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Dyfrakcja na asymetrycznej polplaszczyznie impedancyjnej.
Struktura rozwiazania w otoczeniu krawedzi
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Zaklad Teorii Fal -Elektromagnetycznych
Instytut Podstawowych Probleméw Techniki PAN, Warszawa

Otrzymano 1992.04.03

Autoryzowano do druku 1992.12.11

W pracy zbadano struktur¢ rozwigzania zagadnienia dyfrakcji na asymetrycznej
polplaszczyznie impedancyjnej w otoczeniu krawedz. Analizowano rozwiazanie otrzymane
przez Hudra (1976) metoda Wienera—Hopfera—Hilberta. Znaleziono asymptotyczne
rozwinigcie w nieskoniczono$ci jednostronnych transformat Fouriera bioracych udzat
w konstrukcji rozwiazania. W oparciu o te rozwinigcia skonstruowano rozwinigcie funkcji
wyrazajacych gesto§ci pradow elekirycznego i magnetycznego na polplaszczyznie oraz
rozwinigcie skladowej wzdluznej pola elekirycznego i sktadowej poprzecznej pola mag-
netycznego w aparaturze przy krawedzi.

1. WSTEP

W literaturze sa znane dwie metody rozwigzania problemu dyfrakcji na asymet-
rycznej polplaszczyZnie. Pierwsza Maliuzyica (1958) i druga Hurda (1976) nazywa-
na przez autora metodag Wienera—Hopfa—Hilberta. W kazdej rozwiazanie otrzy-
muje si¢ w postaci catki. W pierwszym przypadku jest to catka Sommerfelda,
w drugim catka typu odwrotnej transformaty Fouriera. Zadna z tych postaci nie jest
dogodna do analizy wlasnosci pola w otoczeniu krawedzi, gdzie jak wiadomo jest
ono osobliwe. Jednakze, metoda Wienera—Hopfa —Hilberta daje aparat dla zbada-
nia postaci rozwiazania przy krawedzi. Wykorzystuje bowiem funkcje analityczne,
bedace jednostronnymi transformatami Fouriera pewnych funkcji opisujacych pole.
W teorii rozwini¢¢ asymptotycznych znane jest twierdzenie wiagzace asymptotyczne
rozwini¢cie funkcji w zerze z asymptotycznym rozwinigciem jej transformaty Lap-
lace’a i tym samym jednostronnej transformaty Fouriera w nieskoficzonosci. To
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twierdzenie zostalo wykorzystane w pracy. Znaleziono pierwsze wyrazy rozwiniecia
asymptotycznego przy krawedzi funkcji wyrazajacych gestos¢ pradu elektrycznego
1 magnetycznego na asymetrycznej polplaszczyznie pola elektrycznego i magnetycz-
nego w aperturze dla zagadnienia dyfrakcji fali plaskiej. Wykorzystano wyniki
analizy rozwigzania zagadnienia dyfrakcji na polplaszczyZnie impedancyjnej symet-
rycznej [3].

2. SFORMULOWANIE PROBLEMU DYFRAKCYINEGO

Na asymetryczna polplaszczyzng umieszczona jak na rys. 1 pada fala plaska
U= e—ik(xcos¢°+zsin¢°) (1)

pod katem ¢, prostopadle do krawedzi y. »

-~
P

- %:—-{-zslu—b
z
%?—-isyt:()

Rys. 1. Fala piaska padajaca na poiplaszezyzngz = 0, x > 0

Wspolczynniki zalamania polplaszczyzny sa rozne dla kazdej ze stron
s;=ksin¢,, s,=ksin ¢, 2

i zaklada sig, ze sa rzeczywiste oraz, ze 0 < ¢; < n/2 dla j =1, 2.

Nalezy znalezé pole elektromagnetyczne E, H (z harmoniczna zaleznoscia od
czasu e ~'®’, taka jak fala padajaca) przy zalozeniu, ze na polplaszczyznie spetnione
sg warunki Leontowicza:

nxE=nZnx(nxH)] dlaz>0,

©)
nxE=n,Znx(nxH)] dlaz<0,

gdzie n jest wektorem normalnym zewngtrznym, Z = /pfe, n; = kfs;, j =1, 2.
Rozpatrzmy problem TM wzgledem osi y. Wtedy skalarna funkcn u wy-
znaczajaca cale pole jest skladowa E, pola E. Mamy

i Ou i Ou
E = (0’ u, 0): H= ((D_ﬂ 5;; 05 —w_;t Kx)' (4)
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Funkcja u spelnia rOwnanie Helmholtza

Viu+ku=0 ®)
z warunkami brzegowymi -
ou '
a—z+zs1u=0 dla?c >0,z=0,,
6
i,
_u_is2u=0 dax>0,z=0_
0z

oraz z warunkami na ostrzu i w nieskoficzonosci. Zadamy, zeby funkcja u byla
ograniczona, a w nieskoficzonosci spelniala warunek Sommerfelda.
Rozwigzania poszukujemy w postaci sumy pola padajacego i ugigtego:

u=u;+u,. @)

Funkcja u; dana jest wzorem (1), funkcja u, jest nieznana. Spelnia ona réwnanie
Helmholtza (5), gdzie w miejsce # wstawiamy u,. Z warunkéw brzegowych (6) po
uwzglednieniu (7) i (1) otrzymujemy

