A—B fn(x)d;z =1

A
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and n(x) is the first time instant to return to A;
n(x) =min{n > 1: p"(x) € 4}.

The proof this theorem is given in appendix 2.

It turns out that space X is compact while the synchronization system is considered.
However the notion of covering space should be mtroduced The result of covermg
represents itself a compact space.

DEFINITION

Suppose X and Yare topolog1ca1 spaces and IT: Y — X'is a continous mapping. We
call'the mapping IT a covering if every x,€X belongs to neighbourhood U and IT™*(U)
is a disjoint union of open subsets of Y. Moreover every subset of this union is mapped
onto U by IT in homeomorphic way locally. Y is the covering space and X is the base
one. Usually R™ is a covering space and torus T"=X,, S! a base one in the case of
discrete time phase-locked loop of m™ order. S* is a circule.

5. MEAN AND MEAN SQUARED VALUE IN STATIONARY STATE

Suppose the stationary distribution of probability is given. Then the mean value
m(x) and the variance v(x) of the stationary state can be determined according to
(dim X=m)

m(x) = jXQ(X)dx, (25)
X
v(Jr) = J(x — m(x))?>q(x)dx = f Jrzq(x) dx — m?(x). (26)
X . X : .

This is the case of continous space while the stationary probablhty is given in terms of
its density. Moreover

m, =) xP, 4]
: X
and
= Z(x - mx)sz = szpx - mx2 (28)
X X

in the discrete case of state space X. The stationary distribution is given in terms of .
probabilities P,. The time instants of reaching any set wrll be considered further in the
uniquely ergodlc case.
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6. MEAN NUMBER AND VARIANCE OF MEAN NUMBER OF STEPS
TO REACH THE ABSORBING SET

Suppose x,€X (dimX=m) is an initial state. Let 4,  (X) stands for the
absorbing set and q(x,.z) for the dens1ty of transxtlon from x, to z in one
step. On the other hand let Q,(x,) stands for the probablhty of abosorbtion
in step k from the initial state x,. Then

Q,(x,) =0 (xo eX \A,) 29
Q1 (xo) =1- fq(xoi Z)dZ ) (30)
. 14, ‘
and
0 ) = 460 D00, k=123, )
Ad, o
This is for continous space X. Whereas for the discrete counterpart;
03, =0, x € X\A, (32)
oL, =1- Y P, (33)
zeX\4, . ’
‘and
Qi = Y P, L, 0 (34)
zeX\A, .

0.* of (32—34) k=0,1,... stands for the probability of absorbing in step
k while the z state nntlal wheras Px 2 for the transition probability in
one step from x, to z.

The relations (29) (31) and (32)—(34) make the calculations of the probability of
absorbtion in subsequent doiscrete time steps possible. Let us find the mean number of
steps and its variance to reach the absorbmg set.

Let
0, %) £ 3.0,)% " = 2(Q,(x) (354)
and
0., (=) & Z Q. "= 2O} (35b)

% — stands for % — Laurent transformation.
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If ‘
0<eg < jq(xo, 2y dz< 1 —¢, <1 ' (36a)
x4,
0<e < ‘;\Apxo,, <l-g,<1 (36b)

then the senes of (35) and (36) are umformly bounded by the power series mcludmg
lzl=1.
It may be proved (see appendix 3) that the mean number of steps to absorbtion m,(x;)

o) vl Pt s vk

(m, J‘0) satisfy the equat}ons \

@ My v(xo) - Jq(xor Z) m; (Z)dZ =1 v (373.)
m, (x,) & Z kQ,(x,)

Y P, .my, =1 (37b)
zeX\A

lxo . Zka(xo):

while x, is the initial state (x,eX\4,).

The first equation refers to the continous space while the discrete space is of concern in
the second one. ,

On the other hand the mean square numbers of steps to absorbtion

m
1%

m, (x,) £ kZ) k* Q. (xo) | (382)
,_ m, &S0 C G8y)

satisfy the following equations respectively (see appendix 3);

m, (x,) — j',q(,xo, z)m, (2)dz = 2m, (x,) — 1 (39a)
da, -

: The variances of the number of steps to absorbtlon are ngen by .

v(x,) L m,(x,) — my(x)* . " "(4‘0:;1)
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v, Lm, . — m?2 (40b)

*o 2:%g 1.xg

The expressions given in this chapter are valid for the state space X of any dimension.

7. MEAN AND MEAN SQUARE NUMBER OF STEPS TO REACH A SUBSET
OF ABSORBING SET

Mean and mean square number of steps to reach asubset of absorbing set may be of
interest in some apphcatxons Suppose x,€X is an initial state and the absorbing set 4,
is a disjoint union of sets 4;, i=1..... .P,

A, —UA‘ and AiNAi=¢&. - @41)
iy
Let g(x,, z) stand still for the densxty of transition from x, to zin one step. On the other
hand Q,/(x,) stands for the probability of absorbtion in k step by the set 4, from the
initial state x,.

Then ., |
Qi(x,) =0, x, € X\4, (42a)
Qi(x)) =1— fq(xo, z)dz (42b)
. o
and
0l = (a6 00i@E o
x4,

k=123,.., i=123,..,P.
The discrete counterparts of (42) are; ‘

Q“’=0 Xy € X\A, (43a)
Qll_l_ Z Px iz . (43b)
zeX\4} o’
1 k+1 = Z ot Qi.k (430)
ze X\A,

i=1,..P, k—-123

,f;)" of (43) stands for the probability of absorbtion in step k from the initial step x,,.
The following equations have been obtained from (42) and (43) to characterize this
case in terms of the notions of the previous chaptei (see appendix 4). For the
probabilities
Pji(x,) (P;-xo) of absorbtion by set 4; from x, ;
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P - j 1(t0 D Pus()dz = 1 = f 4. 2)d2 (44a)
| S 4X\A‘ - £ .
and
Pl — Y P P=1- YL P, i=1..,P (44b)
. zeX\4, zeX\4,} - .

For the mean number of steps m{ (x,) (m, , ) to absorbtion by set A} from the initial
state x; '

mi (x,) - fq(xo, z)mf(z)dz =1- jq(xo, z)dz + J‘q(x“,, z)Pai(z)di (45a)

x4, x4} x4,
and
mio — LmlbP o =1— Y P+ Y Py.Pe, (45b)
zeX\4, zed} zeX\4,
i=1,..,P.

Finally the mean square numbers of steps m,(x,), mzi'x0 to absorbtion by set 4} satisfy

mi(xg) — jq(x,,, mi(z)dz = m}(x,) + J q(x,, 2)mi(z)dz (46a)

x4, h X\A,‘
and
mi, — L Pooml=mi + Y P m,. (46b)
zeX\4, zeXx\4}

Suppose the density p of the initial x, is given. Then the all parameters depedent on x,,
can be weighted by this density and the mean parameters not depedent on x, are
immediatly obtained in Markov case this way. Before the concrete examples of
practical interest are presented in part IT of this paper some general considerations will
be given in next chapter. R

8. DYNAMICS OF THE SYNCHRONIZATION SYSTEM IN THE PRESENCE
' OF NOISE : -

Let us try to consider the dynamics without and with noise with the attention
focussed on the distribution of invariant measure. A measure of Krylov and
Bogolubov theorem is given in previous chapter. Before starting with the problem
what happens to that measure under the impact of noise let us proceed with some
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additional notions. The problem just adressed can be considered in parallel with the
discussion on the concept of attractor [12]. Not giving own definition one can postulate
that some kind of invariance under the impact of noise should be taken into good
account perhaps while the attractor is to be revelated from the set of nonwandering
points, :

Definition of orbital stability or Lapunov stability [12]

Suppose the mapping ¢: X— X is continous and Qg(¢) is a disjoint subset of the set
Q(¢) of nonwandering points of ¢, ,

?(2:(9)) = 2 (p)

1) Then Q(¢p) is Lapunov stable if it has arbitrary small nelghbourhoods U:
P(U) = UR(p)<= V)

2) It is asymptotically stable if it is Lapunov stable and also satlsﬁes the Auslander
— Bhatia — Seibert condition [12];

The set {x € X: ¢*n(x) < Q, (o)} is an open set.

In other words
20) = NeWU); W) LU
N R n=0 . :

Moreover the dynamics of any system under the model of Markov is given in terms of
the semigroup of stochastic Markov operators;

Pyym=P,0P,, nzlm>1 | 47)

according to the equation of Smoluchovski.

Now if the semigroup ¢* of continous mappmgs forms a topolog1cal model of
dynamical system without disturbing noise then it is the limiting case while the impact
of noise tends to zero.

DEFINITION 8 .

A couple (¢, M), M manifold and ¢:M— M diffeomorphism is the topological model
of axiom A system if )
1) (o) is a hiperbolic set i.e tangent bundle T(M)] follows the partition

T(M),,, = E* @ E‘

do: E+—+ E‘ is contracting whereas dgp: E~— E~ is expanding
2) periodic points are dense in (o).
Thus every 2,(¢p) of partition (24) Lapunov stable is asymptotically stable in the axiom
A case.

, Common observation is that themeasure of Krylov, Bogolubov theorem constructed
in previous chapter is affected under the model of Markov in the following way: .
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1) Invariant, stationary measure of stochastic operator P of system under the
presence of noise concentrates around £,(¢) Lapunov stable in noiseless case (Axiom
A system with-the state space X compact).

2) The effect of noise can make the system uniquelly ergodic if its impact is strong
enough. Truncated distributions assumed due to the finite peak value property to get
consistency in this case.

.3). The rate of convergence to statlonary case uniquely ergodic one depends on
parameter 6 of theorem 1 and 2 and is greater while the impact of noise is greater.

However, smooth model is valid. in the case of synchronization system while the
quantization effect are either negligible or-are accounted for in terms of additional
noise, called the quantization one. Secondly the model in terms. of Markov chain (the
state space discrete in quantized case) is ill conditioned from the computational point
of view while the impact of noise tends to zero. The noiseless model is suitable in this
case. Suppose the stationary distribution of probability is given in the uniquely ergodic
case. Then the absorbtion by any set 4./ can be considered qualitively according to the
theorem of Poincaré. The absorbing set 4, is used to model the cycle slipping or
acquistion phenomena in the presence of noise [1,2,3,4,5,6,7,9]. The compact state
space X of the synchronization system is the base space of the operation of covering [8].
This formal operation follows the physical meaning of the state of synchronization
system given in terms of instantenous phase error or phase error shortly in view of its
cyclic nature. The mean time to return to set 4 is

n(x) P
PO 1L SR Zf‘—()—x (482)
’ jd P 2P
4
while P of (48a) stands for stationary measure.
In view of Kac theorem
1

».’._

© (48b)

b~

or

=1
1

3e,

xed

l{?
e

Thus the distribution of stationary, invariant measure can provide information about
qualitative behaviour of synchronization system.

Obviously the high concentration of probabilistic around the state of phase
entrainment means the very short time to return from the state of cycle slipping and vice
versa. The expressions (48) can be useful for estimations. The detailed analysis however
should follow the results of chapter VI. Finally due to one input one output property of
the digital phase locked loop the distribution of probability on the base space X =T"
can be reduced to marginal one on the S! — circle space in the case of loop of any order.
See for example the paper of Weinberg and Liu [2] for the second order case. '
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CONCLUSIONS

The dynamics of discrete-time phase — locked loop can be well characterized within
the notions of the general theory of dynamical systems including ergodic approach.

The Markov model is useful to derive the expressions for basic parameters of the
phase-locked loop under the impact of noise. However it is feasible for simpler
nevertheless important cases only [1,2,3] just like ones to be considered in Part II.

‘The computer based modelling is advantageous for every detailed cases and is well
established while the ergodic properties occur. Some expressions being derived while
concerning the parameters in Markov case have not been found by the author elsewhere
and seems to be new. The transition from probabilistic measure in noiseless case to the
one of disturbed by noise can be complicated. It may conserve the most of properties of
the noiseless case on first stage and leads tosthe uniquely ergodic case while the impact of
noise is strong. This latter limit case occurs near treshold in synchronization systems.

The existence of chaotic transient hang up phenomenon in the loop of second order
may be of interest. It is considered in Part II. Just the transition from noiseless case to
disturbed by noise one is characterized. '

The convergence to steady state distribution depends on the mixing properties of
system under consideration [11].
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APPENDIX i
THE PROFF OF THEOREM 1 [10]

Let.EcCcX and .
’ mg™ = inf P™ (x, E)
% ..

M ™ = sup P (x, E).
X |

Then
P("”'l)(x, E) — jP(M)(y’ E)P(x, dy)
: ) X
< sup P™(y, E) | P(x, dy) = My".
Also

P™V(x, E) > inf P™ (y, 4) | P(x, dy) = mg™.

y

From (Al —3) and (A1—4)

M) < Mp™  and
Mgt 3

Thus
‘ mE(l) < mE(z) £ .. ... ME(Z) < ME(I)_
Moreover

V(B = P‘"" (x E) - P""’(y E)
yeX

is an additive function of set E.
Then there exists Hahn partition S*u S~ of the space X

StusS  =X; S =Cs*
C stands for complement.

Y(E) >0 forany Ec S* c By
Y(E) <0 forany Ec S < %y

Also
YESH +YE) =) +YyEX\ST) =0

(Al-1)
Al1-2)

(A1-3)

(A1—4)

(Al-5)

(A1—6)
(A1-T)

(A1—8)

A1-9)

(A1—10)
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Next . :
Y(ES*) =P (x, §*) - P™F, S*)=1— P™(x, §7) — p®@ O 8H) =

=1- fq‘"" (x, z)m(dz) — fq‘"" 0, 2)m(dz)

S— . S+

<1 - ém(C). (A1-11)
Moreover '
M+ — ¥ — supr"’) (z, E)P™ (x, dz) — inf fP ®(z, E)P™(y, dz) =

x vy
= sup f POG, By (dz) = sup( [Poe By + f P(”)(z,w(dz)) <
X, y X,y ‘
X s+ s-

< sup ( f My (A7) + f ms‘”’lﬁ(dz)> = sup Y (S*) (M5 — mg®) <
+ X,y

< (1 = mCYM™ — mg®™), (Al-12)

Mg™ — mg™ = sup {P™(x, E) — P™(y, E)} = sup ¢ (E) < sup y(S*) <
X,y ’ X,y X,y

<1 - 4m(C). (A1-13)
From (A1—13) and (A1—-12):

ME(krn) — mE(km) < ME(m+(k— 1)m) _ mE(M+(k— 1)m) S (1 —om (C))( ME(k— m __ mE(k—l)m) <

<1 = om (O (%" — mg®2m) < (1= m (O (MG — )

< (1 - m(O). (Al—14)
Now it follows that M,;™ and m,™ tend to the limit P(E) while n—co because
G
|P®(x, E) — P(E) < M — mg® < (1 = dm@)\"/ > 0. (A1-15)
. : n—>c0

If B<C then

P(B) > mg™ > ém(B), (A1-16)
because '

my™ = inf P™ (x, B) = inf f g™ (x, y)dm (y) = ém B) (Al1-17)
xeX xeBB
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Thus function P takes nonnegative values and P(x)=1. It is aiso additive whilebeing
the limit of iniformly convergent series of additive function Eventually it is
a probabilistic measure. Taking the limit in

Pmtn (x E) = _[P(M)O)E)P(")(x’ dy), (A1-18)
X

while n— o0 one gets

P(E) = fP"")(y,E)P(dy) = j P, B)p()dy. (A1-19)

X X

This last equation shows that P is invariant, stationary distribution of probability. Its - -

density satisfies

p(x) = fq ™y, x)p(@)dy. (A1-20)

X

APPENDIX 2

THE PROOF OF THEOREM 2 [10}

Let
m =minP% and M = maxP®. (A2-1)
x x
Then
m™;D = min Y, P{Y P, > min),m P, . = m{® (A2-2)
: X z X z
Moo = maxZPg'";Px, maxZM‘"‘)P =M™, (A2-3)
x x ‘
Thus
| MY << <MY SMY. (A2—4)
Next the sets S* and S~ can be defined for any x, x’ from X.
St ={zeX:P® > PM) (A2—5)
S  ={zeX:PM <P®my. (A2—6)

Of course
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zeS* ’ zeS™

TP - P&+ T (P&~ P =0. (A2-7)
If M, elements of set C belong to set S” then

TP -PE)< YPOR - M=

zeS* zeS*

=1— YP™ - M 5<1—M—M)6—M5=1—Ms. (A2-8)

zeS§~

The last relations are useful in further estimations:

M®™™ — my™ = max Y PO PE) — min) PO P =
X z z

= max Y, PO (P — P™) <
x, x' z

< max {z MO@E — P& + T m@@e — P}:,':’z)} <

x, X' lzes* zeS”
<0 - MM — mD). (A2-9)
(A2-7)
(A2-8)
Also
MY — m#® = max (P& — PE) <
v x, x' ;
o/
< Y@PW-PE) < 11— M. (A2-10)
zeS* (A2 ——9)
Thus . _
ME — m™ < (1 — Mo):. (A2—-11)

Eventually M® and m® tend while . 00 to the common limit P, which is invariant,
and stationary distribution of probability; (n>m)

n -1
|PO, — P < M *';’ -m) <1 - Ma)(’"> (A2-12)

and _

ng P> m" = m;npgg'; =6>0.
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APPENDIX 3
THE PROOF OF THE THEOREM OF KAC
Let
| A, = {xe€ A\B:n(x) = n}. (A3—1)

Then the sets »
o*(4,), n = 1,... 0 < k < n are disjoint and

Uy () = U U (4. (A3-2)

n=0 ' n=1 k=0

Thus

n=1 k=0 n=1

y(q(P"(A)) =Y Y ety = Yoy =1 (A3-3)

at view of ergodicity.

APPENDIX 4
MEAN AND MEAN SQUARE NUMBER OF STEPS TO ABSORBTION

While calculating the derivatives of the series of (35) one obtains

0650 § .0 pa-o
%‘p) z(n + DnQ,(xo) 270+ (A4;2a)
and
POCx) _ F(n+ yugy, 70 (A4-2b)
In view of (A3—1) o |
| o) = %?z_xp) 1 (A4—3a)
s = _%;ﬁi’_) :_ (A4—3b)

and
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02Q( 2, x
ma(rg) = XTI ) (A4—4a)
‘ z=1
20, x,)
Moy = oV . (A4—4b)

Moreover according to (29)—(31)

o(=, xo).= Z Qk(xo)z_k =

k=0

B (l B fq(xo, Z)dz>g—l + i ”q(xo, 2) Q- )2 *dz =

k=2 J

x4, x4,

= (1 -~ Jiq(xo,z)dz>-“z'"1 + 271 Pq(xo, z) iQk(z)s""dz = .
o k
X\A'

=1

X\Al
= (1 - fq(xo, z)dz)z"l + fq(xo, 2)Q(e, 7)dz (A4—52)
X x4, :
Whereas for the discrete state space ,
0. () = (1 > Pxo.z)z-l +271 Y P L0.(). (A4—sb)
zeX\A, ze X\A,
Next .
00(z, xp) _ ‘ -
2z = 1 - | q(xg2)dz )z "2 +
x4,
— g7 fq(xo, )Q(, dz + =1 fq(xo. z)a—Q—a(i’—z)dz
X\A' X\Al
‘ (A4—6a)
and

a_Qa"t;@ = _<1 - ) Pxo,z>9"2 - ?—2 y Pxo,zQz(!).+

zeX\4, zeX\A,

- ' an(z)
+ 271 P, .. = A4—6b
P R e R

In view of (A4—3) and (A4—6):
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m, (x,) — Jq(xo, Zym;(z)dz = 1 (A4—1T7a)
X\Ax
my ., — Y Pymy: = 1. (A4—7b)
zeX\A4,

Now calculating the second derivatives of (A4 — 6) in respect to 2 variable one gets

ﬁQ—a—(:;;—xl) = 2(1 - fq(xo, z)dz>z-3 +
1,

+ 2273 fQ(xo, 2)Q(z, z)dz — 272 J‘Q(xu: Z)a%Q(Z’Z)dZ +

A4, 14,
R Jq_(xo,z)ag( 00, 2, . 41 fq(xo,z) zQ(:z 2 4
x4, lX\A

(A4—8a)

and

TR =21 T h)e 4207 T R0 +

da?
zeX\4, zeX\A,
ZPx‘zaQZ(Z)—I_Z sz zan(Z)
rexa, © 0% exa, © 0%
02Q.(2),
'Y P s (A4—8b)
zeX\A4,

At view of (A4—8), (A4—4) and (A4-7)

my(xo) + my () = 2 + 2 f 4(xo Yy (D) dz +
Aa,

+ f (%o, 2) (M, (2) + m, (2))dz =
X\AI
=2+ 3(m(x) — 1) + ~[q(xo. z)m, (2)dz. (A4-9)
X\Al
The following equations are obtained eventually
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m, (x,) — j‘q(xo, Zym,(z)dz = 2m, (x;) — 1 (A4—10a)
X\A'
for X continous and

Mg — 2 Pxo-zmz.z = 2m1.xO -1 (A4—10b)
zeX\4, o .
for X discrete.