0 .
a_u; + isu,=i(y, — s,)e™* dlaz=0,,x=0,
®
Ou, . . -
5y St = i(yo +s,)e™* dlaz=0_,x=0,
gdzie i
®,= —kcos ¢,, y,=ksin ¢,. ®

W przyjetej metodzie rozwigzywania bedziemy réwniez korzystali z warunku
ciaglosci funkcji i jej pochodnej w aperturze

(i + udlmo. = @+ ).y, dlax <0,

(10
o(u; + u,) _ o(u; + u,) dla x < 0.
aZ z=0_ aZ z=0,
3. SZKIC METODY WIENERA —HOPFA — HILBERTA
Rozwiazania szukamy w nastgpujacej postaci
= i(ax+yz)
U, . fA(oz)e doe dlaz > 0, an

c

U, = f A(@)e™1dy  dlaz < 0,

[
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gdzie y=+/k2 — o2, y(0)=Fk. (12)

Linia C jest polozona na plaszczyznie o z cigciami I' ), I',, jak na rys. 2.

Im o

Co

- \J \J Re o

Rys. 2. Plaszczyzna zespolona o i kontur calkowania C

Do wyznaczenia pozostaja amplitudy A(a) i B(x). Wstawiajac funkéje (11) do
warunkéw brzegowych (8) i warunkéw ciaglosci (10) otrzymujemy cztery rownania
calkowe dla nieznanych amplitud A(x) i B()

| I (3 + spA@)e™ da = i(y, — s,)e™*  dlax > 0, (13)
j @ + s,)B@)e’da = iy, + s,)e™* dlax > 0, (14)
J [4(@) - B@)]eda=0 dlax <0, (15)
j 7[4(@) + B(@]e*da=0 dlax < 0. (16)

c

Oznaczmy przez Q* polplaszczyzng powyzej linii catkowania C, a przez Q- — pol-
plaszczyzng ponizej tej linii. Oznaczmy przez U, j = 1, 2 dowolna funkcj¢ analitycz-
na w Q*, ciagla w obszarze domknig¢tym i znikajaca dla |x| - oo, a przez L;, j =1,
2 dowolna funkcje analityczna w Q, ciagla w obszarze domknigtym i znikajaca dla
|] = oo. Nietrudno pokazaé, ze Jezeh funkcje 4 i B spelniaja nast@pu]ace zaleznosci,
to spelniaja rowniez ukiad roéwnan (13)—(16)

(8, + NAE) = U, (@) + (@ — a)p,»

(sz + 'Y)B(a) = Uz(a) + (tZ - ao)pzs (17)
 A(@) — B(®) = L, (@),
Y[A@) + B@)] = L,(®), (18)
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gdzie
Py = —@2mi)" sy — ¥),
P, = —Q2ri)~ (s, + 7,)- (19)

Przez wyrugowanie funkcji 4(), B(x) z rownan (17)—(18) otrzymuje si¢ macierzowe
rownanie Wienera— Hopfa

G)L(x) = U@®) + (2 — )" *P (20)

spelnione na linii C, a w ogolnosci, gdy liczba falowa k jest zespolona, tzn.
k =Re k + iIm k, spelnione w poziomym pasie o szerokosci 2 Im k.

Macierz G(x) , funkcje wektorowe U(a) i L(et) oraz wektor liczbowy P sa opisane -
w nastgpujacy sposob

1[s;+7v (s, +Mh
Gw==|" ! , 21
® 2[—82—7 (s2+v)/?] @b
(L@ e _[U@ _[2
o-[59] wa-[4€] p-[2] e
Latwo jest pokazac, ze jezeli w otoczeniu linii C istnieje faktoryzacja
G(2) = Gy()GL () (23)

taka, Zze macierz Gy(x) jest analityczna i nieosobliwa w Q¥ wraz z pewnym
otoczeniem linii C, a macierz G, () jest analityczna i nieosobliwa w Q™ wraz
z pewnym otoczeniem linii C, to rozwiazanie réwnania (20) w otoczeniu tej linii
wyraza si¢ wzorami

GGy ()P

L@ = o—a

+GIWW@, (24)

0

Gy(@)Gy 'y — 1

o—a

Ux) = P+ GyW(w, (25)

0

gdzie I jest macierza jednostkowa, a W(a) — wektorowa funkcja calkowita.
Po znalezieniu czynnik 6w faktoryzacji macierzy G(e) i zbadaniu ich zachowania .
w nieskonczono$ci okazuje si¢, ze w klasie funkcji U(x), L(x) znikajacych w nie-
skoniczono$ci rozwiazanie jest jedno, dla ktorego W(x)=0. Wtedy L, (x)
= O(l/av/a), L,@) = O(1/a), Uy(@) =O(1/y/a), U,(@) = O(U//a).
Najtrudniejszym zadaniem jest sfaktoryzowanie macierzy. Dokonal tego Hurd
(1976). W podanej przez niego metodzie macierze Gy(a) i Gr(«) buduje si¢ z wek-
torébw tworzacych rozwiazania wektorowego problemu Hilberta na linii I',, po-
wstalego z rownania Wienera—Hopfa (23). Istota powodzenia metody lezy w tym,
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ze dla rozpatrywanego zagadnienia, wektorowe roOwnanie problemu Hilberta daje si¢
rozseparowaé¢ na dwa skalarne. Kazde z nich rozwiazuje si¢ poprzez calk¢ typu
Cauchy’ego, podobnie jak skalarne rownanie Wienera— Hopfa. Obliczona wedlug
tej procedury macierz Gy(x) ma postac:

1[ngg]

U(a) 2\/1?!, ’—k +¢xg_1 ( )
gdzie fuhkcja g = g(or) jest dana wzorem
(Jk+ ¢, +\/k+oz)(\/k—c1 +\/k+ac)
(@) = . , 27
EO = kre vk o)Wk —c, + Jk T a) @n
przy czym oznaczono b
=k cos¢ dlaj=1,2. (28)
Funkcja K, wyraza si¢ w nastgpujacy sposob:
Ky(@) = expQ(@), 29)
gdzie
_ L[y s 10, + @] de
06 = J B, = 90]ls; — 7] i—a° G0

T,

Calka ta nie daje si¢ przedstawi¢ w postaci funkcji elementarnych, ale mozna ja
przedstawi¢ jako sume dwoch calek z ktorych kazda zalezy tylko od jednego
parametru. Mamy

0@ = 0(a, sy, 5,) = Qa, 5,) + (2, 5,), BN}
gdzie '
_ 1 s;+y() dt .
Q(a, SJ)_E;[—%J‘lnmm dla]— l, 2. (32)
rl
Uwzgledniajac (31) w (29) mozemy napisac
KU(“) KU(as Sp sz) = KU(“: sls sz) = KU(“: Sl) KU(“S Sz)' (33)

W pracy [4] pokazano, ze funkcja Ky («, s) jest czynnikiem faktoryzacji funkgji
charakterystycznej, wystepujacej w problemie dyfrakcji na pélplaszczyznie symet- -
rycznej s, = s, = 5, przedluzonym na calg plaszczyzng « z ci¢ciem I',.
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Majac czynnik Gy(e) faktoryzacji macierzy G(a), czynnik G, (x), zgodnie z (23),
znajdziemy ze wzoru
GL(@) =Gy (®)G(®. (€2)

Aby obliczy¢ funkcje L i U wpiszemy brakujace nam macierze:

R
GO = S G+ )

[(sz +0gt—(s, 4+ JE+alls, +ng+ 6+ m]
b4 s (35)
PG, + g2+, +y1  JVEk+a [(s, + g2 — (s, + )]

k+ag? k+ag] 36)

1
GEI(“)=ﬁJK—rJ|: g g

Wstawiajac (35) i (36) do (24) oraz (26) i (36) do (25) przy W(x) = 0 otrzymuje-
my wektorowe funkcje L i U, gdzie

£ JKy 37

_4ni(a—ao)JK—M,g(s2+?)x
x {(sl—vo)gE’(ng‘”\/::: [2?13"’“])*
G40,  [E+a[6,+7 ,
+(Sz+y°)((_s:—+_?)g : \/k+ao[(s1+7)g+l])}’

_ g, JKy 38
L, (@) 4mi(e — og) \/Koy g(s, + 1) " ‘ ~

]Gt , ktall,+9) .
X {(sl_—?o Lo ([mg +1]7+\/k+ o, [(sl+}’)g 1]) *
(s2+-y) 2 _ k+a (sz+)') 2 __
+ (s2+?o)<|:mg +l]7 "k+ao [(s1+y)g l])}’

L=
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, 1 | K k+a
Ul(a)=—m{[go KU (1+‘/m)—2](sl—vo)+
k

+ e 72 (1~ Jr e+ ) 39
U . 1- —15—1 &1 k+oc ( )+
2@ = 4m(oc o) £ & Ky k +a 51~ %o

— % ,
[g-lgo /Ilc(;,<1+ /ﬁ)—Z](s2+'yo)}. (40)

We wzorach (37)—(40) oznaczono

8 =8(%), Ky=K(a,). @41
Podstawiajac (39) i (40) do (17) otrzymujemy
A() = 4m(a_:;)(sl+y) Ky {gol(s (1 + ::::) +
£, (5, +y0)<1§ ::;’: )} | @2)
B0~ 6 {gol(sl 70 (i— k’%’)+
20(5;+70) <1+ :::0 )} @3)

Ostatecznie rozwiazanie problemu dyfrakcyjnego jest dane w postaci catkowej
(11) z amplitudami 4 (x) i B(x) okreslonymi odpowiednio wzorami (42) i (43).