APPENDIX 5

" THE MEAN AND THE MEAN SQUARE NUMBER OF STEPS TO ABSORBTION
BY THE SUBSET OF ABSORBING SET

Let Q'(#, x,,) stand for = transform of the sequence of probabilities of absorbtion
by set A} in subsequent steps. Then according to (42) and (43) respectively

_Q"(z, -xo) = (l - fq(xo, z)dz).ﬂz‘1 + 2”1 fq(xo, 2)Qi(z, z)dz

Al N X\Al

(AS—1a)

for the continous case and -

0. (z) = (1 - f Pxo,z>z"1 + 271 Y P, .Qi(2) (A5S—1b)

zeX\4,
ze X4/}

for the discrete one.
Let Pi(x) (P,’) stand for the probability of absorbtion by the set 4% if the initial
state x is given. Then from (AS5—1)

P:;(xo) = Qi(g, Xo)

=1- Jq(xo, z)dz + fq(xo, z)P,;(z)dz (A5—2a)
== x4, L X4,

and

Pa,;.co' = Qx‘o(z)

=1— Y P..+ Y Py .Ph. (AS-2b)

r=1 : zeX\4,} zeX\A,

Let us consider the derivatives of Q%(z, x,) (Q,f0 (2)) now;
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aQi(azz’ - _<1 - Iq(xo. z)d2>’2 - fq(xo, 2)Q'(#, z)dz +
x4, v x4,
g [q(xo, Z)aQ‘a(-:, Z) (A5—3a)
x4,
and

00 (=) - ;
Dz = _< 2 'Px0z>5 2 —z72 z Pxo.zQz(z) +
zeX\4, zeX\A4,

080:(2), A5
,g\,, Py (A5—3b)

Also, let mi(x,) (m,} %) stands for the mean number of steps to absorbtion by set
Al from x,. Then (see °A5— 3)

mi(x) =1 - fq(xo, z)dz + Jq(xo. 2) Pi(z)dz +

X\Al‘ ’ X\Al
+ Jq(xo, Z)mi (z)dz (A5—4a)
xd,
and
m1.i:0= sz z+ ZPxozPa,.+
- zeX\A' zeX\4,
+ Y Peomyl (A5—4b)
zeX\A,

Now consider the second derivative of QX , x,) (Qxio(f )). One gets

az—Qia(gz’—x") = 2(1 — [q(xo, z)dz):z"v3 +

o
x4,

+22°3 fq(x(,,z)Qf(z, z)dz — 2 2 fq(xo.z) %Q‘(ﬂc z)dz +

x4, x4,
04, , x4,

(A5—5a)
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for the continous case and

| aZQ;(z)__2<

0z2

1- X P, ) 342273 Y P .0Ne) +
zeX\4,/ zeX\A,

Z Px : an(,ﬂ') 7 2 Z Px z an(z)
exa, © 0% exd, IEER

1)

zeX\d, 922

(A5—5b)

for the discrete one.
Now, the mean square number of steps to absorbtion by 4! is from (A5—5)

mj(xy) + mi(xy) = 2(1 - fq(xo, z)dz) + qu(xo, z) Pl(z)dz +
X! A, ‘

2 fq(xo. z)mj (z)dz + fq(xo, z)(m; (2) + mi(2))dz.
04, 0nd, :

Next from (AS5—4)

my (%) = —1 + J‘Q(xo: z)dz — ~fq(xo- 2) Pi(z)dz +

x4, A,
- Jq(xo, Z)mi (z)dz + 2(1 - fq(xo, z)dz) +
xd, X!

2 fq(xo, zZ) Pi(z)dz + 3 fq(xo, zZym} (z)dz +
AA‘ AA'

+ f g (%, 2)mi(z)dz =
Ad,

=1 - fq(xo, z)dz + fq(xo, 2ymi(z)dz +
X Ad,

+ fq(xo, HPL()dz + 2 fq(xo, 2ymi(z)dz =
x4, X4,
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= mi (xo) + J‘qcxo: Z)mi (2)dz + Jq (os Z)m::. (z)dz.
x4, . X4,
Finally

mi () — f 4o, Imi () dz = i (x,) + f 4o, Iz (AS—62)
X\Al ' X\Al
for the continous case, and

m,,; .xo ) ) 0 my; = ml,xo + ;\A Py,.z my’, (A5—6b)
zeX\A, zZ€

for the discrete one.

M. ZOLTOWSKI

O CYFROWYCH PETLACH FAZOWYCH Z NIEJEDNOSTAINYM PROBKOWANIEM
W OBECNOSCI ZAKLOCEN LOSOWYCH

Czesc 1
Streszczenie

W pracy rozwazono w sposob systematyczny dynamike petli z czasem dyskretnym. Podano
wyprowadzenia ogélnych wyrazed, z ktdrych moina otrzymaé¢ podstawowe parametry petli z czasem
dyskretnym w obecnoéci zaklocajacego szumu. Zastosowano wyniki teorii Markowa i teorii ergodyczne;j.
Pokazano rozne aspekty dynamiki petli. Uzyskany welad w zagadnienie wydaje si¢ by¢ bardziej wnikliwy niz
to bylo dotychczas. Na przykiad problem ewolucji inwariantnej miary, gdy roénie wplyw szumu i gdy
wprzypadku deterministycznym ma miejsce zjawisko chaosu przejsciowego moze zainteresowaé czytelnika.
Praca sktada si¢ w dwoch czgsci. Czgsé pierwsza jest po§wigcona teorii, podczas gdy w drugiej czytelnik
znajdzie ilustrujace przyklady.

n the digital nonuniform sampling phase-locked loops
in the presence of noise
Part II

The nonuniform sampling phase-locked loop (DPLL) was modified in aim to get
improved acquisition [2,3]. Its performance in the presence of noise was verified within the
approach of part I. Especially the influence of modification on the cycle slipping phenomenon
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was of interest. The carried out calculations have not shown the degradation of significant
value. Unmodified DPLL of second order exhibits chaotic transient hang up phenomenon
{2,3]. This phenomerion while affected has been studied in the presence of noise. The hang up
phenomenon in modyfied loop does not occur.

1. INTRODUCTION

The sinusoid zero — crossing nonuniform sampling phase-locked loop of second
order showed the existence of chaotic transient hang up phenomenon and phase
entrainment which is different from required N:1 one [2,3]: The hang up phenomenon
of acquisition process was observed also in the loop of first-order due to quantization
around the any unstable state of equilibrium [5]. Though the unique ergodicity occurs
under the great impact of noise the modification was made in order to change the set of

samplz_er&
quantizer mutiplier
X(t) ~ Filter
D(z)
' ¥
nase [ - 4 k
shiffer | 5 — bco
ty
- g sign digitally
controlled
oscillator
sampler &
quantizer

Fig. 1. Modified nonuniform sampling digjtal phase-locked loop

nonwandering points in aim to get convergence exactly to the only point of N:1 phase
entrainment of base space in the case of loop of any order. The model of the modified
loop is shown in fig. 1.

The influence of noise on the cycle shppmg phenomenon is of mterest after the
modyfication. The hang up phenomenon in the modyfied loop case is not to occur [2].

2. MODIFIED NONUNIFORM SAMPLING DIGITAL PHASE-LOCKED
LOOP OF FIRST ORDER IN THE PRESENCE
OF GAUSSIAN ADDITIVE NOISE

The model of the modified loop of first-order in the negligible quantization effects
case is derived in appendix 1. While the input waveform is detuned in phase and
frequency from the local reference the equatlon of the loop in the presence of noise is
(see appendxx D; -

Our = 01 — Kysign(dcospy + NDsing, + A +
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K.

- jsign (4cosp, + NP N, O}

L k=0,1,.. .
oi(k=0,1,...) is the phase error process which describes the deviation from the N:1
phase entrainment (zerocrossings of input waveform). 4 is amplitude of not disturbed

input waveform, A stands for detunation, K, for the gain of the loop dependent on the
loop’s filter and of input phase. »

Moreover »
E{N.N,} =0 fork # m (2a)
E{N{Nn} =0 fork # m (2b)
E{N} = E{Nj} =0 20
E{N.Ni} =0 : 2d)
E{N# = E{N;*} = ay? (2e)

and samples N;, Ni are gaussian, k=0,1,...7

Now the density of transition from state x to state z in one step can be obtained (see
part I for necessary details)

The coordinates of points y and y"of fig. 2 follow the equations obtained from (1)

y=x——Ksmx+A : (3a)
y =x+ K;sinx + A. (3b)

Fig. 2. The ilustration of acquisition in the modified loop of first order [2, 3]

The y of (3a) is the new coordinate of phase error while N;=0 and Acosx+ N§{>0.
Whereas y’ of (3b) is the new coordinate of phase error while N,=0 and
Acosx+ N;<0. For the operation of multiplication by signum does not change the
distribution of Ny(k=0,1,...) the density of transition in one step is

=]

q(x,z)=p(z — x + K;sinx — A) J P(2)dz +

KA
—Acosx
— Acosx
z — x — K;sinx — AY) :
+p< K,/d ) f p(z)dz | (4a)

-0

D Truncated gaussian dxsmbum_)n can be consxdered while the probabﬂnhes of events out of the interval
of interest are extremely small. i



504 M. Zottowski - Kwart. Elektr. i Telekom.

and p(z) is the density of N(0,6%) gaussian noise of 0 mean value and 6,2 variance. The
density of (4a) can be given an equivalent form

q(x, z) = q(z — x;/j%lx = A)(% + erf(\/ZS(,cosx)) +
. 1 (1}

+.q,<z — xI;/\I;IZS—.Si':x - A)(% — erf(\/ZS0 cosx)) ‘ (4b)

and u?

g (ujc) & 2¢* (4c)
\/ ol
x2
erf (u) &£ —— \/_ f 2 gx @d)
S, & 2§N2- (4e)

The parameter S, of (4e) is the signal to noise power ratio. -
In view of cyclic nature of phase error the dynamics of the loop should be considered on
St — circle base space instead of covering R while the steady state distribution is
looked for. The recuired equations are derived in appendix 2.
The density on S* — circle manifold evolves according to

T

g (%o, §) = fﬁ"" o, 2) 3 (2, y)dz (5a)
-1
while
P Eo, ) £ Y g™ (%o, § + 2M)dz (5b)
and © . :
4i, » = Z q@i, y + 27T, k=0,1,.... (5¢)
=

However due to additional symetry which results from the modification (see fig. 3) the
density of probability of modified loop evolves according to ’

sign (A cos ) sin gp—/-’é-

1
—~~
~
T
it / . A
1 T T -
0 /¢ |
”'% J \/};;anﬁabze
. I equilibrium affer

| modyﬁcaflan

Fig 3. The effectlve non]mea.nty of the modlﬁed loop
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TI/2 )
q(kﬂ)(féo, j".) = J‘q(k)(iO’ 5)‘7(5, ;’)dz k = 0, 1’ .- (63)
72
with
P %o, §) = X a® o, § + Tn) (6b)
and
i@y = LaGy+ T (6¢)
I=-c0

Now %,, 7, Zare from S! = < —TT/2, TT/2>.Inview of part I the steady state invariant
density g exists and satisfies

P
1) = (2626 9. 0

-T2
Now, the cycle slipping can be characterized in terms of the results of part I. The cycle
slipping phenomenon occurs while the trajectory of the phase error leaves the defined

set around the state of phase entrainment. This set is E,%£ <-TT + ¢, 7T+ ¢,> closed
interval in this case, while ¢, is the point of phase entrainment in the absence of noise.

sign (Acos @) sincp-% P
7 _ 1 7

|

! T

-2 0 2 . 9
As

-1 7 . T,
as ¥ % & f f s

i

Fig. 4. The ilustration of absorbing set 4,= R\E, in the cycle slipping phenomenon case. Modified digital
phase-locked loop of first-order

The mean m% and mean square m¥ number of steps to slip the cycle satisfy (see Part I)
the following equations, while X, is the initial state;

4o,

m{ (xo) — J q(xo, )mi(z)dz = 1 : (8a)
T+, l ) ) S
m3 (xo) — f g (xo, 2)m%(z)dz = 2m7(xo) — 1 (8b)

The variance of the number’ of steps v* to slip the cycle is

v¥(xo) = m% (xo) — m (xo)? . - L ‘ (89)
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Additionaly the results of part I allow one to study the cycle slipping phenomenon to
the right and to the lefi.

Let
Aps E{x:x = T+ ¢ (92)
be the ,,Right” absorbing set and : .
Ape & (x:x < T + @) (9b)
be the ,,Left” absorbing set.
Thus
| A = .ALsUARs (9¢)

The absorbtion by Az ; means the cycle slipping to the nght whlle the absorbtion by
A; . means the cycle slipping to the left.

The probabilities of absorbtion to the right and to the left satisfy the equations; x, is the
initial state

PR (xo) — fq(Xo. 2)Pi(z)dz = 1 - J q(Xo, z)dz (102)
X\, X\Ag,, B
P (xo) — j q(xo, 2) Pz(z)dz = 1 — f q (%o, 2)dz. (10b)
N\A, X\AL . |

Whereas mean numbers of steps to cycle slipping to the right and to the leﬁ from the
initial state x, satisfy :

m (xg) — f 200, IR @)z = 1 — f 100 PRz (11a)
X\4, o X\Aps ) 7 ’

mk (xo) — f 4c0 Imk @)z = 1 — f 460 DPE@dz.  (l1b)
X\A4, X\AL . '

On the other hand the mean square numbers of steps to slip the cycle to the nght and to
the left from the initial state x, satisfy

r r

mEo) — | 4o AME@dz = mE(xo) + | qxo, mE@)dz  (122)
X‘\‘A. X\:ik.s '
mbeo) — | aGco DmE@)dz = mi(xo) + | qlxo, ImEGdz  (12)

X\4, L . na,
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Whereas the variances v® and v are
UR(xo) = m3 (xo) — my (xo)2 - (13a)
UL(xo) = mz(xo) — my (xo)?f- (13b)

Next, the process of synchronization can be characterized in terms of M arkovmodelon
S! — circle manifold.
The density function of transition from X € SltozZe Sl is given by

i60d = YaGoi ey (4

sign (Acos @) sin g)-l—%

T
2

|
o) 260

Z |

|

|

' |
|
Ly I _—
o, |
I |
. v |
Fig. 5. The ilustration of synchronization on §* — circle manifold
The absorbing set A, around the state of phase entrainment in noiseless case is

_As = <@; — €, (ps.+ € > (l4b)

That is why the mean number of steps m} and mean square number m; of steps to
acquire from the initial state X, satisfy

mi (Xo) — Jﬁ(io, mi@g)dz =1 (15a)
N4,
m3 (Xo) — jﬁ(io; Hmi(E)dZ = 2my(Xo) — L. (15b)
X\4,

Moreover the variance of the number of steps to synchronization is

v3(%o) = m

- -
2Xo (o) — mi®

-
[ 1-1

3. THE RESULTS OF COMPUTATIONS

The numerical results based on the theory of part I and part II are presented in this
~ chapter. They are given in form of figures mainly. Sy stands for the input signal power to
noise power ratio. The cycle slipping phenomenon is described for the modified 1oop of
first-order in terms of fig. 6 to ﬁg 11.
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The degradation which is due to the frequency offset resulting in nonzero steady phase
error ¢, is shown in fig. 8 and fig. 9. . '
The existence of treshold phenomenon is shown in fig. 10 and fig. 11 in terms of
parameters characterizing the cycle slipping. ‘ '

The steady state distribution of the probabilistic measure is shown in fig. 12 to fig. 16 in
the modified DPLL offirst-order case. Moreover the steady state standard deviation of
phase error process based on the steady state distribution of the probabilistic measure

is shown in fig. 17 to fig. 19. The rest of the results of this chapter is computer modeling
based. ' ' :

ﬁ’(cp)“ Sp=-3dB
. 061 K1= 7
o4t =0
021 .
L o
-05 0 0.5 xgr frad]

Fig. 12. The steady state distribution of probabilistic
measure. First order modified DPLL. Negligible quan-
tization effects : :

A

PN

1] 05 x7r[rad]

Fig. 13. The steady state distribution of probabilistic
measure. First-order modified DPLL. Negligible quan-
tization effects '

Pk So= 3dB
0.8; Ny " K1==1
Zz— ‘ ! $s=0

0 0.5 x t[rad]

Fig. 14. The steady state distribution of probabilistic.
measure. First-order modified DPLL. Negligible quan- .
tization effects
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Pip)h
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0
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-05 0 0.5 xmr[rad]

Fig. 15. The steady state distribution of probabilistic
measure. Flrst order modified DPLL. Negligible quan-
tization effects

%) ‘}
121
1or
08
06 .
o4l
02

T 05Xt [rad]

Fig. 16. The steady state distribution of probabilistic
measure shifted due to frequency offset. First-order
modified DPLL. Negligible quantization effects

The acquisition behaviour of first-order DPLL in modified and unmodified case is
described in term of fig. 20 to fig. 25. The performance of the loop of second order is
presented in next figures.
This case was of interest because of hang up phenomenon discovered in
the loop of second order [2,3]. The modification of this loop is in order
to avoid it. The prolonged acquisition due to chaotic transient hang up phenomenon
is shown in fig. 26 and fig. 27 in the presence of noise. Whereas the experimental
distribution .of * points showing the existence of stable trajectory of period
4 is shown in fig. 28. The evolution of probabilistic measure under the increasing
impact of noise results in uniquely ergodic case. Thus the: performance of
modified DPLL overcomes the one of unmodified  DPLL ‘until the impact
of noise is strong enough (fig. 26, fig. 27).

The steady state behaviour of both loops is quite s1m1lar to shown in fig. 29 and
fig. 30. In addition the sensitivity due to initial conditions of the trajectories starting
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| .
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Fig. 17. The steady state standard deviation of
phase-error process, K =1. First-order modified
DPLL. Negligib]e quantization effects
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Fig. 18. The steady state standard deviation of phase

error process, K, =3. First-order modified DPLL.
Negligible quantizaiotin effects

from the hiperbolic region in the unmodified DPLL case [2,3] results in the sensitivity

of the standard deviation of the number of steps to acquisition as shown in table 1.
The last figures show the performance of the first-order DPLL with quantizer (see

fig. 31) in modified and unmodified case.

It is noticeable that the increasing impact of noise makes no dlﬁ'erence between the

number of levels of quantizer. That is why the approach within continous state spaceis’

reasonable if either the number of steps of quantizer is h1gh enough or the 1mpact of

noise is strong enough. :

The performance depends also on the frequency offset resultmg in nonzero (ps
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Fig. 26. The mean number of steps to acquisition. Second-order DPLL in modified and unmodified case.
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CONCLUSIONS

The nonuniform sampling digital phase-locked loop DPLL was modified in aim to
get improved acquisition [2,3]. Its performance was verified in the presence of noise
within Markov theory and computer modelling based approache. The results have
been provided in chapter III and discussed. It results that the modified phase-locked
loop overcomes the performance of unmodified one in the considered case. The hang
up phenomenon does not occur in the modified loop case. The results of this part
illustrate the general approach to the dynamics of part 1.
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APPENDIX 1

THE MATHEMATICAL MODEL OF THE MODIFIED NONUNIFORM SAMPLING
PHASE-LOCKED LOOP OF FIRST-ORDER WITH NEGLIGIBLE QUANTIZATION EFFECTS

The wa?eform to the loop's input is '
- X(t) = Asin(wot + 0(t)) + N(@) (A1-1)

A — amplitude (A=+/2P, P — power of not disturbed X(t)), w, — radian
frequency, 0(t) modulation of phase, N(t) — noise disturbance. Special simpler
case is considered next;

0(t) = Qt + 6, A1-2)

.

i. e the input waveform is detuned m phase 6, and frequency £ from the local reference
and these detunations can appear as steps. The sampling instants are according to the
algorithm of DCO

hor =t +T— Y, k=01, .. (A1-3)

27T . : . . :
T = ;./V is the nominal period of DCO waveform in the case of N:1 phase
0 ’ : :
entrainment, while Y} is the output of the loop’s filter at # instant (see fig. 1).
From (A1--3)
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k-1
kKT — Y Y, k=0,1,.. ‘(A1-4)
=0

To avoid proliferation »
X(t) = X, N(t) = Niy 0(t) = Ok - (Al1-5)
Next | "
X = Asin(wytx + 0) + Ny =

k-1
= Asin(wo(kfl_' - Y,) + 6) + Ny =
=0
k-1 .
= Asin(@k —w, Y,) + N (A1-6)
=0
k=0,1,..
The instantenous phase error, phase error shortly can be defined as
k=1
o L0 — o, Y Y. (A1=7)
=0

The phase error describes the deviation from the state of phase entrainment. The
equation of loop in terms of phase error is

Or+1 = Ok — Oy — O — 0, Y . (A1-8)
k=0,1,...
Moreover
Y, = G, signX;- X;, k=01, .. (A1-9)

in the first-order loop case; G, = D(z), while Xj is 7T/2 radian shifted sample of input
waveform X(7).
. Thus

Orvy = o + (T — Yo — 0o Y= ¢ — (@ + 0)) Yy + 4 =
K
= ¢y — K, signXising; + 4 — jsian,i A

K, = (0, + DA (A1-10)
A=QT.