4. ANALIZA ROZWIAZANIA W OTOCZENIU KRAWEDZI

~ Dla zbadania postaci rozwigzania w otoczeniu krawedzi poshizymy si¢ jedno-
stronnymi transformatami Fouriera jakimi, jak wynika ze sposobu ich wprowadze-
nia, sa funkcje L i U. Skorzystamy przy tym z twierdzenia wiazacego asymptotyczne
rozwinigcie transformaty w nieskoniczonosci z asymptotycznym rozwinieciem funkcji
w zerze.
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Wprowadzimy nastepujace oznaczenie dla prawostronnej transformaty Fouriera

1 r .
2.1 =5 [fe9eas | (@4

Funkcja &, jest analityczna w dolnej pblplaszczyznie zmiennej zespolonej a.
Lewostronna transformat¢ Fouriera oznaczymy przez & _

0

2150 =5, | se9ea )

Funkcja & _ jest analityczna w gornej polplaszczyZnie zmiennej zespolonej o.
Wprowadzimy pojecie gestosci pradu elektrycznego i magnetycznego na pol-
plaszczyznie. Prady te powstaja na skutek nieciaglosci na niej pola elektromag-
netycznego.
Skok sktadowej E, pola elektrycznego nazywamy gestoScia pradu magnetycz-
nego i oznaczamy
Ii(x) = E/(x,0,) — E,(x,0_). 46)

Skok skladowej H, pola magnetycznego nazywamy gestoscia pradu elektrycz-
nego i oznaczamy

Iz (x) = Hx(x, 0+) - Hx(x’ 0—) (47)
Biorac pod uwagg (11), (4) i (13) mozemy napisaé:
0 dlax <0

I, (x) = f L (@e™da dla x > 0. “8)
(o)
Stad wynika, ze funkcja L, jest prawostronna transformata Fouriera ggstoSci pradu
magnetycznego
L@=2,[1,x] (49)

Funkcja L, wyraza si¢ przez prawostronna transformatg gestosci pradu elek-
trycznego
Lz(a) = w”$+[12(x)]' (50

Natomiast funkcje U, i U, sa lewostronnymi transformatami

ou, i )
U@=2_ [E + is u, — i(s; — yo)e’“ox], (51)

ou, ] . '
U,@)=2_ [:~a—z— — is,u, — i(s, + yo)e“"o"]. (52)
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Znajdziemy asymptotyczne rozwinigcie funkcji L,, L,, U,, U, w nieskoficzonosci
wykorzystujac rozwinigcia znanych funkcji w szeregi potggowe oraz asymptotyczne
rozwini¢cie funkcji Ky(x, s), przedstawione w [4], na podstawie czego mozna

napisagc:
_ 1 s+ dr | _
Kv(a, Sj) = €Xp {—2—;1 fln m — o = . (53)

= 1_% in(1 + a/k)+ O(lje) dlaag¢l,; j=1,2.

Ze wzoru (27) mamy

g =1—ia/Ja+0(ja) dlag— co,a¢l,, (54)
gdzie ' | '

a=vk+c,+k—c,—k+ ¢, —k—c,. (55)
Stad

g=1—ia/2\/&+0(l/a) dlaag —» o0, ¢l,. (56)

Uwzgledniajac (53) i (33) dla funkcji Ky (e, s,, 5,) mamy rozwini¢cie

KU=1—s‘+S2

In(1 +a/k+0(1/x) dlaa-—> c0,aé¢l,,: (57

skad

JEg=1- S12+ “2in(1 +afk)+ O(ljr) dlac— c0,ad¢l,.  (58)

Ze wzoru (37) otrzymujemy

L) = a\/& \/_ dlag - oc0,aé¢l,, (59
gdzie
a. = (Sl - 70)g61 - (sz + ?o)go (60)
! dnk+a /Ky
a. = _[(S1 _yo)g;l _(Sz+yo)go](s1 +S2). (61)

2 4n? /Ky,

~ Ze wzoru (38) otrzymujemy
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bO bl

L,(x) = +; In(l —a/k)+ O(lje) dlaax— co,ax¢l,,
gdzie
b= _ 1= 7)8 " + (55 + V)
° 2ri/K,U ’
b < L1 = %0)80 " + (s, + Mg 165, +5,)
! 4n2i /KU

Ze wzoru (39) otrzymujemy

U(@)=—L+2 24— s In(1l +afk)+ O(lja/x) dlaa— o, xéT,,

Ja WL
gdzie
| (s, = 70)80 ' + (5, + V)&,

T T ik + o, VK

1 1

s e
" 4mi 2k 4+« go\/ﬂ ! 0

c

2

+ (1 o da )go(s2+70)}
2k + a, VKo §°

[Gs, — 70)85 ™ + (s, + 1)&,10s, + 5;).

8n2i /Koy JKk + @,

c, = —

Ze wzoru (40) otrzymujemy

d

7

U,(@) =

d3
a/u

gdzie

d. = (s1 _.},o)g;,l - (Sz +y)go

e 4nik + oy /Koy ’

dlac —» o0, ¢I,,

(62)
(63)

(64)

(63)

(66)

(67)

(68)

(69)

(70)
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1 ia 1 ‘
: dZ__ﬁ{<l_2m>gom(S1_70)+ v (71)
ia g .
|0 e b
d [(Sl — 'Yo)gt;l _‘(Sz + y)go](sl + Sz)‘ (72)

T 8n2i /Koy K + o,

We wzorach (56) i (59) a oznacza liczb¢ dana przez (55).