Finally, the equation of the loop of first-order is;
Pr+y = o — K;sign(dcos g, + Npsinge + 4 +
- %sign (Adcosoy + Nj)N, (Al1-11)
k=01,..
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Ni stands for the 7T/2 radian shifted sample of N;. Both samples are assumed
statistically independent.

APPENDIX 2
THE DISTRIBUTION OF DENSITY OF PROBABILITY ON S§* CIRCLE MANIFOLD

Suppose the density of transition g(x,y) from x to y in one step is given. Then the
density ¢**1(x,, ) of transition from the initial state x, to state y in k+1 steps
satisfies

<]

¢“* 0 (%, y) = f‘l"" (X0, %) g (x, y)dx (A2—1)

k=01, ..

Now, the density of probability on S! circle manifold is of interest. Let %eS!.

If xeR then
% = Arge”™e < — T, TU> closed interval with equivalent end points. That is why the
density of transition from X to y on S* is

PF0 ) = X d®F. § + 27n). (A2-2)

n=-00

Next from (A2—1)
0G0 5) = Y (a0 ) al § + 2TR)dx =

-0
2(m+1/2)

w©
Z ' f q(k) (iO’ x)Q(x» 5’ + 271:".) dx =
e X =2+ 2Tlm
(m1/2) » \

M™s

n

-0

=Y Y [a®F0Z + 2tm)qG + 2TTm, § + 27Tn)dz =
n=-c0 m=-00 oA
k4

= | X a®Go0? + 2Tm) 'Y qG + 2Tm,y + 2Mn)dz.  (A2—3)

m=-c0 n=-co
- .

But

q¥ (Ko, 2 + 2Ttm) = G (%o, 2) (A2—4)
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Also _
qEZ + 2Tm, 5 + 2Tn) = q(Z, 7 + 2TUn—m)) (A2—9)
Thus
k4
g% V(xo, y) = f‘?""(io, 2 Y qEy + 2Mn — m)dZ =
n .
- j 1907 3§ + 2D di. (A2-6)
- I=-c0
From (A2—6)
ki3
Gg** P (xo, y) = f‘j"‘)(io, 24E, yadz - (A2—Ta)
and
4G 9 = Y qG 5 + 2T (A2—7b)
l=-0
APPENDIX 3

THE NUMERICAL SOLUTION OF THE EQUATION

n

a0) = fq(z)q(z, y)dz @a3-1)

=T

Let the solution ¢(y) of (A3 —1) satisfy

10) = 2,0) = ¥ am0) (A3-2)

{u} is the system of ortogonal functions and g, converge to’q uniformly while n 7 co.
Let also

(4

<a(®) | b(x)> d_f% a(x)b (x)dx (A3—3)

-

stands for the scalar product of mappings a and b from <—7T, 7T> interval onto
R (the set of reals).
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Then n

<q:. ) | ﬁk(y)> = fq(z. Y) < 40 | (p) > dz =

-

a

n

l n
== [q(z, ) cu(2) u (y)dydz =
) J Z~1 k
1 & n
= ﬁ Z ¢ IJ“I(Z. V(@D u(p)dydz = Z K
i=]1 i=1

-

and

1
T = 5 ”q(z, $)i(2) s () dydz .

Thus the system of equations is obtained

n
C = Z Ciqix i, k = l, ey B
i=1

(A3—4)

(A3—5)

(A3—6)

Moreover u(y) used in the computation of this paper is shown in fig. A3—-1.

From the condition of normality

W {5
Z

LN Z se e y

% T -

Fig. A3—1. The u,(y) of the ortonormal system of functions, i=1,...,n

4

oy =1 max we)= [T
21 J ye<-T,7T> G

The length q;, i él,...,n is chosen according to the expected density of

00~ Y ().

i=1
Also

n

jZ au(y)dy = Z a |u(»dy =
i=1 i=1

(A3-7)

(A3—8)
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Yo [a= Y ayTa=1 (A3-9)

due to normalization.

Next
Y /2T ay = Y V2T Y Gidn =
k=1 k=1 i=1
4 C G .
= /2Ta ¢ /2T a; =
x ) 2T,
d n 27tak
= . A3-—-10
;gl C; .Znaz kgl 27'Cai qix ( )
Thus
n a
5 \/:qik = 1. (A3—11)
k=1 a;
Eventually by setting
e = A/2May¢,, k=1,...,n (A3—12a)
a
g = qu ;" (A3—12b)
the following .equations are valid
= Ycqr k=1.,n (A3—13a)
i=1 :
Yo =1 (A3—-13b)
k=1
Y gi=1 i=1,..,n. ' (A3—13c)
k=1 :
The real height of rectangle uy(y), i=1,...,n is ci/a;.

The set of equations (A3 —13) has well estabhshed physxcal meaning. The coefficients
ci, k=1,...,n form the distribution of Markov chain with transition probabilities gy,
if= l‘,...,n

APPENDIX 4

THE NUMERICAL SOLUTION OF THE EQUATION

m(x) — Jq(x, )m(2)dz = g(x) (Ad4-1)
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Like in previous case

m(x) = m,(x) = Y, oui(x) (A4-2)
i=1
and {u(x)}, i=1,...,n form the set ortogonal functions.
Also
m, (x) tends to m (x) uniformly while n ~ c0, x € <a, b>.
Next b

<m,(x)|u(x)> = ~[‘q(x, z2) <m, ()| (x)>dz + <g(x)|ux(x)>. (A4-3)

Or
b

<my(x)|up(x)> = Z q(x, Z)<uz(Z)Iuk(x)> dz + <q(X)luk(X)> (A4-4)

a

Finally
Dog = ) ayqu + by, k=1,..,n (A4—5a)
i=1
2) y (x)__i__\_/27l'/a
ai

and q; is adjusted according to the expected shape of m(x), x € <a,b>.

3) g = % J‘fq (x, 2)u;(z) w (x)dx dz (A4—-5b)
ki=1, .0
b
b = 2;'C g (x) u (x) dx, k=1,..,n. (A4-—-5c¢)

a

The original problem has been changed for the solution of the system of equa-
tions (A4—5).

APPENDIX 5

THE MODEL OF MARKOV FOR THE MODIFIED DPLL WITH THE EQUANTIZATION
- EFFECTS TAKEN INTO ACCOUNT

1) The levels of quantizer can be chosen to get linear depedence on the phase error
in the case of sinusoid to the loop’s filter. See fig. A5—1.
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If the number of quantization levels is equal 2M + 1 then the steps of quantization in
amplitude are (see fig. A5—1)

\ . 2am
Asing 1]

8
]
|
{2
b ~.

+

Nh 4

Fig. A5— 1. Characteristics of quantizer in the case of sinusoid input-

i
; = Asin — —
o sin -

o; = —0o_;, i= 1, ...,M'—l

2) The equation of not modified DPLL of the first — order is

Now

R ' . A
Or+, = 0 — K, {Q(ASln(Pk + Ny — k—}
1
k=0,1,...

O(Asing, + Ny

can take only the values

2 ) A
i, i=+1,..., M

at view of the characteristic of quantizer assumed.

Let

oM A1,
K, == and - =-2<1, LI areintegers.
S K, M 0

Thus the equation of the loop is

(A5-1)

(A5-2)
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27T /.,
Pr+1 = Px — m(l - lo) ' (A5—4a)
if
1
Q(A4sing, + N) = ﬂi (A5—4b)
. eif .
ooy < Asingg + Ny < o; (A5—4c)
i=1,...,M—1
o < ASin(pk + Nk (A5—4d)
i=M-—-1
o < Asingg + Ny < o444 (A5—4e)

i=-1,.,—-M-1
ASin(pk + Nk < o;
i=—M—-1). ,
3) Thus if the attention is restricted to the < —7T, 7T> closed interval the

distribution of adminissible states is shown in fig. A5—2 because the smallest step of
the phase adjustment is + 27T/LM. The set of states is

7 37 3m _ T
_x TTrIM M 0 Im TN @
————eo—11 —o—o—{o0o—o— 1] —o——o—1+—

‘ w .

Fig. A5—2. The set of adfninissible states in the case of Markov model (Markov chain)

T T T '
X = {i TR + m(Z,- +1),..,+ m(LM — 1)} (AS5-5)
Let x € X and
. 2T .
u(x) = K, (Q(4sinx + N,) — A/K,) = m(z —1l)=2z. (A5-6)

Thus according to (A5—4a)

y=x—2z, x€X, yeX. (A5-7)
-Now the required probabilities can be determined
P,, = Probability that z = x — y, P(z = x — y) (A5-8)

Moreover
' P(z) = P(u(x) = 2) (A5-9)
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Let
2T ,
ml =2, and — M i=z.
Then
z=2 —z, - (A5-10)
That is why ,
P(z) = P(Z =z + zp). (A5—-11)
Finally
27T
P() = P<K (QUsinx + NY))) =z’ = m)
1
= P(Q (Asinx + Ny = ]l_lj> (A5-12)
(A5-13b)

The last probabilities can be readily obtained from (A5—4) while N, is gaussian
k=0,1,...

4) The number of states on the circle S1is twice smaller in the case of modified loop.
Also

P,(2) = P(z =z + z,)Py + P(Z = —z + z) P- (A5-13)

P, stands for the respective probabﬂity in modified case whereas
P, = P(Acosx + N, = 0) (A5—14a)
P_ = P(dcosx + N, < 0) (A5—14b)

5) The results of part I of this paper can be used to compute required parameters .

APPENDIX 6

COMPUTER BASED MODELLING OF DPLL

The idea of computer based modeling of DPLL is to implement its operation in

software. The algorithm which generates random gaussian numbers is important for
this reason. The disturbing noise can be formed by this numbers in sequence. The
following algorithm which is due to Box, Mahler and Marsaglia can be used as noise
generator. Though being rather slow it is perspicous and accurate. See the book of
Knuth [4] for further assistance.

1. The method of polar coordinates

Step 1. Generate two independent random numbers U, U, of uniform distribution
on (0, 1) interval.
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Step 2. Transform these numbers into (—1,1)interval accordingto V, = 2U, — I,

V, =2U, — 1
Step 3. Calculate
R =V} + V3

Step 4. If R?>1 then go to step 1 else go to-next step.
(The mean value of the sequence of steps from 1 to 3 is 1.27 while its deviation is 0.5 87).
Step 5. Generate two indepedent random numbers X,, X, of normal distribution
N(0,1) (of 0 mean value and standard deviation equal 1) according to

/ 21nR? [ 2InR?
X1=V1 —_RT; X2=Vz - RZ '

2. The justification of the method of polar coordinates

First of all if R? <1 then the point (V,, V,) is from uniform distribution of the
inside points of the circle of R radius. Secondly let ¥, = Rcos 8 and V,=Rsinf.
Then

X; = R'cosf¢ and X, = R’sinf (A6-—1)
while
R=J 20K (A6—2)

Also R? and 0 are indepedent and from uniform distribution on (0,1) and < —7T,7T>

interval respectively. Thus 5
—r

. — 12
P(R'<H) = P(-2InR?<r?) = P<R2>e 2 ) =1-¢-— _2i (A6—3)

P4 ) stands for the probability of event that A ...
Now
P(r<R'<r + dr) = p()dr = re "2dr (A6—4a)

and

P(v<O<v + dv) = p(v)dv = %dv (A6—4b)

Thus the joint distribution function is

. . 1
PX,<x;,X,<x,)= P(rcosv<x,rsinv<x,) = Eﬂ’er*lldr dv =
’ {(r,v: reosv<x,, rsinv<x,}

=%7l' e~ WDz dxdy =

x
1
——= e
- /27
{(x.y)x<x,y<x,} -0

Eventually X, and X, are gaussian and independent.

~*2/2 4y “2dy.  (A6—5)

V2T Jze
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3) The estimate of mean value based on N, observations x; of random variable X is
1
- 2 X,
1 i=1
4) The estimate of variance based on N, observations x, of random variable X is

N 1
= Sy = L sk
VNl N]_ — 1 igl (xl SN) N, — 1 2 1

1 i=1

5) The equation of I-order modyfied DPLL is
Pr+y = @x — K, sign(dcoso, + Npsingy + 4 +

— EA—lsign (A cos ¢, + Ni)Ny
k=0,1,...

¢, Ni, k=0,1,... are the sequences of mdepedent gaussian variables of 0 mean value
and crN standard deviation.
6. The equation of I — order unmodified DPLL is

K,
Prey = Op — Kysingg + 4 — _Nk
k=0,1,..

N,, k=0,1,... is white stationary gaussian sequence of 6 mean value and Jy standard
deviation.
7. The equation of II — order DPLL is

Priz = 20k41 + @ = —K 1 Xpsy/4 + K Xi/A
' k=01, ..

XA = singy + — Nk ,k =0,1, ... in the case of unmodified DPLL.

‘X/A = (singy + NijA)sign(Acosg, + Ni), k=0,1, ..
in the case of modified DPLL. )
8. The characteristics of quantizer is shown in fig. 31.
9. The standard deviation is set equal ¢ according to transformation
Ny=0X;, i=1,2,
while X; is of standard deviation equal 1.

10. Ni/4 k=0,1,...
is of standard deviation equal
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= praponiPE = IOS"a/m
o / 25, S

while S, is the input signal power to noise power ratio (SNR, dB scale used).

11. The results of computer based hiodelling are shown in fig. 20+ 35.

M. ZOLTOWSKI

O CYFROWYCH PETLACH FAZOWYCH Z NIEJEDNOSTAINYM PROBKOWANIEM
W OBECNOSCI ZAKLOCEN LOSOWYCH. CZESC Il

Streszczenie

Petla cyfrowa z niejednostajnym probkowaniem zostala zmodyfikowana w celu uzyskania
korzystniejszych wlasnosci dotyczacych osiagania stanu synchronizmu [2,3].
Jej parametry w obecnosci zakldcer losowych zostaly zbadane w ramach teorii przedstawionej w czesci 1.
Szczeglnie istotny byt wplyw modyfikacji na zjawisko poslizgu bledu fazy. Przeprowadzone obliczenia nie
pokazuja istotnej degradacji. Niezmodyfikowana pgtla drugiego rzedu objawia zjawisko chaosu przejs-
ciowego [2,3]. Zjawisko to jest badane w obecnosci zakl6cenia losowego.
Natomiast zjawisko zawieszenia stanu synchronizmu w petli zmodyfikowanej nie wystepuje.
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Part T

New stability criteria for the digital nonuniform sampling zero-crossing phase-locked
loops are derived. The functional nonlinear discrete-time equation on the S§* — circle
manifold is used to describe the phase error process in the loop of any order. Disturbed N:1
phase entrainment is studied while the perturbation is either the frequency offset or additional.
random noise and effects due to quantization. The class of loops with discontinous
characteristics of phase-detector is recommended while fast acquisition regardless of the
initial phase error conditions is required in the case of loop of any order. The notion of the
covering space of the theory of dynamical systems is used to consider the dynamics of theloop
on the §? — circle manifold. The presented approach is extendible to include the fading of the
input waveform, AM and PM modulation or variable coefficient filter of the loop. This
extension shall be presented in Part II and Part IIL ‘

1. INTRODUCTION

Digital phase-locked loops (DPLL —s) may be considered as heart parts of digital
synchronization systems. Generally they can be referred to nonuniform sampling and
uniform sampling schemes [1]. Just the class of nonuniform sampling loops shall be of
interest in this paper. Namely, the sampling device acts as a phase detector in these
loops while providing information about the deviation of the incoming signal versus
the local reference generated in the digitally controlled oscillator (DCO) of the loop.
Usually the nonuniform sampling DPLL takes the advantage of the N:1 phase
entrainment only. It occurs while the loop is tracking the positive zerocrossings of the
incoming signal. Then there are exactly N periods of the input waveform during
1 nominal period of the sampler. Nevertheless the P:Q phase entrainment while P and

* Accepted for presentation at 1990 IEEE International Symposium on Circuits and Systénis as regular
(lecture) paper [11] o o
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Q are integers may occur in the nonuniform sampling phase-locked loop also.
However such a loop is not zero-crossing DPLL(ZC—DPLL) any more. The
N:1 phase entrainment in the nonuniform sampling DPLL —s has been studied
by Gill, Gupta, Reddy, Weinberg, Liu, Chie, Lindsey, Osborne, Andrea, Russo,
Rudel and others [1]. Quantization, frequency offset and noise disturbance result
in the perturbation of the state of phase entrainment in the loop. However
in all cases the fast acquisition behaviour while not dependent on the initial
phase error is of great importance from the practical point of view. On the
other hand the possibility of existence of chaotic transient hang up phenomenon
has been revealed in the DPLL of second order with sinusoidal-type nonlinearity
[4,12,13,14]. This loop can achieve phase-lock even different from the N:1 phase
entrainment for some region of the initial conditions of the phase error process
(see also the discussion at the end of this part). As a matter of fact the
exact conditions under which the N:1 phase entrainment is acquired are of
interest. That is why they are considered in the this paper. Among the derivation
of new stability criteria according to which the class of loops with discontinous
nonlinearity may not exhibit chaotic behaviour a simple controlling algorithm
is considered also. The aim of it is to improve the acquisition of the phase-lock
in the case of nonuniform sampling DPLL with sinusoidal nonlinearity. Additionally
it is pointed out that the approximations to hold in range and pull in range
can be obtained within presented approach either. Pull in range is determined
by the frequency interval while the phase-lock is acquired regardless of the
initial conditions of the phase error. Whereas the hold in range by the one
while phase-lock is maintained. The known estimates of this parameters have
been provided in [2,5]. However less is known about the pull in range of
the DPLL—s of higher order. In addition the constant component of the phase
error process is known as static error while the variable one as dynamic one.

2. THE NOTION OF THE COVERING SPACE AND THE MATHEMATICAL
MODEL OF THE NONUNIFORM SAMPLING DIGITAL PHASE-LOCKED
LOOP IN THE CASE OF N:1 PHASE ENTRAINMENT

' The notion of the covering space will be explained before begining with the model

of the loop [10]. This notion is helpful while dealing with the dynamics on the S!
— circle manifold instead of the straight line R.