Wykorzystamy teraz twierdzenie wiazace asymptotyczne rozwiniecie funkcji
w zerze z asymptotycznym rozwini¢ciem jej transformaty Laplace’a w nieskon-
czonosci [5]. Teraz tego twierdzenia brzmi:

Jezeli funkcja ¢(f) ma rozwinigcie

o) ~ X a (1) (73)
do N-tego wyrazu przy t— 0, to jej transformata Laplace’a Z[p(H)]=f(s)=

o
= [o(f)e*'dt ma rozwinigcie
[

J6) ~ Y a,8,) (74)

do N-tego wyrazu, jednostajnie wzgledem argumentu s przy s — o0, s¢ S,, A > 0,
gdzie S, jest sektorem 0 < |s| < oo, |largs| < #/2 — A,

g.05) = LW, (] (75)

Dla jednostronnych transformat Fouriera (44) i (45) teza pozostanie prawdziwa,
jezeli wspolczynniki a, we wzorze (74) podzielimy przez 2z oraz obszar S, obrocimy
odpowiednio o kat n/2, zgodnie ze wskazOéwkami zegara dla transformaty &,
a przeciwnie — dla transformaty % _.

Z twierdzenia skorzystamy w druga strong. Znajac rozwinigcie transformaty
w nieskonczonosci okreslimy rozwinigcie funkcji w zerze, postugujac si¢ tablicami
[6]. Korzystajac z rozwinigcia (59) i zaleznosci (49) otrzymamy nast¢pujace roz-
winigcie funkcji I, (x) (wyrazajacej gestos¢ pradu magnetycznego na polplaszczyznie)
dlax - 0,:

e o .
- "JT G+ et 0 yR), 16)

N

gdzie a, i a, sa dane odpowiednio wzorami (60) i (61).

Korzystajac z rozwinigcia (62) i zaleznosci (50) otrzymamy nastepujace roz-
winigcie funkciji I, (x) (wyrazajacej gesto§¢ pradu elektrycznego na polplaszczyznie)
dlax - 0,: '
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ib b
L=+ xlnx+ 0®), 77
2 (%) on T on () an

gdzie b, i b, sa dane odpowiednio wzorami (63) 1 (64).

Rozw1m¢c1a funkcji U, i U, w nieskonczono$ci prowadza do rozwinigé kom-
binacji liniowych skladowe_] E, pola elektrycznego i H, pola magnetycznego w aper-
turze dla x — 0_.

Ze wzordw (65) i (51) otrzymujemy

E,— "”‘H— of 1 g 2 3Jxmx+0(f) (78)

5,4/ —mi Jx s s,

gdzie c,, ¢, i ¢, sa dane odpowiednio wzorami (66)— (68).
Ze wzordw (69) i (52) otrzymujemy

= - _2 —
E,+ ; H, ot ‘/.\/—lnx+ (Vx), (79)
gdzie d, d, i d, sa dane odpowiednio wzorami (70)—(72).

JakoSciowy obraz rozwiniecia jest taki jak dla polplaszczyzny impedancyjnej
symetrycznej. Jest to rozwinigcie wzgledem tych samych funkcji — innych niz
w zagadnieniu dyfrakcji na polplaszczyZnie idealnie przewodzacej. O postaci
tych funkcji decyduje posta¢ rozwinigcia w nieskoniczonosci jednostronnych trans-
format Fouriera budujacych rozwiazanie calego problemu dyfrakcyjnego w me-
todzie Hurda.

Z kombinacji liniowej rownan (78) i (79) otrzymujemy

o = (c,+d)i 1 c,+d,  2(c,+d ) I 20
) 2(S1+S2)\/—7ri\/; s +s, (s, +S \/_ nx+0(\/x) 80)

ds,—css,)i 1 ds —c,s, 2(d,s,—c.s,) ;-
H — 171 172 I | 272 _° 3%l 372 In 0 . (81
+(%) 20pu(s,+s,)—ni \/,_c wp(s,+5s,)  ou(s,+s,) \/; x+0W/x). @)

Przedstawiona metoda pozwala znaleZé pierwsze wyrazy rozwini¢cia funkcji
opisujacych pole elektromagnetyczne w otoczeniu krawedzi, w plaszczyznie z = 0.
Nie daje natomiast.informacji o tym jak rozwinigcie zalezy od kata obserwacji.

Jakos$ciowy obraz rozwinigcia jest taki sam jak dla pélplaszczyzny impedancyjnej
symetrycznej. W rozwinigcie wchodza wyrazy zawierajace logarytm, ktorych nie ma
w przypadku dyfrakcji na polplaszczyznie idealnie przewodzacej.

Otrzymano pierwsze wyrazy rozwinigcia gestosci pradu elektrycznego i mag-
netycznego przy krawedzi oraz skladowej wzdhuznej pola elektrycznego i poprzecz-
nej pola magnetycznego w aperturze.
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H. KUDREWICZ

DIFFRACTION BY AN ASYMMETRIC HALF —PLANE. THE STRUCTURE
OF THE SOLUTION NEAR THE EDGE

Summary

For a diffraction problem on asymmetric impendance half-plane the structure of the solution
near half-plane’s edge has been examined. The foundation for the analysis was the Hurd’s solution
(1976) obtained with the Wiener—Hopf—Hilbert method. Incomplete Fourier transforms appearing
in this solution were asymptotically expanded at infinity in the complex spectral plane. The expansions
obtained were then used to asymptotically evaluate the functions describing electric and magnetic
currents flowing in the half-plane, near the edge. They were also employed to find the asymptotic
expansions of the longitudinal component of the electric field and the transversal magnetic field
in the aperture near the edge.
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W pracy dokonano analizy wlasnoici pseudolosowych sekwencji wielowarto§ciowych
(MPS) nad cialem Galois GF (2¥) generowanych przez rejestr dziatajacy na zasadzie pracy
rejestru akumulatora. Proponowana metoda jest tania w realizacji, gdyz wymaga uzycia
jedynie jednego .rejestru za$ otrzymane sekwencje pseudolosowe céchuja si¢ dobrymi
wlasno§ciami losowymi. Generator dzialajacy wedlug proponowanej zasady wytwarza
elementy ciagdw liczbowych w kazdym takcie zegarowym. Analiza sekwencji MPS dotyczy
przebiegu funkcji autokorelacji oraz rozkladu serii generowanych liczb.

WSTEP

W prezentowanej pracy, ktéra stanowi kontynuacjg pracy [15], zostala za-
proponowana nowa metoda generowania pseudolosowych ciagdéw liczbowych. Ciagi
te posiadaja takie same wlasnosci losowe, jak wielowarto$ciowe sekwencje pseudo-
losowe (MPS) analizowane w pracy [15], lecz generatory zbudowane w oparciu
o proponowana zasadg sa prostsze w realizacji ukladowej. Zaproponowana metoda
bazuje na wykorzystaniu ukladu, ktéremu autorzy nadali nazwe rejestru akumula-
cyjnego, bedacego transformacja rejestru liniowego (Scislej mowiac rejestr liniowy
jest szczegblnym przypadkiem realizacji rejestru akumulacyjnego). W artykule
opisana zostal idea tworzenia omawianego rejestru oraz zostaly przeanalizowane
parametry statystyczne sekwencji pseudolosowych uzyskiwanych z generatora MPS:
rownomierno$¢ rozkladu liczb pojawiajacych si¢ w ciagu, przebieg funkcji auto-
korelacji w pelnym okresie sckwencji oraz rozklad serii generowanych liczb.

Ocena wlasnosci probabilistycznych sekwencji wielowartoSciowych polega na
sprawdzeniu, na ile parametry losowe otrzymanych ciagdéw roznia si¢ od paramet-
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row wielowartoSciowych sekwencji idealnych okreslonych postulatami R1 —
zdefiniowanych przez Daviesa i Golomba [3,6] dla ciagéw binarnych, a ktére zostaly
rozszerzone na sekwencje wielowartosciowe.

R1. Generowany ciag zachowuje rownomierno§¢ rozktadu liczb naleiqcych do

. zbioru {0, 1...., (2 — 1)} lub do zbioru { —(2* — 1), —(2*¥ — 3),... , (2 —3),

(2" -1}, tzn kazda z liczb pojawia si¢ z Jednakowym prawdopodob1enstwem
réwnym 1/2F,

R2. Znormalizowana funkcja autokorelacji generowane] sekweng;ji liczb posiada
nast¢pujacy przebieg: .

R,(n) (lgdyn=iL, i=0, I...
R.(0) |4 gdy n#iL,

gdzie L — dlugos¢ generowanego ciagu, warto$é 4 = 0.

~ R3. Generowany ciag liczbowy spelnia prawo seryjnosci okreslone w nast¢pujacy

sposéb: .
liczba serii okreSlonej dlugosci jest jednakowa dla kazdej z liczb ze zbioru

{0, 1,... (2* — 1)} wystepujacych w generowanej sekwencii, a liczba wszystkich serii

o dlugoéci (/ — 1) jest 2*-krotnie wigksza od liczby serii o dhugosci /.

1. ZASADA GENERACJI WIELOWARTOSCIOWYCH SEKWENCIJI
PSEUDOLOSOWYCH PRZY UZYCIU REJESTRU AKUMULACYJNEGO

Przyjeta zasada generacji wielowartosciowych sekwencji jest juz dobrze znana
i polega na zapisywaniu stanu wybranych k przerzutnikéw tworzacych rejestr
liniowy, co s taktow zegarowych, do rownoleglego rejestru buforowego. Jezeli sekwenc-

Z Mod(2)

— REJESTR LINIOWY < ZEGAR

Rys. 1. Schemat blokowy proponoWanego generatora
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jom binarnym otrzymywanym z wyj$C rejestru zostana przypisane wagi 2, gdzie
i€ {0,..., k — 1}, wowczas na wyjiciu bufora pojawi si¢ ciag liczbowy, ktorego elementy
naleza do zbioru {0,..., 2¥ — 1}, posiadajacy cechy sekwencji pseudolosowych. Schemat
blokowy tak zrealizowanego generatora pokazano na rys. 1. Na rys. 2 podano graf

Rys. 2. Graf stanéw generatora pseudolosowej sekwencji wielowartosciowej opisanego wielomianem
charakterystycznym f(x) = x* @ x @ 1 dla parametréw skoku s = 1 orazs = 4
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opisujacy dzialanie gener-tora wykorzystujacego rejestr liniowy opisany wielo-
mianem charakterystycznym f(x)=x* @ x @ 1, gdy elementy generowanych
ciagow wielowartosciowych sa pobierane co s=1 i s=4 taktéw zegarowych.
Kolejnos¢ wystgpowania standw rejestru jest zalezna od przyjetej liczby taktow
zegarowych, po ktérych stan przerzutnikéw zapisywany jest do bufora.