DEFINITION 1

The continous mapping 7T: Y- X (¥, X topological spaces) is a covering if for every
X, € X there exist its neighbourhood U, x, € U such that 7T~ ! (U) is a disjoint union of
open subsets of Y. Each set of this union is mapped into U by homeomorphism i. e. IT is
a local homeomorphism. The space Y is called a covering space of the base space X.
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Phase detector ,
sampler
holding & quantizing
: "ncom[ng | A/D converdor Ffll"ef’
waveform  X(t) Xy D(z)
A
| t,—sampling - N 1
X(t)=Ag(wet+8(t) . | instant - :
O(t) &6, +S2t - Deco -
N .
Xx k+1 "'k+2_ﬂ ke X (f) digitally controlled
W\ 4 oscillator
— : # k=01,...,
VA
t, 1 |
Kk thet  traz i’k+3 ... lim X, = x¥=0

Kk —= oo

Fig. 1. The scheme of the digital nonuniform sampling ZC (zero crossing) phase-locked loops and the
principle of synchronization (N=1, g(¢)=sing, {x,} converges to the fixed point x¥ of stable equilibrium)

4 Moreover the principle of synchronization by the loop is explained in fig. 1 and
scheme of the loop’s model is provided. The details concerning the derivation of this
model are given in appendix 1 (A1). However, the incoming waveform being tracked
by the loop is

X = Ag(wot +0(@®)) +NOH. (Al1-1)

The function g of (A1—1) descnbes the shape of the signal component of X (t) and the
following conditions are met:

)g: R - <—1, 1> is periodic with period 27T

2) there is only one zero crossing in (—7T, 7U) open interval. A stands for the
amplitude, w, for the radian frequency whereas 6(¢) for the phase of signal part of X(#),
8, is an offset in phase while Q, one in frequency. The linear discrete-time filter of the
loop is described in terms of the transfer function D(z). The effects of quantization are
taken into account by nonlinear function Q. Moreover N(f) of (A1 — 1) stands for the
noise component disturbing loop’s input signal. The digitally controlled oscillator
(DCQ) of the loop performs the calculations of the subsequent sampling instants

accordmg to the algorlthm
ety = T — Yk + 4, k= 0, 1, .ee (Al—2a)

T of (A1 —2a)is the period of sampling while ¥} is the output from the digital filter of the
loopatinstant k. The perturbed N:1 phase entrainment is of interest. This is consistent with

_My o (A1—2b)

@,

and zero initial conditions of the loop’s filter.
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Let the disturbing noise be negligible. The extension to include the effects
of noise on loop’s dynamics will be presented further. In this case the dynamics
of the loop of n™ order in respect to N:1 phase entrainmen can be shortly
given by [1,2,5,13] ' '

Xk+1 = F(xk: Xk—1s »o0s Xgk—n+ 1)’ _ (1)

while {x;} & {x; : k = 0, 1, ...} is the phase error process.
The mapping F of (1) is almost everywhere continous. The points of discontinuity

g(x)ﬂ g(x) 4

-avrg—zw g-:rr lw ol 3 ml X n/ %Y B | x
AT U

4 A
~ Fig. 2. The other shapes of the nonlinearity- of the digital nonuniform sampli‘ng phase-locked loop

of F depend on the discontinuity of the nonlinearity g of the loop (see
fig. 1) which contributes to the characteristics of the phase detector of the
loop. Among the DPLL—s with sinusoidal nonlinearity there are also ones
with g of fig. 2. Let the coefficients of the loop’s filter be positive. Then
the fixed points of (1)¥ .
x¥ =2k <R,k = ..., —1,0, 1, ... are the points of stable equilibrium while
X5 =Qk+ 1D cR k=..—1,0,1,... are the points of unstable equilibrium
provided, that the characteristic roots of the linearized equation (1) are all inside the
unit circle of complex plane.
Let also

J‘ekdé {Xk, Xk—1y «oo» xk_,,+1} s k=n— 1, nn + 1, .

and all x, of the subsequent X; appear according to (1).
That is why Xx,_; represents the set of initial conditions of (1);

Xn—1 = {Xp_1, Xp—2y -ov) Xo} -

Suppose there is family of sets ¥, such that for each m
Em<c Vo, € B(x**r) m=n—-1nn+1,..

‘and there is no other set ¥}, of smaller diameter than r,, while showing this property.
B(x*?* r,,) stands for the ball which is centered in x*2* and has diameter r,,.

Now, if x*2* = 2k7TT € R for certain k € Z ( Z stands for the set of integers) then the
following lemma 1 holds true. :

D The point x* is a fixed point of (1) if x* = F(x*,...,x*)
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Lemma 1
If x*2* € U is the point of stable equilibrium of (1) and Uc R is sufficiently small
then there exist: € > 0, integer k, and the family o sets ¥, Uc R such that
diam Vko = rka, Vm+1n Vm c U, m Vm = x*f"

m = k,
and
-%chm m=k0,ko+1,...

In other way lemma 1 states that every trajecto_ry 7(x) while the initial point is x=X
yo) L{yeR: I y=2x}
keZ

of (1) converges locally to the pomt of stable equ111br1um x*2k, Now, the next lemma
can be considered. -

. Lemma 2 .
Let y,(x) =TT (y(x)) be the trajectory of (1) projected on the circle $* = < — 70, 7T >
closed interval with equivalent end points while the all characteristic roots of linearized

counterpart of (1) are inside the unit circle of complex plane. Then the trajectory
TT(y(x)) converges to the only fixed point of stable equilibrium x%¥ =0 € S* if and only if

7(x) converges locally to certain point x*z" 2kl eR(ke Z),(Zis the set integers) of
stable equilibrium. -Space R =R! (R is the set of reals) is the covenng space of S?.

Proof

Suppose y,(x) converges to the point x*=0 € S* and the characteric roots of
linearized counterpart of (1) are all inside the unit circle. Then there exist neighbourhood
Uc St of 0 € S such a that 7T ~1(y,(x)) converges in 7T ~}(U) to x*2*=2kTT € R for
certain k € Z and vice versa [10]. Note that it may happen that V¢V
In other way Lemma 2 asserts the following:

1) Suppose the parameters of the loop are fixed and the equation (1) is valld in
respect to the N:1 phase entrainment (see appendix 1 for the details).

2) All the characteristic roots of (1) are inside the unit circle while the phase
entrainment with x¥=0 e S occurs.

Then there is exactly only N:1 phase entrainment with the state x*2* € R for certain
k (the fixed point of stable equilibrium) and TT(x*?*)=x* € S! considered as
phase-loock (see also fig. 3)

The projection of lemma 2 is:

' 7t ‘R > 8t
| [x] - [x] = arg(¢™) and [x] € <—-TC, T>. . ®
'Equlvalently [x]=x(mod 27T). '
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Xs*2k
: Vm-l V,m R -
Vi (e @ —et—) hY T ’
, — 7 ,
N:1 phase
entrainment ; : { :
the trajectory 0 b I i ! R
converges -~ —He Lo P >~
: . B ;
loczc’z(lly fo ‘ Xs*2k ! XS*.Zk Xs*2k+
XsER & to R
oes! ' N+1:1 phase entrainment
the trajectory does not converge
- locally to X%2K though it
-7

converges to OeS’
Fig. 3. The ilustration of lemma 2

Secondly, the following functional equation is proposed instead of (1) to describe
the dynamics of the phase-locked loop

k ’ . k
x(k+1)= ; k(e — l){g(X(l)) - lX(l)} + x(k+ 1) + l_Z ki2(k — Dz

©)
k=01, ..

The inferpretation of the new model of the loop is given in fig. 4. The equation (3) is
equivalent to the equation (1) in the sense that the trajectories generated by (1) and (3)

ka2 2

x»

l Fig. 4. The interpretation of the new
model of the digital phase-locked loop

given in terms of the equation (5)

kj 4 g(x)-Ax

are the same (the discrete time case is considered). Thus the initial points of every
trajectory of (3) are x(0), x(1), ..., x(n— 1) for the loop of order n (generally the symbol
a(k) is equivalent to the symbol a;). These initial conditions are included in the discrete
time waveform x,(k + 1) of (3). The real parameter A is positive. The derivation of the
equation (3) which is based on Z-transformation technique is presented in the
- appendices (A2—Ad) of this paper. The x(k) of (3) is the phase error process in the
loop. It is defined to measure the deviation from the state of phase entrainment (seefig.
1 and the appendices for the details). The waveform z(/) of (3) /=0,1,... stands for the
disturbing noise sequence. As previously the nonlinearity of the loop is given in terms
of periodic function g with 27T being the period in this case. It results either directly
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from the shape of the waveform being tracked by the loop or from the image of the
nonlinear processing algorithm while acting on this waveform. The functions &, , k; ,
of discrete time argument are the unit pulse responses of the new model of the loop.
Whereas x, which depends on the n initial points in the order loop case n™ is the discrete
time response of the linear part of the loop’s model, being known (see fig. 4). Note that
the nonlinear functional equation (3) is of-1 dimension whatever the order of the loop
is. This stands in favour of it most of all. Now, the idea of this paper can be easily
explained. The new model of the nonuniform sampling digital phase-locked loop while
in terms of equation (3) is used to derive new stability criteria. The problem of this
paper is similar to that considered by Tsypkin [9] while concering the nonlinear
discrete-time control systems. However the $! — circle manifold is the state space of
this approach instead of the euclidean one as usually is of concern. Just in view of
lemma 2 one can consider the dynamics on the S — circle manifold instead of the R!
— euclidean space of 1 dimension.

3. THE DYNAMICS OF THE DIGITAL PHASE-LOCKED LOOP ON
THE S! — CIRCLE MANIFOLD

One can begin with the argument that the phase error of the equation (3) is the cyclic
variable at any discrete-time instant k, k=0,1,.... This idea can be formulated in terms
of the following Lemma 3.

Lemma 3

Let the phase error process {x(k)}, k=0,1,... satisfy the equation (3). Then the
following diagram is commutative ' '

(B % (” I
Lo @
{(s1 & {s1.

The & of diagram (4) stands for the functional operator of the right hand side of
the equation (3). This operator acts either on the space of sequences of elements
from R denoted as { R} or on the space of sequences of elements from S* denoted

as Ol

as {S°}.
" Remark

One can think that the proposition of Lemma 3 is obvious because the phase error
process can be given the explicit definition as the sequence of variables which take their
values from S'. However a formal proof can be derived while being based on the
recursive equivalent of (3). Namely, the right hand side of (1) is partly additive in
subsequent phase errors and partly not sensitive to the shift by 27T radians due to the
nonlinearity of the loop’s model while bemg periodic. That is why the operations of (4)
are really mterchangeable
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Now, in view of lemmas 1 — 3 the examination of the equation (3) on the S* — circle
mamfold is well established.

4. THE N:1 PHASE ENTRAINMENT ONE THE S! — CIRCLE MANIFOLD.
’ INTRODUCT ION

The equation (5) will be considered:

A . . .
x(k + 1) = Y k& —l){g(x(l)) —_lx(l)} + x(k + 1) +
I=0 : .
k

+ Y k(e — Dz(h@od 27T). ©)

I=o

It results from the equation (3) by the projection on the S* — circle manifold. The first
n points of (5) are specified as x(0)(mod 27T ), x(1)(mod 27T), ..., x(n— 1)(mod 27T ).
The order of the loop is equal n while (mod 27T ) stands for the operatlon of projection
which has been explained in the previous chapters.
Suppose first that

-~ u(l) Lex®) — ix(,l=0,1, ... and z(l) = 0 (the noise is negligible).
Then the following observations are valid.

Observation 1

Let g be the linear function from S* to R such a that «(/)= 0 for all [,1=0,1,.... Then
the trajectory of the phase error process is given by

xtk + 1) = x;(k + 1)(mod 27T) (6)
The n initial points are x(0)(mod 27T ), x(1)(mod 27T), ..., x(n—1)(mod 277).

g(x)‘} A(x)
g(x)
g I :
' " xest / b |7 I_/- l; [7;
T I X€ R

Fig. 5. The loop's phase detector nonlinearity: linear on ! — circle manifold and periodic on R straight line ‘

Observation 2

Let the following approximation which is known as linearization be valid

gx) =g 0)x = Ax )
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for all x from the neighbourhood U of 0 S*. If the set U contains the whole trajectory
of the phase error process then the equation (6) is also valid. Secondly, the followmg
conclusions can be denved from the observatlons 1 and 2.

Conclusion 1
Let u()) = 0 for all x e S* (g(x)=Ax) and 3 - )

a)r, = limsup %/|x;(m)] < 1, or-equivalently
m —> o _
b) the function X, (@) = Z x,(m)z™™,ze C(Cisthe set of complex numbers) has the
m=0 .
poles inside the unit circle of the complex plane.:Then

lim x(k) mod27T) = 0
- ©

for every initial points of the phase error process. The absolute value |x(k)| diminishes
not slower than crX when k tends to infinity, ¢ > 0, c € R.

Conclusion 2

‘Let V  g(x)=A2Axand the trajectory of the phase error process is entirely in"
xeUc St
Then the proposition of conlusion 1 is also locally valid while the set U is of concern.

The point 0 € S? is the point of stable ethbnum in this case.

Concluswn 3

Let 1 = g’(0), gis at least C1 Then by localizing the poles of X’ ,1(2) of the conclus1on
1 one can determine the region of the parameters which assure the existence of the stable
equilibrium 0 € S* and N:1 phase entrainment locally. The aim of further considerations is
to extend the results given by ‘cqnclu_sions 1—3 tomore general case of the nonlinearity of
the loop. Especially the conclusion 1 which asserts the global stability of loop’s dynamics
on S! — circle manifold is of interest in more general circumstances. The proposition of
lemma 2 assets the correctness of such a approach in respect to N:1 phase entrainment.

5. THE N. PHASE ENTRAINMENT ON THE S! — CIRCLE MANIFOLD
GENERAL CASE

< First one can easily check that the following properties hold true for any
x, y, & € R while [x]=x (mod 27T) stands for the projection on S! circle manifold

ITIxI1] = I[x]l (82)
[afx]] | < le|  |[x] | (8b)

HIxH DI < | =] (&)

|x|] stands for the absolute value of x.
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Secondly, let {X} stand for the space of the sequences {x} which elements x(n),
neZ, (Z, is the set of nonnegative integers) are from the space X'i. e.

(xy = {{x} ' Zy 5 X, noxm) eX}. ©)
The space {X} is the vector space while

{x} = { X(O), X(l), e } v
{x £y} ={x0) £ y0),x(1) £ y(), ...} : (10)
’ {ax} = {ax(0), ax(1), ... }

Also let {[X]} stand for the space of the sequences {[x]} which elements are
from [X] space

{Ix]} £ {{[x]} 1 Z, > X, n> x(m)e [X]} (1)

X1 E{[x]:xeX}
D = {xO [x(D), ...}

The operations of the {[X]} space are induced by those of { X}. However {[X]} is not
avector space any more (see (8b)) but is still similar to vector one. Now, let the function
p from {X} to R, (R, is the set. of nonnegative reals) be given:

- | p:{X} > R : (12)

{x} > p({x}) < @

The following properties of the function p which concern the space {[X]} will be of
importance:

p[x}) =0={x]} =0 while last 0 stands for zero of {[X]} (13a)

(UL + {DBB < p(DDD) + (DT (13b)
- P([ABDD < ol p (X)) (139

The operations of addition, multiplication and projection of (13) are performed the
point by point (see (10) and (11)). This concept of p function is quite similar to the
notion of norm. However it should be identity in (13c) in the normed space case. The
space {[X]} with p function well defined for every element {[x]} € {[X]} is denoted by
({[XT}, p)- Next, let the following notation be introduced before the dynamics of the
loop in respect to S! — circle manifold is considered:

A {u b} & Zk', kit — Du() (14a)
. I=0 . )
k
z (k) £ Y kya(k — Dz() = A4,,{z k} (14b)
i=0

uk) Lgxk) — ixk), keZz,. (14¢)

Let also the sequence {4, {u}} be iptroduced
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{4 {u}} 1 Zox{R} - {R}
({u}, k) > 4, {u}, k) (14d)

ke Z, and {u} e{R}
Now, if
v

(4} € {RY, p(([ 43 (0}]) < @y p(() R (5
0o <o

then there exists the operator 4, ;:

Ay (R}, p) > (51, ) - 8 = [R]
{u} - {[41{4}];

and S
p(AiuD £ p({[4:{}]}) < o p({u}). (16)

Moreover suppose that the following constraint concerning the {u} sequence
is, valid also
v

(welR p((w}) < azp({[x]}) + a, 0<aeR.. S an

Now, in view of this chapter the cqhation (5) can be given the short form:
x = A;,u + x; + z,(mod 27T) (18)

with AL, of (16), u of (l4c) and Z,. of (14b).
Finally, the main result of this paper can be given in terms of the theorem 1.

Theorem 1
Let x, and z, belong to {R}, p) n ({S*}, p) space. If
o, < 1 (a, of (15) and a, of (17))

then there is extractly one solution of (5) which belongs to ({:S*}, p) N ({R}, p) space.
Also, the following estimation holds true

p(x}) < ot (19)
The prdof of theorem 1

While the equation (18) is equivalent to recurrent one there is always the unique
solution of it for any initial points specified. Moreover from the functional form of (18)
and the relations (13), (16) and (17) it follows that:

p([x]}) = P({[Amu + X+ ZA]}) = p([[4n 1 + [x; + z]]) <
C < oy p((u) + oI + p(lz]) < oy (@, p ([} + @) +
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+ p(xd) + p(lzd})-

Just the belongness of the solution {[x]} to ({S*}, p) space follows from this inequality
while its belongness to ({R}, p) space is assured by lemma 2. )

Now, the strategy of further approach can be clarified. The N:1 phase entrainment
will be studied by theorem 1 while different functions p are used. These functions are to
measure the process of acquisition of phase-lock by the loop while different constraints
are posed on loop's nonlinearity. The various aspects of the process of acquisition can
be studied this way.

6. THE EXAMPLES OF DIFFERENT ({[X]}, p) SPACES

a) The spa_ée ({[X]}, p,) of the sequences of finite pseudoenergy

Py - {[X} - R,
. .
{xI = 2 €= = \[Z |[x @m)] |2 o ~2" 20

r, € 0,1> < R.
The sequence of null pseudoenergy is zero of this space.
b) The ({[X]}, p,) space. ‘

(X} > Re
{&B = po(x) = lim sup [[x(m)]}. 21
» . N->w n>N

Every sequénce which converges to zero is zero of this space.
c) The space ({[X]}, p,) of the sequence of finite pseudopower.

ps {IX1} - R,
_ 1 X
OB > () = Tm [+ Y ] @2
v N> m=p ‘
d) The space ({[X]}, p,) of the sequences of finite peak value.
e} SR
(<D — QD<) = sup |[x(mll. 23)
m=0 ‘

It is not difficult to prove with aid of (8) that the properties (13) are met while the »
functions p; (i=1,2,3,4) of this chapter are of concern. The triangle inequality (13b)
follows from the known triangle inequality )

V@ + 5P < VE @ + /TIbP

in the a) and c) cases.
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7. THE CONSTRAINTS ON THE LOOP’S NONLINEARITY

The two kinds of constraints concerning the nonlinearity of the loop are considered
first (see fig. 6 and fig. 7).

Fig. 6. The ilustration of the constraints (25) on loop’s nonlinearity

Q A Mx+a M
m

A+R
A-R

! .
mx-a,8x
~Jv mx+a/ . X ’Aa

I

[
[— /Mx-

Fig. 7. The constraints on loop’ nonlinearity
while quantization effects are taken into ac-
count. The characteristic of quantizer

Constraint 1
lg(x) — Ax] < R|x|,xe S, R>0,4>0. 24

The geometrical meaning of constfaint 1 is that g(x) is contained among the straight
lines of slopes determined by M and m while ,

o

M=1+R and m=1— R, (seefig. 6).
Constraint 2
lgx) — Ax| < Rlxl +a a>0. (26)

This constraint is ilustrated in fig. 7. One can easily notice that these constraints are
general in the sense that the wide class of nonlinear function is allowed while describing
the nonlinearity of the phase-locked loop. Moreover if u(}) =g (x(1)) — Ax(!), [€ Z . and
the constraint 1 is considered then the inequality (17) holds for any {u} € {R} z-— 1 2,34
with %, =R and a=0.
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v pi({w}) < Rp;({[x]}). (17a)
On the other hand while the constraint 2 is considered then
pi{u}) < Rp({[x}}) + a, i=2,4 . (17b)

and the inequality (17) holds with &, = R and a> 0. This constraint will be used for the
spaces b) and d) only. Next the inequality (16) of the theorem 1 will be considered for
the spaces of chapter 6 case in details. The specific counterparts of theorem 1 will be
obtained for the subsequent spaces this way. These theorems will be of direct use while
touching the different aspects of the phase entrainment in the loop

8. THE SPACE ({[R]}, p,) OF THE SEQUENCES OF FINITE PSEUDOENERGY

Let begin with the following lemma;

‘ Lemma 4
Suppose {y} € {R}, {u} € {R} and

k
y(k) = ) ky (k — Du(l), k€ Z,, (Z, is the set of nonnegative integers). (27)

=0
Then
P (D) < o, py (u}) 28)
and
a, = a,(r,) = sup|K“ (ro, &), 1, € (0, 1>,
Ki(roe') = Z (k) |z = rye® = K, @),
Proof |

Z I ]2 rg2™ < i lym)Pro3m = % fl Y(rye®) | dow (29)

ro € (0,1>, for any {y]} & ([R]}, p,)-

Y(r,e®) = Zy(m)z o =2} = Y( o
On the other hand if 27) holds true then [7]
Y(Z) =K, QU@; U@ =2{u}; K,@ =2k, (30

whereas % stands for Laurent’s series of the respective time sequence (Z
transformatlon) :
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Now, from (29) and (30)

. 1 - . '
POD < [z (170 an = o [1BatuemF1UGoez do <

< sunl Ky, (ro€) |y () = 2,0, () = & (7o) £y ()3 7o € (0, 1> (31)
That is why (28) holds true in this case.
Note that v
121, =|re”| > lim sup¥/|x,(m)] (32)
m-—» 0
is sufficient for the belongness of {[x,]} to ({[R]}, p,) space.
On the other hand
1>r,=]r,e > lim sup&/k;, (m) (33)

m-— oo

is sufficient for the existence of K, (r, ¢’ ). Note that the belongness of {x;} to ({ R},
p,) space is necessary for the existence of N:1 phase entrainment in the phase-locked
loop. Moreover the lemma 4 asserts that the inequality (15) of theorem 1 is valid with
a, specified in (28). That is why the theorem 2 can be stated as a consequence of the
theorem 1 while ({[R]}, p,) space is of concern.