Wykorzystanie omawianej metody generacji sekwencji pseudolosowych wymaga
spelnienia nastgpujacego warunku:

Aby z generatora pseudolosowej sekwencji w1elowartoscmwe_] otrzymac cigg
o dlugosci L = 2™ — 1, ktory jest utworzony przez kolejne s-te binarne wektory,
liczby L oraz s musza byé wzglednie pierwsze.

w przypadku niespelnienia tego warunku okres sekwencji wielowartoSciowej jest
krotszy, a ciag traci swe wlasnoéci losowe [4].

Nietrudno stwierdzi¢, ze przyjeta realizacja ukladowa generatora powoduje, ze
czgstotliwos¢ pojawienia si¢ wektoréw binarnych (binarnej reprezentacji liczb na-
lezacych do ciagu wielowartosciowego) na wyjéciach bufora jest / = f/s razy mniej-
sza niz czgstotliwo$¢ pracy rejestru liniowego.

Niech bedzie dany rejestr liniowy opisany macierza generujaca [M] generujacy
ciag binarny maksymalnej dlugosci. Zalozmy, ze stan poczatkowy rejestru okresla
wektor (X > réiny od wektora zerowego. Poniewaz sekwencje¢ wielowartosciowa
tworzy co s-ty wektor, mozna ja opisa¢ nastepujacym przeksztalceniem:

(X)) =<X,> [MF
(X,>  =<(X,> [MP

(X,> = <{X,> [MPs | ©)
Xy =X, [MI*

(X2 = (X)) [M]&Ds,

przy czym iloczyn is jest obliczany MOD(L).

Z ciagu <X,>, <X,),..., (X, _,> wzigto pod uwage podwektory wymiaru
[/ x k] bedace binarna reprezentacja sekwencji wielowarto$ciowej. Latwo zauwazy¢,
ze t¢ sama sekwencj¢ mozna otrzymac nie przez wybdr co s-tego wyrazu sekwencji
nieprzeksztalconej, lecz dzigki zbudowaniu takiego rejestru, w ktérym zbiér wek-
torow.binarnych jest transformowany na siebie przez macierz [M,] = [MT. Nie-
trudno stwierdzi€, ze tak powstaly generator dziala identycznie jak automat [4],
ktorego wejécia przerzutnikéw okreSlone sa przez liniowe funkcje boolowskie
wynikajace z postaci macierzy [ M, ]. Podobiefistwo idei dzialania zaproponowanego
generatora z zasada dzialania rejestru akumulatora spowodowalo, ze nadano mu
nazwg rejestru akumulacyjnego. Liczbg s nazywaé bedziemy dalej parametrem skoku
rejestru akumulacyjnego.

Dla ilustracji dotychczasowych rozwazan przedstawiony zostanie prosty
przykiad.
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Przyklad 1.

Niech bedzie dany rejestr liniowy o diugosci m = 6 okreSlony macierza [M]:

[M]=

—_—O OO O M
CODOO M
COoOOCOmO
COO=OO

Parametr skoku s niech b¢dzie rowny 5.

CO=OOO
O=OO0O0O

Przeksztalcona macierz [M, ] = [MJ® posiada postaé:

[M,]=[M] =

[ N Y )
el ™ Rl

ek et O O
n-n-aoo‘cl—l

—_mOOOO M
COCOOm

Wykorzystujac macierz [ M, ] zbudowano rejestr akumulacyjny, ktorego schemat

pokazano na rys. 3.

Rys. 3. Przyklad realizacji rejestru akumulacyjnego skladajacego sig z 6-ciu przerzutnikow

F»Pi—+P2—rrP3—1+P4—+P57+P
<
=
e e z
z z mod2 ¢
L—{ mod 2 | mod2}e
=d
z b
mod2 ¢ b |
% L—Imod2
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Jezeli wynikowe sekwencje wielowartoéciowe beda otrzymywane z wyjsé dwoch
pierwszych przerzutnikow tworzacych rejestry, wowczas dla parametréw s = 1 oraz
s = 5 wygenerowane zostana nastgpujace ciagi: ‘

a)dlas=1

{2333331212123.10231233123121021023310021
233310212100231000210000}

bydlas=S5

{231232003200032312032323203203111200003
1231120312003112323111113}.

Proponowane rozwiazanie nie zmienia przyjetej zasady generacji pseudoloso-
wych sekwencji wielowartosciowych pokazanej na rys. 2, jednakze rejestr akumula-
cyjny generuje liczby nalezace do ciagu pseudolosowego w kazdym takcie zegar-
owym. Konstrukcja rejestru, w poréwnaniu z klasycznym rozwigzaniem, wymaga
uzycia dodatkowych bramek realizujacych funkcje EXOR, lecz nie wymaga stoso-
wania rejestru buforowego. '

2. WLASNOSCI LOSOWE WIELOWARTOSCIOWYCH SEKWENCJI
PSEUDOLOSOWYCH OTRZYMYWANYCH Z REJESTRU
AKUMULACYJINEGO

Zanim dokonana zostanie analiza wlasnosci losowych generowanych sekwencji
wielowartosciowych przypomnijmy, jakie parametry statystyczne sekwencji pseudo-
losowych bgda brane pod uwage. Podobnie jak to przedstawiono w pracach [6, 15]
badanie statystycznych sekwencji przeprowadzone zostanie pod katem spraw-

- dzenia:

a) rozkladu liczb pojawiajacych si¢ w sekwencji pseudolosowe;;

b) przebiegu funkcp autokorelacji okreslonej dla pelnego okresu ciagu wxelowar-
tosciowego;

c) rozkladu serii liczb.