Theorem 2

Suppose
Al. The noise z (/) is negligible, 1 € Z,
A2. There exists the closed interval <r, 1>, > 0 such a that 34)
v .
1) r, € <r, 1> (32) and (33) hold

2o, (rpa, = o, R <1 (35
3) |Alx] — g(@xD | < R[]I

Then the point of stable equilibrium x =0 € S* which represents the state of N:1 phase
entrainment is the global attractor in the sense that every trajectory converges to it.
Moreover every transient response i. e. the acquistition of the loop is not slower than

Crom (+A8 | (36)

while the discrete time m tends to the infinity, R € C > 0. Moreover the constant >0
may be of any order of littleness, r,<1.

' Proof
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The solution of (18) exists and is unique in view of theorem 1..It belongs to
({[RD}, @,) space while r,>r. If the sequence {[x (m)]} converges to zero slower than
specified in (36) then it can be bounded the point by point from below by the
sequence {Crim~ 12} = {x,} for almost all m. But p1({xo})=0c0 and {[x]} ¢ ({[R]},
p,) in this case. This contradicts the previous statements obviously. That is why the
theorem 2 which specifies the N:1 phase entramment in terms of pseudoenergy
holds true.

9. THE SPACE ({[R]}, ps) OF THE SEQUENCES OF F INITE PSEUDOPOWER

It is not difficult to extend the results of previous chapter to prove that

M—»oo\/M

That is why (15) holds;

= 0, (D) < sup K, (™ ps((u})  (37)
w .

[T

ps (D) < oy p5({u}) - ' (38)

and
a; = sup|K;, )| : (39)
T

like in the case of finite pseudoenergy. The scope of this chapter is to take the random
disturbing noise into account also. According to the model assumed the disturbing
noise z(/), [ € Z, affects the digital phase-locked loops as

z (k) = Z kiatk —hz(), keZ, | (40)

The noise z(l) is of finite power i. e. p3({z}) <
Also the poles of K ,(z) which is & transform of the unit pulse response k; , are all

inside the unit circle:
lim supJk;,(m) < 1. 41

m— o
Let | |
. . :
z(k)y & Z k,(k — Dzy(), keZ, “42)
and |
2 1 < | '
zy () = { /> M 43)

while the M of (42—43) is an positive integer.
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Now
T
1 & 1 . | Zy (™)
3 L 15 Onl = o f | Ky () 2 =5 dw “4)
-
and
Zu@) L2 (| .
_ : z=e”
Suppose that ,
- - ’ joy |12
Pz(e"‘”) £ fim M. 45)
M- M .
Then the following estimate holds true in this case
1 = . - '
= [— [|K;5(e®)? P,(e™)dw. 46
pa({[=3}) @) 27T -'!:I ._.12( ) (e”) (46)
Moreover suppose
1Kt Beman = o [IuEpdo. @)
This happens for instance while
P,(e’) = o2 = const. 48)
Then
. T .
' |
(L) = o | 57z [Kuale)P do “9)

-

The (48) is valid while z(J) is the stochastic process called the white noise. One can also
notice that x. (m\_;ﬂ while the discrete time m tends to the infinitv if the state of N:1

AULIVY VLR sV VYARRIL LARW RRAOLA A LALALT ATP LWALNSS LU LAAL LaaallllN)

phase entramment is locally stable. That is why ps({[x,;1})=0.

Finally the following theorem results from the consideration of this paper.

Theorem 3

Suppose

A1 There exists the density. P (e’®) of (45) and (41) holds true

A2 |A[x] — g(x])] < R|[x]]
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A3.0£1¢x2=ot1'R<1

Then the mean squared value of oscillations of the phase error process p;({[x]}) can be
estimated in the following way :

) < 2UED),

while a, is given by (39) and p5({[x,1}) by (46). See also (47 — 49) for the possible estimates
of p3({{z,]}). The proof of this theorem is almost the same as of the previous one. Notice
that {k,,} ={k,,} for the almost all cases considered in this paper. The influence of
quantization noise can be accounted for also. The additional parameter is 62 =g>/12.In
this case ., is the mean squared value of quantization noise while the quantization is
uniform and symetric [7]. However not constant quantization step g may be ofinterest
while optimazing the quantizer. Fortunately the integral of (49) can be given closed form
in terms of the coefficients of K,,(z) which is loop’s transfer function. While

(50)

1 o
= f KuEmPdo 65D
one gets in particular cases [8].
2

1) K;,(@2) = T _n : I. = 1T-%.

- ay—a; z ) _ (a}+ad)(1+bo)—2aa;by
2 K Zobiztby 1 T (b (1B +balbrbo—b1)
3) K, (2) _ -a,2%+a;z—aq . ByQo—BiQ;+B,0,

e - 2> —byz? +b1z+bo (1 b3)Qo+(b2+b1bo)Q1+ Qs

Bo=a%+a§+a§, B = —2a,(ao+a,), B,=2aay, Qo = 1+b;—bo(bo—b,),
0 = —by—b1by, @y = —by(bo—by)—bi(1+b;); Q3 = (by+b3bo) Q>

10. THE SPACE ({S!}, p,) OF THE SEQUENCES WITH
ASYMPTOTIC METRIC = °

Now, the space ([RT}, p;) with e |
| p([xD) £ lim sup |[x(m)]| (52)
M M : .

—o0o m>

is of interest. This space is particularly well suited to describe the steady state properties
of the phase error process while the discrete fime m tends to infinity. While the effects
~ due to the quantizer of the analog to digital convertor of the loop are to be accounted
for this feasibility is of importance. With the consttraints offig. 7 while given analitically
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by (26) one can take into account any quantizer. It is enough when its characteristics is
within the admissible region bounded by the straight lines of fig. 7. In view of (26)

. p2((w}) < Rpa([x]}) + a. an
Now, let the following lemmabe proved to proceed.
. Lemma 5
Suppose o v
o & Z [k (m)] < o0 : (53)
m=0 .
and " o :
y(k), k€ Z is given by (27).
Then .
: p, (D) < o - p,({4}). (54)
Proof

[£ wuuen -] -

—00 m>2

p. (D) = Mlim sup |[y(m)]] = lim  sup

m

= lim  sup IZk“(l)u(m—1)+ Y kyQum — Dl <

Moo m>2M =0 1=M+1
< lim sup {Z k(]  sup lu®)] + Y 1k O] Suplu(k)l»} =
Moo m>2M l=0 m-M<k<m I=M+1 k=0
= Y |k, (D] lm  sup Iu(k)l = alpz({u}) (55
=0 . Moo k>

Now the inequality (54) of lemma 5 can be recognized as a special case of (15) with
a, defined in (53). That is why the next theorem can be stated

Theorem 4

Suppose

Al. The noise is neghglble

A2. |l — g@D| < R|[Al + a

A3.a, * o, = o; R < 1 while ¢, is given in (53) .
A4. x;(m) > 0 when —» m.

Then the steady state amphtude of oscillations is bounded according to

o () < =28 D)

while m tends to infinity. By following the previous cases the proof of theorem 4 can be
easily completed That is why it is left. *
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11. THE SPACE ({S%}; p,) OF THE SEQUENCES OF FINITE PEAK VALUE

The elements from the space of the sequences of finite peak value satisfy

p.([x]}) = sup |[x(m)]|, meZ,. ‘ - (57)
mz=0 .

Suppose first that the » initial points of the phase error process [x(0)],
[x(1)], ..., [x(n— 1)] are given in the case of the phase-locked loop of n-th order. While
represented by the point 0 € S* the state of N:1 phase entrainment is consistent with the
zero sequence. Secondly if the question is posed what the extreme limits of the phase
error process are then the answer can be gained by considering the solution in ({ S}, p,)
space. First of all one can notice that the following inequalities hold true in this case:

P < T 1k Ol () 1s)

and

| p({u}) < Rp({[x]})- (17a)
That is why while (15) and (17a) are valid the next theorem follows from the theorem 1.

Theorem 5
Suppose
Al. The noise disturbance z(J) is negligible, /e Z
A2. o, = Z k()] < o
A3. Il[x] - g([X])I < R|[x]]
Ad. o, R < 1.
. Then the upper bound to the peak value of the phase error is
P4 ([xD)
Pl < 200 (8)

Akind of Lapunov stability is asserted by the theorem 5. This is of interest while the

dynamics of the loop is considered locally i. e in the neighbourhood of the state of

" phase entrainment. When the initial phase error points are near enough the point of

:-N:1 phase entrainment then the same applies to the whole trajectory. However the
~asymptotic stab111ty occurs also in view of the previous theorem.

12. THE EXAMPLES

'While the nonuniform sampling digital phase-locked loops are of concern the scope
of this chapter is to apply the results of the previous ones to concrete cases. Namely the
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following expamples are to show how the different aspects of the acquisition in these
loops can be studied within the presented approach.
1°. The first-order DPLL

The equation of the first-order DPLL is given in appendix 2 (the equation A2—6).
While applying the theorem 2 the following relations should hold true

|1 —KpAl <1 ‘ (59)
0y ) = sup | Koy (rpem)| = ——— 1Kl (60)
) o ro — (1 = KiA)|
o, = R. (61)
Ifr, =1 then a0, ='ﬁR. (62)
k Gsinx)e
X
7'.-
' —t 4 -
T T <|. T T 72,

a= M;m'-, M=1

;ﬂ;_m., m=€

Fig. 8. The almost sinusoidal shape of loop’s nonlinearity

Letg(x) = (sinx), of fig. 8 and A=0. The parameter A describes the denuntion due to
the frequency offset. Then (see fig. 8)

b+ ¢ and R=1_e

A=
2 2’

(63)

Also
1 — €

T+e )

o, &, =
That is why the proposition of theorem 2 holds true for every €>0 (a, o, < 1in this

case).

20, The second- order DPLL
The equatlon of the loop of second order is given in appendix 3a
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1) Let

K, =1, n=2, 1= R = (65)
E> O(Sée fig. 8).

If ry, = 1 then
1 — 2e®| .
l 2(1—,1)e’“’+1—,1|

The image of |K,,(e/”)| is shown in ﬁg 9.The proposmon of theorem 2 holds true if

| K. (e®)] =

(66)

€

oy 0, = 0y (E)R = o, (e) < 1. (67)

} 1Ky sei)]

[.CT PR N < I - )
T
m
[}
QS

=08 |
|.

111|||||‘||||l|llll

% n gfr 2 w[rad]

Fig. 9. The graph of |K, (e*)|

The last inequality is met while € > 0 35 (the approx1mate result)
2) Let 4

Ki=05 nrn=2 i=(+e)2, R=(--e)2,
€ > 0 (see fig. 8). : ’

If ry=1 then
, 0,5|]1 — 2e™|
K  (e™)] = _ . 68
1K e )'l e + 2 — De® + 1 — 0,51] ©8)
Now the image of |K, ,(e®)| is given in fig. 10. Approximately € > 0,45 while
a @< 1. \ (69)

The proposition of theorem 2 holds true in this case.

39, The DPLL'of the second-order with non perfect adder

The equation of this loop is glven in appendlx 3b. Let X, =1, r,=1+8, Ai=(1+€)/2,
R=(1—¢)/2,e>0 , (70)
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k [Ky g (el

LE R T B I

€=085

T 29 wirad]
Fig. 10. The graph of |K*!(e*)|

If r,=1 then _
o B —e”B + 1)
K@ = e 0 5 - 40 + fre” + BA = 9 @
0<p <l '

| K;,(e”)] is ilustrated in fig. 11. In view of this graph the proposition of theorem
2 holds true if € > 0,3 (the approximate result).

‘_ I'Ki,1 (elw)l V

- _ 1 .
ﬁ=0.8, e=0
‘ |/3=0.8,€=0.35

1 L L1 ! L ] L1 | -
T 2 w([rad]
Fig. 11. Theimage of |K,, (¢**). The
loop of second order with nonper-.
fect adder

B L L T~
]

4°, The DPLL of third-order
The equation of this loop'is given in appendix 4. Let
K =1, pK; =3, n=2, A=(1+ ¢)2, :
R=(1-¢€)2, >0 (72)
If ry = 1, then »
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|
4 S
ar 2n w(rad]
Fig. 12. The graph of 1K, (e*). The loop of third order

‘ =36 4 36 —
- . - '
| Ky1 (e™)] [e¥ —3e#(1 — 1) + 3e(1 — ) — (1 — J)| 7

The image of | K, (e*)| is given in fig. 12. It follows from this graph that the

proposition of theorem 2 holds true if approximately € > 0,6. The parameters 1 and

R of the previous examples have been adjusted to the nonlinearity of the loop of fig. 8

while the sinusoidal waveform is being tracked. The additional graphs are provided
- regardless of the loop’s nonlinearity next.

5° The DPLL of second-oder
a) Let K]A=1, r;,=2 (1>0), then

o 1 — 4r,cosw + 472 1 .
[ K1 (roe”®)] =’\/ Orz Ol—-l <
0

cLt2r 1
gAY
b)Let KjA=1,2,r,=2.Thenr,>0,69 and the graph of K, (r, e’)is shown infig. 13
for the different values of r,
) Let K =0,5, r,=2. Then r,>0,29 and the graph of |K, ,(r, e*)| is in fig. 14
d) Consider the loop of second-order with non perfect adder (see the appendix 3b)
while Kji=1, r,=1+8, >0, 0<f<1. Then for ro>0

ro > 0. (74)

| K,y (ro )| = \/ﬂ — 2ﬁ(_1 + ﬁ)i‘:zcosw +“(1 + By r3 <
s 1]

(75)
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7T 29t wlrad]

Fig. 13. The graph of |Kz,x (e*)|. The loop of second order, aperiodic case

h IKa,1(roe/®) 1]

7 2‘}1’ w[r'ad]
Fig. 14. The graph of |K, (e""“)|. The loop of second order, periodic case

A |21-1Ka 1(roe™)|
135140 [F————— —|  r=085
120
100
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T 27 w(rad]

Fig. 15. The graph of |K, | (¢*)|. The graph of |K,  (¢*)|. The loop of third-order, aperiodic case
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6°. The DPLL of third-order

LetK’l L,1,n=2,p=3,1>0.Thenr,>0,813 andthelmage oflK“(rO e™)|is given
in fig. 15.

13. THE CLASS OF THE NONUNIFORM SAMPLING PHASE-LOCKED
LOOPS WHICH ACQUIRE THE PHASE-LOCK REGARDLESS
OF THE INITIAL PHASE ERROR. THE N:1
PHASE ENTRAINMENT CONSIDERED

The class of the digital nonuniform sampling phase-locked loops which acquire the
phase-lock regardless of the initial phase error can be specified in view of obtained
results. ‘This is referred to the N:1 phase entrainment admissibly perturbed. The
mentioned classification can be accomplished in terms of the properties of the loop’s
nonlinearity. While it is of sinusoidal form the following conclusions can be derived
from the examples of prev1ous chapter. Namley, the examples 1—6 show that the
proposition of theorem 2 holds true in the first-order loop case only. Moreover while
the almost all trajectories are of concern. The trajectory y(x)={x:x=7TeS'} is the
exeptional one in this case. However the point x=7TeS? is the point of unstable
equilibrium. On the other hand the things are quite different in the case of the loops of
higher order (the examples 2 —3). It has been known since the paper of Osborne that
the N:1 phase entrainment in the loop of higher order can occur for the initial phase
error conditions from the region around the stable equilibrium only [2,4].
Unhesitatingly the whole S* x S* torus space is not this region while the DPLL of
second order is considered [4]. Let in view of the theorems 2 and 5 the continuity of the
phase error process in excitation x; in respect to pseudoenergy p, or the peak value
p, metric be well established. Then the parameter € of the previous chapter can be put
into good account while discussing the size of the region of direct convergence around
the stable equilibrium being responsible for the N:1 phase entrainment in the loop
[1,2,4]. The smaller € the greater this region is. The numerical calculations performed
by Osborne are in good accord with this last statement. See the examples 2— 6 while
comparing with the results of Osborne. Nevertheless the propositions of all theorems
under consideration can be met in the case of the DPLL of any order if the value of the
parameter R is small enough. Just the schemes of the DPLL-s with the small value of
this parameter are presented in the appendix 6. Whereas the effective nonlinearities of
these loops are presented in fig. 16. They are the discontinous ones. The origin of the
parameter ¢, — the steady phase error or static error is éxplained in the appendices
2 and 3. Presumably let the value of the parameter R which describes the loop's
nonlinearity in general way be given. Then it may be compared with required one in
view of the graph of | K, | (e**) | in order to make the proposition of the theorem 2 hold
true if of concern. Moreover the speed of convergence can be estimated. N amley
consider the example 5a for instance. If R=0(1+0) then r, can be small at will while
the proposition of the theorem 2 is met. This is the case of the fastest acquisition of the
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A Go(¥) A A 90(%)
1
! [TII57 ———m 1-sin(s) F=—=
1 | /| |
|
d ! /xe‘;s’ - ‘Vls . ”"5"31 __yest
T o t S
{ :” { 7 {71
f l | {
| { L/
s S f-1 v
~1-% 1-sin(gs)
R=0, A= -
1 71—
A=(Fcos(¢ps) + -—71,“5}’(-”%)/2
R=(F cos(gs) ~ 180 28)/,

Fig. 16. The effective characteristics of the phase detector nonlinearity of the modified digital phase-locked
loop from the appendix 6

phase-lock. In other cases the smallest value of r, can be found from the graphs like
those of the last examples. The effect of noise disturbances can be accounted for by the
theorem 3 while the quantization effects by the theorem 4. The mentioned class of
loops which acquire the phase-lock regardless of the initial phase error conditions and
fast can be easily identified now. Just the loops with the discontinous nonlinearity
belong to it.

14. ON THE CONTROL OF THE ACQUISITION WHILE THE SINUSOIDAL
WAVEFORM IS BEING TRACKED BY THE DPLL

The digital circuitry of the phase-locked loop is especially suitable for
controlling the acquisition of the phase-lock. Just while putting into good
account this fact a very simple algorithm for controlling the acquisition of
the loop of any order with sinusoidal loop’s nonlinearity will be presented.
However a slight different constraint on nonlinearity will be used. If the
nonlinearity of the loop is in the region bounded by the curves of fig. 17
then the following estimation holds true

lg(@xD — Alx]| < R|[A| + (@ — M][x]])ra(a/M) (76)
while .
1 if |[x]|<u
| ra) £ {o if [ >4, u>0.
If [[x]| <a/M then
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g(xD) — Alx]l < R — M)|[x]| + a=a — A|[x]| < a )
a>0.

In view of the new constraints (77) the following new theorem can be proved.

Theorem 6
Suppose

Al.ayR<1, o =) |y ()]
A2. x,(m) - 0 while mm—_>ooo
' R|[x]] while |[x]] > a/M
A3 1e@D — A < e 1 < a/M

and a/M < a.
Then the steady state amplitude of oscillations p,({[x]}) is bounded according to

P (Ix}) < a, - a. (78)

The proof of the theorem 6 while being very similar to that of theorem 4 is left. If a is
small then small amplitude of oscillations can be established due to the value of
parameter o, =a, (1) small enough (sufficiently large 1= (M +m)/2). Just the proposi-
tion of the last theorem is met in this case. Now the declared algorithm can be explained
while the sinusoidal waveform is being tracked by the loop of any order. Let the two

Mx

a

a
‘/MM//' T x|

afy w  xes'
a

e frt e
htm
R= =

Fig. 17. The new constraints onloop’s nonlinearity in the case
of controlled digital phase-locked loop

3-0 ,

level quantization of fig. 17 be performed until the phase error is in small enough
neighbourhood of N:1 phase entrainment state. Then the multilevel quantization
performed next reduces the amplitude of the phase error process to the required final
value in view of the results of chapter 11.
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15. CONCLUSIONS

The new stability criteria for the digital nonuniform sampling Zero crossing
phase-locked loops of any order have been provided. While stated in terms of theorems
a kind of unified approach to the problem of N:1 phase entrainment in these loops
has been framed. That is why the ,,norm” oriented approach has been released. in
some sénse from the inconvinience pointed out by Linsdey and Chie in [1], pp.
426—427. The model of the loop in terms of the functional nonlinear discrete-time
equation on the S — circle manifold has been used. It has been proved that loop
with discontinous characteristics of the phase detector (the loop’s nonlinearity) can
be designed to meet the requirement of fast convergence of all trajectories to the
state of N:1 phase entrainment. This means fast acquisition behaviour. Moreover
while extending the qualitative results of this paper the theorems in hand can be of
assistance on designing stage. The effect of disturbing noise and the quantization in
amplitude of the waveform being tracked have been taken into account either. The
estimate of the seize of the region of direct convergence around the state of N:1
phase entrainment can be given in terms of € parameter. It is wortwhile to remind
that the lack of the continuity of the loop’s nonlinearity is even necessary to avoid
the spurious behaviour of loop’s dynamics [4,12,13,14]. While sinusoidal nonlinearity
is under consideration the chaotic transient hang up phenomenon has been discovered
in the loop of second order and reported in [4,12,13]. Occasionally it has been
confirmed by Bernstein, Liberman and Lichtenberg in [14] within an interesting
phenomena oriented approach including the estimation of convergence rates.
However the causal approach of Zéltowski [4,12,13] revealed great sensitivity to
initial conditions from the hiperbolic region while the time to reach the phase-lock is
of interest and numerical results concerining this time have been provided. That is
why to get further information a measure oriented approach within Markov theory
while taking the disturbing noise into account has been explored by the author. When
the impact of noise is megligible (the quantization due to computer based experiment
can be accounted for as quantization noise) the computer oriented approach is
preferable in view of ergodic theorem and of practical loss of analytical properties
in this case. While the noise grows stronger the different methods can be used and
are considered in forthcoming paper by Zétowski. Also the simple algorithm for
controlling the acquisition while the harmonic waveform is being tracked by the loop
of any order has been presented. The effect of quantization of incoming waveform
results in additional oscillations of the phase error around the stable equilibrium in
not perturbed case when steady state considered. The theorems of this paper can be .
given a very local interpretation also. Namely a certain subregion Uc S* containing
the state of phase entrainment may be of concern if every trajectory of the phase
error process remains in U. Suppose the disturbing noise z(l) is taken into account
in this case. Then zy(/) of chapter 9 with M equal up to the order of value to the
mean time to leave the set U have to be considered. Also P.(e’) of (45) have to be
replaced by the expression with the finite value of M. However the approximation
with infinite value of M is reasonable if the signal to noise ratio is high enough.
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Further information concerning the process o synchronization can be gained in the
low signal to noise power ratio case within the theory of Markov processes [1].
However the theorems of this paper give the theoretical tools to establish

1) the local stability of the perturbed N:1 phase entrainment

2) the global stability of the perturbed N:1 phase entrainment on S! circle manifold.
Clearly if2) occurs then also but not vice versa. The hold in range parameter of the loop
is determined by the conditions under which 1) occurs. On the other hand the pull in
range parameter of the loop is determined by the ones under which 2) occurs. These
parameters can be approximated in terms of the frequency intervals by using the
approach of this paper. Suppose not perturbed by noise and quantization N:1 phase
entrainment is studied by the theorems of this paper. Then the results of practical
importance gained this way and by topological methods [1,2,5] are similar. Eventually
this approach is extendible to consider the fading of input waveform, AM and PM
modulation o variable coefficients filter of the loop. This is aimed to be presented in
Part II and Part III.
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APPENDIX 1

THE MODEL OF THE NONUNIFORM SAMPLING DIGITAL PHASE-LOCKED LOOP

Sampler
{"_'_Foﬁﬂ'ﬁg}_ Zsampling |
= device quantizer . }
Xt | Xk
———" ar) H D(2)
incoming | i
waveform % |
|
N I 1 Y
t, — sampling instant ,
DCO —
reference
waveform digitally
controlled
oscillator

Fig. A1—1. The scheme of the nonuniform sampling digital phase-locked loop

From (A1—2) (see the begining of chapter 2)

k
o1 =to+k+1DT— 2 Y

i=0 t0=

k+1)T— i Y,  (Al-3)
i=0

to=0 has been assumed without the loss of generality.
Shortly
X(t) =Xt N(tp) = Ni, O(ty) = 0y, S = S(ty) =
= Ag(woty + Op)- (A1-4)
Next, in view of (A1—1)—(A1—4)

Si+1 = Ag(@otirs + Opsy) = Ag(wolk + DT +

K K
—wo ), Y+ Opry) = Ag(Opsy — @o YY) (Al—5a)
i=0 .

i=0
and

Xk = Sk + Nk. (A1—5b)

Let the instantaneous phase error, phase error shortly be defined as

@0 k = 0
— k-1 -
Pk @k — W, Z Y, k # 0. : (A]. 6a)

i=0
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The phase error process is defined to measure the deviation from the state of N:1 phase
entrainment admissibly perturbed. It follows from (A1— 6a) that

Sy = Ag(pn) (A1—6b)
and
Pk+1 =P + Orsy — O — 0o %, k=0,1, ... (Al1—6c)

That is why S,=0if the N:1 phase entrainment occurs while the noise is negligible. On
the other hand the output waveform Y; and the input waveform Xj, of the loop’s filter
are related according to

Z{Y} = Z{X3D@E) + Y, (2). | (Al—7Ta)

Z{} stands for & — Laurent transformation of the adequate time series. The
sequence { Y}} =2~ Y,(2)} of (A1—7) is the response of the loop’s filter due to
nonzero initial conduitions. 2 ! stands for the inverse Laurent transformation of the
function of complex variable z. Also

= 0(x). | (A1—Tb)
Next, in view of (A1—4), (A1—6), (A1—7) one gets

P(z) = 6(2) -

_ W, Y° (2)
z — 1

(A1-8)

and
P(2) = Z{p}; O@) = Z{6O}.

Now, from (A1—6c), (A1—2a) and (A1 —7a) while {d,} = 2~ {D(z)} is the unit pulse
response of the loop’s filter, the following equations are obtained

Pr+1 = @ + Op; — O — w, Z Qg(pe) + N)dp_, +

i=o

~ w0, 1} (A1-9)

and

k
vy = 4+ T — Z Q(4g(p) + Npdy-, — 17
%, =0 (A1-10)
This couple of equations describe the dynam1cs of the nonuniform sampling digital
phase-locked .loop in terms of the phase error process. The baseband model of the
digital phase-locked loop which results from the equation just derived is shown in

fig. Al—2. Now let simpler case of perturbed N:1 phase entrainment be considered
(zero initial conditions of the loop s filter) while

Oy =0, + 2,1, (Al—11a)
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. N,
B(t) ' -
—>(-—- o) L Ag(+) ‘é— ac)

[2]

4 RZ:
KT — -
P Ve, S { - .(i)— Z )

Fig. Al —2. The model of the noniniform sampling phase-locked loop

The initial conditions of the filter can be easily controlled within the digital circuitry of
‘the loop whereas in view of (A1—11a) the input waveforms while detuned in phase
©, and radian frequency Q, are of concern. Now

. k . o
Oes — Or = 2,T — 2, Y, 0(4g(e) + N)dey  (Al—11b)
i=o0
and .

%ﬂ=%—@rHMEQMﬂW+NM;+QT(M4m
The equation (Al—1lc) after & transformation is
C2(P(2) — @o) = P(2) — (W + ) Z{Q(4g(p) + N)} D(2) +
+ Q,T/(1 — 271 S (A1—-12)

Next the special cases of the equations (A1 —11) are of interest.
1) The loop of first order: D(z)=G,. From (Al—12)

P+ = O — (@g + 20)G,Q(Ag(pr) + N) + 2, T (A1-13)
or ‘

Pri1 = 0 — K, Q(4g (@) + N) + 4, k=0,1,...  (Al-14)
with ¢, as initial condition, K, =(w,+ 2,)G,, 2,T=A..

2) The loop of second order: D(z) G,+G,/(1-z71)
From (Al —12) the equation of the loop of the second order i is

Pr+z - — 2‘/’k+1 + or = K, Q(4g(o) + No) — K1 Q(Ag(pr+1) + Nity)
(Al1-15)
with @, ¢, as initial conditions,

K, = (0o + 2)G,, n=1+K,/K,.
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3) The loop of the second order with non-perfect adder:

G
D) =G, + TT;?F'

From (A1—12) the equation of the loop of second order is

Prig + (L + Bopsy + Bor = —K 1nQAg(0r+,) + Nipvy) +
+ BK,Q(4g(pr) + Ni) + ﬂKva(Ag(fpk) + N) + 40 — B (Al-16)

with ¢,, @, as initial conditions.
4) The loop of third-order:

D(z) =G, + G,/(1 —z7Y)+ G,/(Q — z71)2.
From (A1-12) the equation of the loop of third-order is
Prts = 3Puis + 3Py — o = —pK, Q(Ag(@r+2) + Niwy) +
+ K (0 +r)QAg(Pr+1) + Nevy) — K, Q(Ag(p) + N)  (Al-17)
with @, ¢,, @, as initial conditions,
=1+ K,/K,, p=1+K,/K, + K;/K,, K, = (0, + 2,)G,.

In the following appendices 2—4 the model of the nonuniform sampling digital
phase-locked loop in terms of the discrete-time functional equation of convolutional
form is derived in patricular cases.

0<pB<l.

APPENDIX 2

'THE FIRST-ORDER DIGITAL PHASE-LOCKED LOOP WITH NEGLIGIBLE NOISE
AND QUANTIZATION EFFECTS

While Q(x)=x, Ny=0 the equation of the loop is (see appendix Al)

ey = 0k — Kiglo) + 4, k=0,1, (A2-1)

K /4. If ]A/K{l<1 then there exists the fixed point ¢, of (A2—1) while

_g(fps) A/Kj.
However, the transformation

Or = O — @5 k=01,.

maps.the phase error process into the neighbourhood of 0 instead of ¢,.. That is why one
gets instead of (A2—-1)

Or+1 = Pp — K 9o () (A2—2)
while
‘ golx) & g(x + 09 — g(9s). (A2-3)
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Moreover one can consider

xpe1 = X — K{Axe — K{(golxx) — Axy)

(A2—4)

instead of (A2—2) with x, =@, k € Z,, Z is the set of nonnegative integers.
With help of & — Laurent transformation (direct and reverse) one gets from (A2—2)

subsequently
_ ZXg _ Z{K{(g,(xx) — Axi)}
X =r—a-x% z — (1 - KA
X)) = Z{xy}
and

. k-1
x(k) = ; ke — Digox®) — Ax(D} + x,(k), k=12, ..

while x(k)=x;, k=0,1,...
Also
k() = —Kj(1 — Kj_ 1k — 1)
-K!
z — (1 — KjA)
x, (k) = x, (1 — K H*1| (k)

K. (@) = Z{k,k)} =

Z X,

XO = —q o~ 20
re = lim sup {/|x;(m)| = [1 — Kj 4]
m— 0o
ry = lim sup ¥/|k; (m)| = |1 — Kj 4|
m— o
o K!
Kii(roe™ = e?ry — (11 — K1 %)
; | K|
supl K, (r,e9)] = =
wpl 1,1(0 )' Iro _ (1 _ Kil)l
1 k=20
& = {0 k<0

The equation (A2—6) is the required one of the convolutional form.

APPENDIX 3

(A2—5)

(A2—6)

(A2-7)
(A2—8)
(A2—9)
(A2—10)

A2—-11)
(A2—12)
(A2—-13)

(A2—14)

1. THE SECOND ORDER DIGITAL PHASE-LOCKED LOOP WITH PERFECT ADDER

Negligible noise and quantization effects: Q(x)#x, N;=0, k=0,1,.... The

equation of this loop while K; =K, A4 and x; =, is (see appendix 1)
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Xk+2 —_ 2xk+1 + xk = K;Axk bt Ki r,/'lxk+1 + :

‘ + K@) — Axg) — Kiri(@@(%ksy) — Axp4y) (A3-1)
Next while performing direct and reverse & — Laurent transformations one gets
(x(k)=xp) :
22xy + z(x; — 2%, — K ng(x,))
z2 — 2 - Kindz +1 - Kj2

K — Kinz) Z{g0a) — ixg)

TR Q@ -Krhz+ 1=K 2 (A3-2)

X(@) =

and
k-1 , ;
x(k) = Y kulk — D {g(x®) — 2xD} + x; (k) (A3-3)
I=0
k=1,273,..
Also
AN e e K — Kinz _
b0 = 27 Ky @) = 27 { i T L )
and » .
= g g1 ) P %o + Z(x1_2xo+K'rlg(xo)) _
x,'l(k) =Z X} =% {22 e Kb 4 11 — K{l)} (A3-5)

The equation (A\S': 3) is the functiénal one of convolutional form.

2. THE SECOND-ORDER DIGITAL PHASE LOCKED WITH NONPERFECT ADDER

The equation of the loop while the disturbing noise and quantization effects are
negligible i. e.: Q(x)=x and N,=0, k=0,1,... is (appendix 1)

Priz — (1 + B orrr + Bow = Ky (@) —K 118 (pr+,) + A1 — B) (A3—6)
and Ki=K A, keZ,. ’

If (l—_ﬂ < 1 then there exists the fixed point ¢, of (A3—6) and
B — rK;
| | 1 - p4
) = — A3-7
80) =~ =k (A3-7)
By
Pr = 0r — o

the equation (A3—6) is transformed into

Brez — (L + P Prrs + B = Kigo(@r) — Kingo@rss) (A3=8)
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while
gox) Lglx + o) —gle), 0<p<L
Next while using the direct and reverse Z transformations (A3 —8) can be changed
(ocx=(y) into _ ‘
Xpvz — (L + B)Xpwy + Bxe = BKiAx, — KitiAXger + -
+ BK{(go(x) — Axx) — Kiri(go(xx+1) — AXgr1) (A3-9)
%o + (g —(1 + B)xo — Kirgo(Xo))
22 — (1 +f — Kiril)z + Bl — Ki4)
(BK: — zKir) Z{go(x) — ix}
_ . A3—-10
t+ 22 — (1 +B — Kjni)z + A — Kj ) ¢ )

While x(k)=x; it follows from (A3—10)

X(2z) = +

k-1
x(k) = ,Z kyk — Dig) — Ax()} + x,(k), (A3-11)
k=1,23, ... - |
Moreover
s ey K! — zK|r
k) = 274K, @) = {zz -1+ B —-IK{nl)zl + B — K;A)}
(A3—-12)

and

(A3—13)

ey [PxeH = (L B)xe+ Kirigo (o))
x, (k) = 271 { Z—(1 _:ﬁ_K;r,A)z+ﬂ(i—K{A) }

‘The equation (A3—13) is thé required one of the convolutional form.

APPENDIX 4

DIGITAL PHASE LOCKED LOOP OF THIRD-ORDER WITH NEGLIGIBLE
QUANTIZATION EFFECTS
Q(x)=x and N, =0, k=0,1, ...

The equation of the loop of third-order while x,= ¢, is (see appendix 1):

Xpv3—3Xp+g + 3%y — X = —PK{A%Xe+; — PK; (€ (Xr+2) — AXpsq) +
+ Ki (1 + ) (g (e 1) = A1) — K (€ (o) — %) +
' + K (1 +r)dx, —Kiix (Ad4-1)
k=0,1,.. o

Next with aid of direct and inverse Laurent transformations one gets
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X(z)= Z{g(x)— Ax} (—pK{ 22+ K{(14+r)z—K]) +
7= 2B —pKiA)+ 26— K(+rD+ KiA—1
+ 230 +22(x; — 3%, + pKg(x,) + 2(x, — 3x, + 3x, +pK g(x,) — K (1 +1)g(x,))

23 —22(3—pK ) + z(3—K;(1+r)A)+ K;A—1

- (A4-2)
and o
k-1 : '
x(k) = I_Z ke — Dig(x®) — Ax(} + x,(k) (Ad4-3)
k=12, .. o
Also
P -pKiZ2 + Kj(1 + r)z — K]
kul) = Z {3 - 223 - pKi) + z(3 — Kj(1 + mA) +Kj4 — 1}
(Ad4—4)
(=21 23x,+22(x, — 3x, +pKig(x,)) + 2(x, — 3% + 3x, + pK g(x,)) — K{ (1 +ri)g(x,)
ol 23 —22(3—pKA)+2z(3—K|(1+r)A)+KA—1
, (A4-5)

The equation (A4 — 3) of convolutional form is the required one.

APPENDIX 5

THE FUNCTIONAL EQUATION OF THE DIGITAL PHASE-LOCKED LOOP OF THE
CONVOLUTIONAL FORM WITH DISTURBING NOISE AND NEGLIGIBLE QUANTIZATION
) EFFECTS: g(x) = x

It follows from appendix 1 that the disturbing noise can be taken into account by
substitution g,(x)+ N/4 in place of gy(x) (g,x=g(x) if ¢;=0) in the case of DPLL of
any order. That is why the equation of the loop with disturbing noise is

k-1 k—1

x(k) = Z kiy(k—D(go(x(D) — Ax(D) + x,(k) + ;Z ki (k—=Dz(l) (A5-1)
z(k) = Ni/4, ku(k) = k(b)) k= 0,1, '
The equation (A5—1) is the rgquu'ed one,

APPENDIX 6

THE MODEL OF MODIFIED NONUNIFORM DIGITAL PHASE-LOCKED LOOPS

According to fig. A6—1, fig. A6—2 and the appendix 1 the following relatlons are
valid while 77/2 radian Shlft is taken into account

S = ASln(pk + Nk (A6—1)
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Sampler
. ) holding device Filter
tncoming & quanf?zen '
waveform X(t) .

S Xk
- 7~ k %_‘— D(z)
)
. 17
phase = -
shifter 72 —J L Y
' - sgn Deo =
K

signum - digitally
operation controlled
oscillator
Fig. A6—1. The scheme of the modified nonuniform sampling digital phase-locked loop by the author of this
paper
Sampler -
. i holding device ,
- Incoming & quantizer ‘ Filter
waveform X(1) — Sk o
|
7
1 Yk Xx -1
JI’/2 st k DCO |- D(z) tg .‘_SL
\ Gk
- —
9k > ' )
tg ™~ arcus tangens operation
digitaily
controlled
oscillator

Fig. A6—2. The scheme of the nonuniform sampling DTPLL [3]

gy = Acosgy + Ny. (A6—-2)
1. The modified loop of fig. A6—1.
In this case
X = (4sing, + Npsgn(dcosy + Nj) = sisgng =
= Ag*(¢x) + N¥ (A6-3)
and . g*(p) = singpsgn(4cos o) (A6—4)

sign stands for signum. On the other hand

NY = N,sgn(4cosg; + Ny) + Asin gy (sgn(4cos g, + 'N,’,) +
— sgn (A4 cos @) . (A6—5)

By substitution : .
0 =02, =20, Y =2Y (A6—6)
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the equation (A1—6c) of appendix 1 is changed into

| Priy = 04 + Opl, — Of — w, Y;. . (A6-7)
The effective nonlinearity of the loop is
g* (¢) = sin(¢'/2) sgn (Acos(9'/2)) (A6—8)

However while estimating the parameters of noise (A6—5) should be taken into
account.

2. The loop of fig. A6—2

Xy = tg7 ' sy/q, =

to-1 Asing;y + N,
g Acosg, + Nj

)= g* (@) + Ne.  (A6-9)

The effective nonlinearity of the loop is

g* (@) = g7 (tg 9). (A6—10)
Whereas the effective noise in the loop is

_, [Asingg + N, _ :
=tgl|l——m—— | —tg71(t A6—11
Ny < Acoso, ¥ N,;) g ' (tgo) ( )

The g* of (A6 10) is a sawtooth function. The estimates of the required parameters of
the effective noise should take (A6—11) into account [3]. Moreover tg~! of (A6-9)
and (A6—11) is understood as the operation of argument [3,6]. The operation of
argument can be used in case 1 also.

M. ZOLTOWSKI

NOWE KRYTERIA STABILNOSCI DLA CYFROWYCH PETLI FAZOWYCH
ZNIEJEDNOSTAJINYM PROBKOWANIEM DOWOLNEGO RZEDU SLEDZACYCH PRZEJSCIA
PRZEZ POZIOM ZEROWY. CZESC 1 '

Streszczenie

Odkryto nowe kryteria stabilnosci dla cyfrowych petli fazowych z niejednostajnym probkowaniem
§ledzacych przejécia przez poziom zerowy. Do opisu przebiegu bledu fazy w petli dowolnego rzedu uzyto
nieliniowe funkcjonalne rownanie dotyczace rozmaitoéci S! — okregu. Zbadano zaburzony synchro-
nizm N:I, gdy zaburzeniem jest albo odstrojenie w czestotliwosci lub dodatkowy szum losowy i efekt
kwantowania. Klasa petli z nieciagla charakterystyka detektora fazy jest godna polecenia, gdy wymagany
jest szybki proces synchronizacji w petli dowolnego rzedu niezaleznie od poczatkowych warunkéw bledu
fazy. Przedstawiona analiz¢ mozna rozszerzyé w celu uwzglednienia zanikéw przebiegu wejéciowego,
modulacji AM i PM lub filtru o zmiennych wspélczynnikach. Rozszerzenie takie zostanie przedstawione
w czgsci 11 i czesci II1. : ’
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New stability criteria for the nonuniform sampling
zero-crossing digital phase-locked loops of any order
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Part II

New stability criteria for the digital nonuniform sampling zero-crossing phase-locked
loops are derived in the case of perturbed N:1 phase entrainment. The approach of Part 1 is
extended to include the fading of the input waveform, AM and PM modulation. The
functional nonlinear discrete-time equation on the S? circle manifold is used to describe the
phase error in the loop of any order. :

I. INTRODUCTION

Digital zero-crossing phase-locked loops (DPLL-s) are the phase locked loops
(PLL-s) while implemented within digital circuitry. The resulting reliability, immunity
to drifts and flexibility are of interest in communication, communication by satellite,
space communication, the communication of deep space, telemetry, measuring,
control and guidance. The DPLL is a nonlinear feedback device which tracs the phase
of incoming waveform while the error of keeping up is called the instantenous phase
error or phase error process shortly. The phase error is obtained from the phase
detector of the loop. Just the sampling device acts as a phase detector in the
nonuniform sampling DPLL-s. That is why the acquisition of phase-lock (the state of
phase entrainment) relies on the changeable time interval between the subsequent
samples of the waveform being tracked by the loop. The purpose of presented
extension of Part I is to consider the fading of input waveform, amplitude AM and
phase PM modulations. So far, the phase modulation in the loop of first-order only has
been considered by Gill and Gupta [3]. The presented approach is of the worst case
type while assuring the existence of the required phenomena if the parameters are kept
within prescribed limits. The different aspects of the acquisition of the phase-lock can
be discussed while various estimates can be obtained. This approach can be helpful to
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plan the very detailed computer studies of the loop of spemal mterest in the case of N:1 -
phase entrainment.

2. THE MODE OF THE DIGITAL NONUNIFORM SAMPLING
PHASE- LOCKED LOOP

" The principle of synchronization is shown in ﬁg. 1 while the model of the digital
phase-locked loop of fig. 1 is derived in appendices 2 —4 in this case. See also the second

Sampler L
) ] holding & A/D convertor
incoming ‘
P2 Filter
wareform + b2)
: -samplin
- X(t) ulv(sfam‘p J
. D.CO ‘ digitally

controlled oscillator

L X(H)=Ag(wyt+6(1))+N(t)

YRR
BRI

Eig. 1. The model of the nonuniform sampling DPLL and the principle of N:1 phase entrainment

chapter of Part I for introductory explanatlon of loop’s model. It has been shown (see
the appendices for the details) that the new model of the loop can be glven in terms of
functional equatlon on S! circle manifold of the form

& - '
x(0) = ‘>_: s = DOl X0 ~ L) + 3 luslt = D060 +

k~
+ ‘Z ki (e = hz( x(D) + x,(k) (mod 270). )
0 .

The discrete time waveform x _of 1) is the phase error process. The discrete time
functions k, ,, k,, ; are the unit pulse responses [4] of the model of the loop. The 8, of (1)
stands for the discrete time waveform describing the phase of the incoming waveform.
Whereas x,(4>0) while depedent on # initial conditions in the loop of n®-order case is
the known waveform standing for the linear part of the model of the loop. The
nonlinear function g, of (1) represents the effective nonlinearity of the loop (the
characteristic of the phase detector). The main features of the new model are: the phase
error x is the sum of the known waveform x affected by the modulation 6,, the noise
z and the nonlmear term from the feedback loop (see fig. 2). The modulation in
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>

8(90)-2x

Fig. 2. The model of the DPLL in respect to N:1 phase-entramment in terms of convolutional functional
equatlon

amplitude is taken into account throughout g, function while parameter 4 is carefully
chosen. Finaly O of (1) represents the quantization effects. In view of the cyclic nature
of phase error (see part I for the details) the dynamics of the DPLL is cons1dered on
S1 — circle manifold. The operation of projection is given by

T:R-> S
x » T (x) = arge’™ € < —TT, TT> closed interval with equlvalent ends
R — straight line of reals.

The equivalent notations for TC(x) are: [x] and x (mod 27T). The all subsequent
points of the phase error trajectory of (1) are projected on St

3. THE PERTURBED N1 PHASE ENTRAINMENT ON St —
"CIRCLE MANIFOLD

The purpose of perturbed N:1 phase entrainment considerations is to obtained the

different kinds of estimates which areto show that the phase error trajectory in the
perturbed case does not essentially differ from one in the unperturbed one. The
perturbation of N:1 phase entrainment occurs while the frequency offset, disturbing
noise, phase modulation or quantization of the incoming waveform being tracked by
the loop are present.
This approach is quite similar to that of Part I. Let {X} stands for the space of the
sequences {x} which elements are from X space. Whereas {[X]} for the space of the
sequences {[x]} which elements are from [X] space. In the considered case X'= R'=R
and [X]=[R]=S!= < —TT, TU>. The operation of projection onto S* circle manifold-
is denoted by [ ] of (mod 27T). Moreover the following statements hold true for all x,y,a
from R,x>0, while | | stands for absolute value

el = 1 )

el < Jel[+]] (2b)
I[=] + [V]]I < DI : 29

Now et the function p with properties concerning the space {[X]} be deﬁned
p:{X} - Ry (the set of nonnegatlvc reals)
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{x} - p({x}) < 0
Further properties of p are: '

pExB) =0={[x]} =0 (3a)

Last 0 stands for zero element of ({[X]}, p) space.
p(IA{ILD) < Wpd[=D) (3b)
p({[{[X]} + DB < pdBID) + o (D) Bc)

({[X]}, p) stands for the space {[X]} with p well defined for every {[x]} € {[X]}. The
addition, multiplication and projection of (3) are the operations being performed
coordinate point by coordinate point on vectors. Let the following notation be
introduced first :

Ay, (k, up &L Z Ky k — Du(l, (42)
2 (k) = A, {k, 2} = Z k(e — Dz(l x(), (4b)
=0
k R
Hl(k) = Z km.)._(k - 1)00 (l) = Ai.,m{k’ 0} (40) '
=0
ul) = Qg x(D) — Ax, [=0,1,.. (4d)

The depedence on x(J) in (4b) is not present if quantization effects are either negligible
or modelled by additional quantization noise. The parameters of quantization noise
(the mean squared value) depend on quantizer [4]. Now if

( }E{R} Pl {4 < @ p((u) )

and 0 < «, < co then there exists operator

A, {RY > (5, p), §* = [R]

\4
(er {LAl,l{u}]} € ({S'}, p)
and '
( } € {R} p({[A {43]}) < o p({13). (6)
Secondly, let the following constraint on the loop’s nonlinearity be valid
v
(er PO S o) + a )

a =0, a>0.

Then the theorem 1 can be stated. While bemg basic for all considerations of this paper
it is the counterpart of the similar one of Part I.
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Theorem 1

Suppose {x;}, {z;}, {6;} are from ({R}, p) () ({S*}, p) space.
Let also

o, <1, a, of (6)and a, of (7).

Then the solution {x} of the equation (1) is unique and bélong to ({S'}, ) N {R}. p)
space if p({[x]}) is sufficiently small. Moreover the following estimate holds true

pUxD) + p(lzd) + p([60}) + 244

1 — a; * oy

p([x]}) < ®)

The proof of theorem 1

The solution of (1) exists and is unique because the reccurent equation is under
consideration. Moreover the equation (1) in simplified notation is (see (4))

x"= A;_’lu -+ X; + 0;_ + Z;.
Next, in view of (3), (6), (7)

p[x)) = p([Au + x + 0, + z]}) =
= p({[[4 4] + [[x; + 0] + z]]D) < o4, ul}) + p({[[x; + 6] + z]}) <
< o, p({w}) + p({[x; + 0.1) + p({[z]}) <
< ay o pBA) + oy a+ eEIxD) + (IO + p(lzil}) =
= a, o0, p({[x}) + o, - a + p({[x1) + p{[01) + p{[z]}) ®

The proposition of last theorem follows from this inequality directly. The

belongness to ({ R}, p) space can be established in view of the local stability of the loop
within the covering space concept of Part 1. While the perturbed N:1 phase
entrainment is considered the continuity of the phase error x considering the excitation
occurs and the phase error should change slightly arround the state of N:1 phase
entrainment. This is assured if p({[x]} ) is sufficiently small. The small oscillations occur
in the covering space in this case.
Now the different aspects of perturbed N:1 phase entrainment can be studied by the
theorem 1 in the case of various constraints on loop’s nonlinearity. However the
calculations of p({[8,]}) and p({[z]}) require additional estimates especially in the
modified DPLL-s case. Just the exact estimates of p({[0,]}) are impossible because of
nonlinear depedence on x. This depedence is present because the equations according
to which the phase error and the sampling instants change in the loop are coupled (see
appendix 1). The are decoupled in simpler case of Part I. However, since the phase
modulation 6(f) is known up to required parameters it is still possible to find the
estimates of p({[0,]}) which do not depend on x(J) for all /e Z.,.

4. THE EXAMPLES OF ({[X]}, p) SPACES

a) The ({[X]}, p,) space of the sequences of finite pseudoenergy:
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p, {[X]} - R,
BB ~ o, () = \/ S e mpryom

r, €{0,1> < R.
b) The ({[X]}, p,) space of the sequences with asymptotic metric

p,  {IX) - R.

{x} = . ([x) = lim  sup |[x(m)]|
. -0 m>

c¢) The space ({[X]}, p,) of the sequences of finite pseudopower
ps: {[X}} - R

{Ix} = ps (2]} = \/M Z Hx m]l?

d) The space ({[X]}, p,) of the sequences with finite peak value

Py {XI - R,
{=I} = oo A[xI}) = sup |[x(m)]|
. mz=0

Moreover X=R and [R]=§ ! in the all cases.

5. THE.NONLINEARITY CONSTRAINTS

Three different constraints on loop’s nonlinearity are used:

(10a)

(10b)

(10c)

(10d)

a) The case when the effects of quantlzatlon of the incoming waveform are negligible;

o(x)=x-
|Q(go(l, X)) — Ax| < R|x|
xeS', R>0, i>0.
‘ ;
Mx M= 2+R
{,x =A-R
ga(j) >0
>0
=T

(lla)

Fig. 3. The first exapmle of constraints on
loop's nonlinearity
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According to geometrical meaning of (11a) the loop’s nonlinearity is within the region
bounded by the straight lines of M and m slopes respectively (see fig. 3).

}
Mx+a
Q(ga(l7x)) .
"f- i -
ﬁ“F"o : r—' /mx—a xes’
l )
|
Mx-a

Fig. 4. The second example of constraints on
loop’s nonlinearity
b) The case when the equantization effects are taken into account
10@,(. x)) — Ax] < Rlx| +a, R>0, a>0. (11b)

c) Another case of constraints while the quantization effects are accounted for
by the model ‘

1Q(go (L, x)) — Ax]| < R|x| + (@ — M|x[)ra(a/M) )

A //’ Mx
a ////./. Q(g[,a))) mx

—_
- =Yy M -
T i ¢ :,
vl,M M apy m XeS

~a

Fig. 5. The third example of constraints on
loop’s nonlinearity

whi_le

: 1 when |x|<u
a )1 1
ra () {0 when |x|>u,, u, >0

xeS, R>0, a>0, M>0, m>=0.
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If x e 8§, € |x] < a/M then
10(g (. x)) — Ax|< a— Ax| < a. (11d)

See the Part I for the use of this constraint.
Now while the constraints on loop’s nonlinearity are valid it is easy to estimate the
parameters o, and a of theorem 1.

6. THE ESTIMATES CONCERNING THE OPERATOR OF CONVOLUTION

Let the discrete-time sequences {y} and {u} are related each to other by the
operation of convolution i.e
[
y() = Y k(! — myu(m) forall /e Z,, (Z, is the set of nonnegative integers)
m=0
(12)

The discrete-time sequence {k} of (12) is the unit pulse response of the linear discrete
time system while described in terms of (12). That is why the equation (12) after
% — Laurent transformation takes form

Yo = KQU@ (132)
Y@ = $ymzm = 2D (13b)

U(z) = Z{u}),K(z) = Z({k}),z e C(C is the set of complex numbers).

Just the relations while concerning the convolutions operator of (12) will be considered
next for the subsequent spaces of chapter 4.

a) The space ({ S}, p,) of the sequences of finite pseudoenergy. The following estimate
holds true for any element {[y]} of this space:

AD = T IbeIrrs™< 5y = o [I76emrdo 04
TDE(0,1>,Y(IOij) = g({y}) .

Also

1 7 , 4 . .
P (DD) < \/ﬁ I Coel do = \/%I K (ry ) [ U (o e*) [ deo =

< sup|K(re®) | p, ({1})- (15)
W
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The last expression can be given a short form also

p (LI < oy v oy ({u}) (16a)
while : :
a, = o, (ry) = sg)le(r0 e™)|. _ (16b)
Suppose there exists r, satisfying
> 1, = [roe®| > lim sup W Ry
m—

Then the function K (r,e’®) exists.
b) The space ({.S'}, p,) of the sequence of finite pseudopower.

ps (D} = hm \/M Z I m]P < o ps({u}) (18)

with o, defined in (16b), r, = 1 in this case while lim stands for limes superior. Also, the
following estimate is valid in view of (15)

ps (D) < \/% f K@) 2 P,(e™)do (19a)
P,(e*) £ fm WP (19b)
M- M
Un(e™) = Z (u}) (19¢)
P ) . .
_ u() IsM '

wo {05 s
c)The space ({5}, p,) of the sequences with asymptoticmetric. In this case (see Part I)
p, (D1}) = lim SUP 1@l < oy - p{u} (20a)

Moo m>M

‘while '
Z |e(m)| " (20b)

d) The ({S‘} p,) space of the sequences with finite peak value metric.
This case is quite similar to the previous one

p. (D) = sup |[ym)]| < o, p, ({u})- (21)
. m>0 i

while a, is defined in (20b).
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7. EXAMPLES

In this chapter the examples of using theorem 1 in respect to the nonuniform
sampling DPLL-s are presented. In different situations the existence of perturbed N:1
phase entrainment is shown this way and upper bounds concerning the phase error
process are given.

a) The case of negligible noise disturbances.
Let the nonlinearity of the loop of any order satisfy (11b).

/

Suppose
p = p, and the assumptions of theorem 1 are valid :
&% = Z ks, (m) | ‘ » ‘ (22a)
m=g0
o, = R (22b)
a oy, < 1. (22¢)
Then
: a,a + 0 8
s () < 22 * P2 U0, (224)
— a0,
Moreover

P (0D) < £ 1kns 1 52060

@©

< X lkna(] lim  sup |6, (5)]. (22¢)
i=o0 Iy— 0 >y

Whereas 0,,(¢) of (22¢) is the known phase modulation of zero mean value. However the

estimation of (22c) is a pessimistic one. Much more realistic one can be obtained by

cons1der1ng (4c) directly. Namely p,({[0,]}) can be approximated according to

pz({[o;]}) sup [ Z km1(1)9 (@—-)

n>0

]. (2)

The approximation of (22f) results from the assumption that the samples 0,(/) of (22f),
le Z , areuniformly spaced in time. On the other hand if the nonlinearity of the loop is
constrained according to (11d) then :

I — o, -« (22¢)
The a, of (22g) is given in (22a) and p,({[0,]}) can be estimated like in the prev1ous case.
" b) The negligible effects of quantization case

Let the nonlinearity of the loop of any order be constralned according to (lla)
Suppose p=p; and the assumptions of theorem 1 are valid, i.e. :

p, ({[x1}) < max{ala + p, (1O, _Pg@_}
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2, = sup | K, ("] | (232)
w
lim sup %/k, (m) < 1 (23b)
m-— o0
a, = R | (230)
2 4, < 1. (23d)
Then
0
ps X)) < P3 ({[i,l]}—)- : psi{[ A]}) | (23¢)
Now, while (19) in hand
| : 1 ¢ ) - .
palloD) < 5 f | Ky @) B ) do t)
P,(e) £ [im 12w )P - (24b)
"Moo M
1 7 . - . '
P[00 <[5 J1Knale®)P Byl do (252)
By & g 10eCOF (25b)
. Moo M

Zade’™) and 0,(e’) are defined exactly as U p{e’®) of (19) is. The estimates of p3 ({[z,1})
and p; ({[0,]}) can be obtained while the expressions (24) and (25) and information -
about {[z,]} and {[6]} in hand.

c) Let the peak value metric p, is considered and the nonlinearity of the loop is

. constrained according to (11b). Suppose the assumptions of the theorem 1 are

valid i.e.
ay = 3 |k (m)] (26a)
m=0
#; = R (26b)
A ap oy < 1. ‘ (26¢)
Then.

(D) < 5 p4({[9ﬂ}1) + D) + D) ey
: — 0y "0

Moreover suppose that a~0,p,({[z]}) = 0and p,{[x,]}) = 0p,( [x,,]}) ~ (. The last
is true while the initial phase error conditions are not far from the state of N:1 phase

entrainment. Then p,({[x]}) is also small according to (26d). It means that the
perturbation of N:1 phase entrainment is small. That is why one can consider local
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constraints on loop’s nonlinearity which are valid for sufficiently small neighbourhood
of the point 0 € S* in this case. This point is the state of unperturbed N:1 phase
entrainment.

d) Taking AM amplitude modulation into account

Note that the amplitude modulation is taken into account by the extended nonlinearity
of the loop. This nonlinearity enters the loop’s equation as

Q0 (Aum (Aig(x) + Ny).

Ay

The maximal amplitude due to modulation is 4,, whereas
!“i'l=A|'/AM, i€Z+

stands for the instantenous amplitude of the incoming waveform. That is why the

constraints on loop's nonlmeanty are additionally affected by variable 4, especially by

minimal value of it. Maximal A4, is equal 1. See fig. 6 for illustration and the appendices
.for the details.

| M=maxAi=1
(1, %)
Mx - -
mx m=minA;

xeST
i€z,

Fig. 6. The modulation AM effect on the nonlinearity
constraints — the modulation index less than 1

FINAL REMARKS

- The extension of approach of Part I while the stability of the nonuniform sampling
DPLL-s is of concern has been presented. The existence of perturbed N:1 phase
entrainment in the case of AM amplitude modulation and PM phase modulation has
been well established. The estimates concerning the phenomenon of phase entrainment
have been provided. The results obtained may be of assistance on designing stage. The
exact study of the considered problem forces one to deal with coupled nonlinear
discrete-time equation of high enought degree of complexity. That is why the use of
computer while looking for very detailed results is advised. The Markov theory based
approach can be used in particular cases to obtain analitical results of practical value.
The functional nonlinear discrete-time equation on the S! circle manifold has been
used to describe the phase error process in the loop of any order. -
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APPENDIX 1
THE MODEL OF DIGITAL ZERO-CROSSING NONUNIFORM SAMPLING PHASE-LOCKED
LOOP (DPLL)
~ Sampler
————————— -
| sampling & | digital
holding |  filter
input 1 X0 1 [ - . I
- fil’;‘er o) ! D(z)
quantizer . |
¢ !
P samplmg
{nstant
sample
pco b Ykl from the
filter
t1 i
digitall at t, instant
controlled
oscillator

Fig. A1—1. The model of the nonuniform sampling digital phase-locked loop (DPLL)

While following the derivation of Part I one arrives at couple of equétions

: k
Or+1 = Ok + Oopsy — O — (w0 + £2,) de—l Q(4;g(p) + N) + 2,T

o o (Al—1a)
. k
o1 =t + T — Y d  QAig(0) + N). (Al1—1b)
. ) i=o
The notation introduced is the same as one of Part 1.

Let
o Lo, +Q, and 4, L£A4,/Ay, i€Z,
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whereas 4, > 0 is the maximal value of variable amplitude A(t) in this case. Then
(A1-1a) is now

¢k+1=fpk+oak+1 0 mAM de 1 Q(AM(A¢Q(¢¢)+N))+Q T
i= 0 AM

(Al1-2)
and Lo

1~v1=1vi/AM, iEZ+°
Last equation after 2 — Laurent transformation is
20(2) — 20, = B(2) + 20,(2) — 20, — 0,(2) + 2, T/(1 — z-1) +

0/ .
4D 2 {,g,(AM(Aig«p,-) ¥ N))} (A1-3)

This equation is the basic one for further considerations. The particular cases are
derived from it. Moreover

8@ = Z{(o}; 0,0) = Z{0p); D)= Z{d}, ieZ,.

The initial conditions of the loop’s filter are all assumed zero. Non-zero initial
conditions are due to certain modulation and this way can be additionally introduced if
necessary.

APPENDIX 2
THE EQUATION OF THE FIRST-ORDER DPLL

From (Al-3) (appendix 1) while D(z2)=G,,; w4y,G,=K,; Q,T=4 '(A2— D
one obtains :

Prv1 =P+ Oppvy — ' 9k—K1AQ <AM(Zk9(¢k)+Nk))+A =
M

= o — K, g(p)+ A4+ Ook+1 ~ O +
- K, (g (AM)(Zkg (P +N) —g (%))- #(A2-2)

Let o, 2£g~1(4/K,) is well established. The change of varjables introduced next is in
order to consider the phase error process around 0 phase point. It is accomplished by

Or = + @5, keZ,. (A2-3)

The change of variables results in
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N . ) - -
Pr+1 = P — Ky (A—M(AM(Ak “g(or + @) + M) — g((Ps)) +
| + Ops1 — O A2-4)
Now let xy=0¢4, k€ Z

Q (g, k, ) £ (AM Ag @ + (ps)) - g(9s) (A2—5a)

and
Nok, &) = %{((Akg(cﬁk o) + Nk)) - ZQ;{(AMZkg@k 4 «p,)). (A2—5b)

Last substitutions results in new form of the equation (A2—4):
Xpe1 = X — K1Q@ok, x0)) + Oy — 0o — Ky No(k, xg). (A2-6)

The next transformations are in order to derive the equivalent form of (A2—6) in
terms of functional equation. First, 2 — Laurent transform of (A2—6) is

2X(2) — zx, = X(2) — K, Z{0Q (g, k. x¢) — Ax} — K;AX(2) +
—0@) +20,() — 0,z — K, Z{No(k, xp)} A2—-7)
A e R, (R, is the set of nonnegative reals).

Secondly let

K
Ku® =~ = 20k ) (A2-3)
1
X0 = 20— 2 0) (A2-8b)
Kol = —— 2 (ks @ (A2-50)

=Z
z— (1 - K4
Then (A2—7) is equivalent to

X2 =K,@0Z{Q@,k x)) — Ax} + K, ,(2)0,(2) +
| + K, @2 {(Nolk, )} + X,0), keZ,. (A2-9)

On the other hand the last equation after inverse 2 — transformation is
‘ k-1 ' k
x(k) = Yhutk — D(@QEo (U x) — Ax(D) + X kpale — DO, (D +
i=o0 =0
k=1
+ Ykt =Dz, x(D) + x,(k), keZ,. (A2-10)
=0

Last equation is the required one of convolutional form. Moreover
x = x(), 0,(1) =0,(), Nollx)=z(xD). (A2—-11)
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APPENDIX 3

THE EQUATION OF SECOND-ORDER DPLL

1) D(z) = G, + —C—;zj while adding and proportional filter is of concern

1 — 2z
, (A3-1)
From (A1-—3) one obtains
QT
20(2) = 200 = 8() + 200(2) — Q@) + 0@ + ;=3 +
- AM(GI + zzle)_”z’{%(AM(Z‘-g((p,-) + Ni))}- (A3-2)
M
Fi;st, let ’
0ol ) £ -2 (Ai(p) (433
M _
and

R 0) = 2 tulato) + ) - 2 (4utiowd).  w3-3m

M

while .
QT = A (A3—30)
Ky = 0AdyG, (A3—3d)
K2 = (DAMGz (A3—3C)
r = 1 + Kz/Kl. (A3—'3t)

Secondly, let also
(z — Dz(po — 00) + z4

XA(Z) = 22 — (2 . Klr,,l)z + 1 — K]_ /1= g{x).(k)} ’ (A3_4a)
_ K, — zKr - _

K@ = e e ke v 1 —F 1= 2 ku®), (A3—ab)

K,.(@) = Z —2z 41 = Z{k,,(k)} (A3—4c)

22 — 2 - Kz + 1 — K 2
and

¢ =x;=x0), ieZ,. (A3—4d)
While using the notation just introduced the equation (A3—2) is equivalent to

X@) = K, 2{Q(@, ¢ x) — Ax} + K,,(2)6,(2) +
+ K@) ZN,0xO) + X,6). (A3-5).
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By inverse & transformation (A3 —5) can be transformed to

k=1 k |
x(k) = Lk — DO x) — Ax) + Yk, (k= DHOO +
] i=o 1=p

+ kilkl,l k =Dz, x() + x,(k), keZ, (A3-6)
=0
while
z(l, x()) = No(, x (D). (A3-7)

The last equation is the required one of convolutional form.

G
NDE) =G, +—22, 0<p<l.
z — P
The filter of the second-order DPLL with nonperfect adder.
From (A1-—2) one gets

z®(2) — 20 =‘<D(z) + 200(z) — 20, — Oo(2) +

G,z ~ o
- wAM<G1 + —2 )g{g(AM(Aig((Pi) + Ni))} +
z — B Ay
+ Q, T/ — z7Y). (A3—-8)
Now let
_ A -1
0, = g~} ((ﬂ—(f T,)K)l) (A3—9)
be well established while
A=0,T (A3—10a)
r = 1 +K2/K1. (A3_10d)

Then like in the first-order DPLL case the phase error process can be transformed
according to

P = Qr + @5 - (A3—t11a)
or -
D(z) = D) + @.z/(z — 1) (A3—11b)
kez,, &2 =2Z{o}, @) =Z{p}.
This transformation while applied to (A3 —8) results in
—1D)E—-BBE) =2k — B)(Bo — boo) + (z — 1)(z — B Oo(2) + (K1 — Knz).
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A 1 -
206 3 + Kif - Kand) Z(NoG o) + 250",
(A3—12)
Whereas 0
0o, ) = A—M(Auzig@i + cos)) ~9e)  (A3-139)
and
R ) = - autiston + 00 + ) = 2t hig@r + 02). A3-130
Let next -
3@ = X@, b = x(9, X@) = Z{x3, B() = Z(0, Notk, ) = 2(k, x(4).
. (A3—14a)
keZ,.

In view of (A3—14a) the equation (A3 —12) is equivalent to

X@) = K. @QZ{Q@ (¢ xD) — ix()} + X,(2) + K,,(2) 0, (2) +

+ K, @Z{z(, x())}, AeR. (A3—14b)
while
z2(z — B)(Po — Oo0) + z4
~zB + 1 — AK ) + (1 — K, 2)
- g AB0 — 1)
4 B—n

zZ —zB+ D)+ B
2 —zB +1 - AK;r) + B0 — 1K)

X,@) = Z{x®) = 5 (A3—15a)

Kos(d) = 2 {ns)) =

(A3—15b)
i _ _ K, (B — r2) .
K, (@) = Z{k,, (k)} = 2 — 2z + 1 — 2K, ) + BA — K. &)
(A3—15¢)
The equation (A3 — 14b) after the inverse 2 transformation is
. k-1 '
x(k) = IZ kit — D@ x() — Ax () + x, (k) +
k k=1 _
+ [Z knik — DO + Y kyy(k — Hz(, x (D). (A3-16)
=0 s =0 Lo :

This equation is;the required one of convolutional form.
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APPENDIX 4
THE EQUATION OF THIRD-ORDER DPLL

In this case

G, Gy

D(2) = G, + —— + a- z‘l)z' (Ad4-1)
Moreover in view of (Al —3) the equation of the loop is
20(2) — 29, = D@ + 20,(2) — 20, — 0,(2) +
: zK, z2 K, [0) o ~
A
+ PR (Ad4—-2)

Let as before

NG, 9) & AQ <Am(A glo) + NJ> - %{(AMA:Q(%)> (A4—-3a)

and

Q(go (l l)) &£ (AMA g((Pt)) i€ Z+ . (A4_3b)

Also
r,—1+K2/K p—l+K2/K +K/K (A4—3c)

Then (A4 —2) is equivalent to

(z* + 223 —pK, ) + z(3-K, (1 + r,)l) + K, A —1DP(2) =
=z(py — 0p)(z — 1* + AZ(Z - D+ (- 100, +
+ &K A + )z~ 1PZ - K)-@’{Q(go(l @) — Ao} +

+ K, + r)z— K pz? — K)Z{N, (. ¢} . (A4-—4)

Let the following notation be introduced
x() = @1 X(2) = 2(2) (A4—5a)
NoG o) =z, x(@®), i€Z, (A4—5b)

2(py — 8 — 1) + Az(z — 1)
- 223 — pK, )+ z(3 — K, (1 + md) + KA — 1
(A4—6a)

X,6) = 2 (x50 =

K,(1 + 1)z — K, pz? — K,
3 - 223 — pK,A) +z(3 — K, (1 + r)pd) + KA — 1
(A4—6b)

K, (2=
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(z — 1y
3—z¢(3—pK/1)+z(3—K(l+r,),1)+K,1—1
(Ad4—6c)

Km./l (Z) =

While using this notation the equation (A4 —4) is equivalent to
X@) = K, () Z {0k, x(l)) - AX(Z)} + K.1(2)0,(2) + Ku(Z)f’Z’{Z(l x ()}
/ (A4-7)

The required equation of convolutional form can be obtained from last one by
inverse & — Laurent transformatlon '

x(k) = x; (k) + Zku(k — D@ ¢ xD) — Ax() +

+ ka(k — Dz, x() +, ke Z,

i=0

k
+ lem,l(k - Do(). (A4-38)

M. ZOLTOWSKI

NOWE KRYTERIA STABILNOSCI DLA CYFROWYCH PETLI Z NIEJEDNOSTAINYM
PROBKOWANIEM DOWOLNEGO RZEDU SLEDZACYCH PRZEISCIA PRZEZ POZIOM
ZEROWY. CZESC II

Streszczenie

Odkryto nowe kryteria stabilnodci dla cyfrowych petli fazowych z nicjednostajnym probkowaniem
Sledzacych przejicia przez poziom zerowy w przypadku zaburzonego synchronizmu N:1. Rozwazania
z cz¢fei 1 rozszerzono by uwzglednié zaniki przebiegu wejSciowego i modulacje AM i PM. Do opisu
przebiegu bledu fazy w petli dowolnego rzedu uzyto nieliniowe funkcjonalne rownanie na rozmaito$ci
S* — okregu.
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Part III

This paper is the third part of the approach in which new stability criteria for the
nonuniform sampling digital phase-locked loops (DPLL-s) are of concern. The dynamics of
the loop is modelled by the discrete-time functional equation on S* — circle manifold. 1t is
shown how the unified approach of the previous parts can be extended to consider the case of
DPLL-s with variable parameters in different situations of practical interest. Namely, the
DPLL for Doppler rate tracking and DPLL with variable filter for improved acquisition in
noise presence are considered.’ ’

N

1. INTRODUCTION

While the flexibility of the digital circuitry is put into good account the different
controlling algorithms including adaptive ones can be introduced also in the digital
phase-locked loop case. This is in order to assure the acquisition of phase-lock more
reliable, more accurate and fast. The approach of parts I and II is extended in this
paper to consider two cases of variable parameter DPLL-s which are interesting from
the practical point of view. First one is the case considered previously by Chie [8]. It
occurs while the frequency ramp signal is introduced to the loop’s input. The second
one is the case of speeding up the acquisition while the presence of noise is important
and can not be neglected. This last case while considered by Rocha [9] first was studied
in [4] in more details. These both cases can be considered within the model in terms of
discrete-time functional equation on S* — circle manifold. The philosophy is to give
the theoretical insight into different effects in DPLL-s first. Then the detailed analysis
and anticipations can be accomplished by computer based modelling. As mentioned
before it is intended to consider the special cases of adaptation in the digital
phase-locked loop only. Further research concerning this area is in progress. Digital
phase-locked loop is a nonlinear device. Its dynamics can be complicated even while
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simplified models are used. That is why the dynamics of the loop of first-order with -
constant parameters is considered first. This is to give the answer to what can happen in
this simplest nevertheless important case. This knowledge may be useful to recognize
the different forms of dynamics in order to control the acquisition of phase-lock.

2. THE MODEL OF THE DIGITAL PHASE-LOCKED LOOP (DPLL)

The model of the loop is derived in appendix 1. X(f) stands ‘for the incoming
waveform being tracked while Q represents quantization effects due to analog to
digital conversion. A stands for amplitude, g describes the shape of the waveform to the
loop’s input, w, stands for radian frequency and N(¢) for disturbing noise. The discrete
time waveform Y, k = 0,1,. . from the filter output controls the local oscillator of the

Sampling and
A/D conversion

e ﬂ'
X(t) L l loop's
.) - .
input ar } filter
waveform A |
[SNE IO M 1
Uk sampling , Yi
: DCo -t
k=01,... instant
X(t=Ag(wyt+O(t) +N(t) g:,%i%lllféd
oscillator

Fig. 1. The model of the nonuniform sampling DPLL

loop in order to gain phase entrainment with the incoming waveform. Information
about deviation from the state of phase entrainment is provided by the phase detector
of the loop which is the sampling device in this case. The model of the nonuniform
sampling DPLL of any ordef is given in respect to ‘.4 phase entrainment in
Appendix 1, while the baseband model of the loop is shown in fig. 2. See appendix 1 for
the required details. However 6(¢) is the phase modulation of the signal component of
X(1), t, stands for sampling instant at k discrete moment, k = 0,1,..., 6; = 6(z),
Ny=N(1), ¢ is the phase error process, D(z) isz — domain transfer function of the
loop’s filter while the parameters of the filter are constant, & and 2 ™! stand for the
direct and inverse 2 — Laurent transformations. The time domain equations of the
loop of fig. 2 are (see Appendix 1) '

o &
Prr1 = @ + Opry — O — o, 2 0g(p) + N)dp—; +

i=9

+ <_27t“—;>mod 27T, (1a)
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(27 k) mod 27
#

. Ag(-)

Z ()

Y

Fig. 2. The baseband model of the nonuniform sampling DPLL with respect to 4.4 phase entrainment

AW, &
wo“/{ ;Z()Q(Ag((pl) + M)dk i (lb) ’
{di} =%~ 1{D(z)} is the discrete time pillse response of the loop’s ﬁlter, k=0,1,....
The A:.# phase entrainment in the loop depends on the properties of the
phase error process which changes according to (la). The phase error describes
the deviation from ‘zero-crossing of the incoming waveform. On the other
hand the sequence of sampling instants is given by (1b). These equations
are both coupled. However they can be decoupled in some cases. Just such
a case will be considered next.

bevy = b +

3. THE DYNAMICS OF THE LOOP OF FIRST-ORDER

The simplified model of the DPLL of first-order is derived in Appendix 2 in details
and is given in terms of the following equation

N
Pr+1 = Px — lg((Pk) + A+ (271: —J;{)modZﬂ: (2)
Moreover |
QN .
K, =wG4 >0,4= 277:(0 J{,w = w, + 2,,%mod 2 = argee < —T, T>
0

The equation (2) is valid while the quantization effects are negligible, no disturbing
noise is present, the incoming waveform is detuned in frequency £, and phase 0, from
the reference: 0(f) = Q,t+6,, and D(z) of the loop’s filter is D(z) = G. This model while
referred to #A phase entrainment disturbed in frequency only posesses all properties
concerning the homeomorphism of the circle (being stated in Appendix 3 and
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Appendix 4). The problem of #?1 phase entrainment was in [4,6,7] of concern in details
Suppose the mapping :

h(p) Lo — K, g(p) + A+ (277: -jg)mod?.ﬂ 3)

has a stable periodic point of period .#in S circle space. Then there is stable time
aligment between the incoming waveform and the sampling one (see appendix 2). If
A # 0 then the perturbed in frequency 4:.# phase entrainment may occur while
4 equals zero in unperturbed case. The regions on the (X, 4) plane of perturbed in
frequency #i.# phase entrainment existence are called the frequency acquisition
regions of the DPLL. These regions are the subsets of the ones associated with periodic
points either stable or unstable (fixed point is a periodic point of period 1). Some of
these latter regions are plotted in fig. 3—8 for different /.4, K,, A [rad] while
g(@)=sin ¢. The shaded regions being the subsets of the frequency acquisition regions

48
Ky yy4
4.2
4.0

T 1

f‘requency
acquisition

| | l 1 1 1 1 1
~40-35-3.0-2.5- 20—75—10—05 0 051015 20253035 1/0/.1

Flg 3. The frequency acquisition region of the DPLL of first- order, g(p)=sing, (.A’]./l)mod 27T=0
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K1 AL AR
10 0168 | 0.267
09 | om1 | 0215
08 | 0125 | 0169
07 | 010z {0129
06 | 00786 | 0094
05 | 0.057 | 0.06455
04 | 00376 | 0.04085
03 | 00217 | 0.02282
0.2 | 0009 | 001006
85
AL | AR
Ky=2 on | 097
Ki=3 -008 | 183
Ki=4 -1086 | 2.76
—l 1 il
-012-0.08-0.0%

A

—-10
_-08
--08
07
--06
——05
-0y
--03
--02
—-01

A
TR I R I

Ki| AL Ap
10 | 0,03 | 0223
089 | 0.039 0.18%4
08 | 0.0365 | 0.14
07 | 0.0347 | 0.102
06 | 00285 | 00735
05 | 00235 | 0.0487
04 | 00158 | 00297
03 | ao0m0 | 00158

K

|

004 0.08 012 D15 D2 02% 0.28
Fig. 4. The frequency region of periodic point (A#7.#) mod 27T = 1/4 of first-order DPLL, g(¢)=sing

1.0
08
0.8
07
06

05F

| AL e
Ke=2 |~0.24 | 0.6%
K,=3 |-0815| 165
K,=4 |-1.55 | 2.52

1 1 1 i

-0.08.-0.04 0 00% 0.08 012 016 02 024 A
Fig. 5. The frequency region of periodic point (A].4) mod 27T = 1/3 of qut—order DPLL, g(¢)=sing

correspond. to homeomorphic mapping of S* onto S*. All particular figures are
collected in fig. 9 and are universal in view of the observations of appendix 2. The
bottom parts of the shaded regions corresponding to the small values of parameter
K, have been known as Arnold tongues [10]. The perturbed 4%.# phase entrainment
surely occurs for the values of K, less than 1 while (X, A) belongs to the frequency
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Fig. 7. The frequency.region of periodic point (A#7.4) mod 27T = 3/4 of first-order DPLL, g(p)=singp

region of periodic point of .# period and (A4].#) mod 27T type. Moreover, in view of
homeomorphic properties of the mapping 4 of (2) being described in Appendix 3, the
N # perturbed phase entrainment occurs regardless of the initial phase error
condition. However the detailed frequency acquisition region while the perturbed in
frequency phase entrainment (occurs regardless of the initial condition is given in fig.
3 in A1 phase entrainment case (N:.#) strictly while (A:.#) mod 27T =0).
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Fig. 10. Bifurcation diagram of I-order DPLL
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Fig. 11. Bifurcation diagram of I-order DPLL

The frequency acquisition region presented in [6,7] is different from that of fig.
3 because the dependence on w was taken into account. The regions of fixed and
periodic points of mapping h overlapp. When parameter K 1 is greater than 1 and is still
increasing then the prior stability is being lost and the sequence of bifurcations occurs.
The bifurcation diagrams are given in the next figures in the case of 'l phase
entrainment. They show subsequent bifurcations from the single stable fixed point of