Prawdopodobieristwo pojawienia si¢ liczb ze zbioru {0,1,. ., 2* — 1)}, rozumia-
ne tak, jak to podano w pracy [15], jest nastgpujace:

liczba 0 pojawia si¢ z prawdopodobienstwem

2m—k_q
P ) = m__ 1 (3)
natomiast pozostale liczby pojwiaja sie z prawdopodobienstwem
2m—k )
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Wyznaczenie warto§ci funkcji autokorelacji generowanych sekwencji MPS doko-
namy poshugujac si¢ metoda podana w pracy [15]. W tym celu przypomnimy ogélna
zaleznoéé opisujaca funkcje autokorelacji sekwencji wielowarto§ciowe;:

k=1 k-1 '

Rx(n)b Z Z 21+ i](n)_ EX)2. &)

i=g j=o

Warto$é Rjj, moze by¢ wyrazona w nastgpujacy sposob:

, _f-1L dlan#0MOD() (6.2)
m=y dla n =0 MOD(L) e
., _{—YL dla (us+3,;)#0 MOD(L) (6b).
tim = 1 dla (ns £ ;) = 0 MOD(L),

gdzie i oraz j oznaczaja numery porzadkowe przerzutnikéw rejestru liniowego,
z ktérych uzyskiwane sa sekwencje binarne, za$ d;; r6znicg pomigdzy numerami tych
przerzutnik6w. ’

Wykorzystujac zaleznosci (5), (6a) i (6b) wartosci funkcji autokorelacji
sekwencji wielowarto$ciowych mozna obliczy¢é korzystajac z podanych ponizej
zaleznosci.

-Dlan=0: _
k=1 k-1 o k—1 k=1
RO=2 T 241 Ry~ B0 = 3 20— 1LY, 3 271 — B =
i=0 jw=0 i=0 i=0 j=0
k=1 k=1 k—1 ” o
=L UL(E Y, 2% + Z 22‘) E(X)* =
= [3@™ — DIV [27(2%* — 1) — 32" — 1)2] — E(X)? )

dlan # 0 oraz (ns + d;) # 0MOD(L), 4ij=0,1,...,k—1
k—1 k—1 . " :
R.m=-1L Y ¥ 2" -EX)? = -1/L (2* - 1)* — EX) ®

im0 jm=0

dlan # 0 oraz (ns i_‘ d;)=0 M.OD(L) (punkty charakterystyczne):

R,()= Y 2 1L @ —12+1L ¥ 2% - EX)* =

i, jek i, jek
i+j=8; ] . itjmdy
=Q@r—1i-opm Yy 2 — (28 — 1)2] - E(X)?, o)
i, jeK ) .

i+j=6u
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gdzie K jest zbiorem indekséw wszystkich tych przerzutnikéw rejestru liniowego,
z ktoérych wyjsé pobierane sa sekwencje binarne.

Jak latwo si¢ przekonad, wyrazenia (7), (8) oraz (9) maja ta sama postaé jak
formuly przedstawione w pracy [15], okreslajace wartoéci funkcji autokorelacji
sekwencji MPS otrzymywanych z k réwnolegle pracujacych jednakowych rejestrow
liniowych. Dla poparcia shisznosci dotychczasowych rozwazan podany zostanie
przyklad.

Przyklad 2. .
Niech bedzie dany rejestr liniowy opisany wielomianem charakterystycznym:
) =x*dx*D1

Dlugos¢ generowanej sekwencji wynosi: L = 63

Liczba ciagéw sktadowych: k=3
Przesunigcie wzajemne binarnych ciagéw sktadowych:
0,=1;6,,=2.
Wartosci funkcji autokorelacji wynosza:
n=90 R, (0) = 1295/63
n#0,(n+4;)=0MOD() R, (—1/s) =R, (1/s) = 591/63 (*)
R.(=2/s) = R,(2/s) = 207/63 (*+)

n#0,(n+5,)#0MOD(L) R, (n)= —49/63

Warto$ci znormalizowanej funkcji autokorelacji wynosza:

n=0 | - ) =1
n#0,(n+6,)=0MOD(L)  C,(—1/s) =C(l/s) =045 *)
C.(—2/s) = C,(2/s) = 0.16 (¥+)
n#0, (1 £6,) #0MOD(®L)  C,(n)= —0.03 _
| Tabela 1.
Parametr skoku. .
Cs=1 s=4 s=5
0 n=0 n=0 n=0
ns—1=kL n=1 n=16 n=38
ns+1=kL n=62 n=47 n=25
ns—2=kL ‘n=2 n=32 n=13
ns+2=kL n=61 n=31 n=50

W tabeli 1 podano wartosci przesuni¢é n (punkty charakterystyczne), w ktérych
funkcja autokorelacji przybiera odpowiednio wartoéci (¥) i (**) dla parametréw
skoku s =1, 4 oraz 5. Wykres przebiegu znormalizowanej funkcji autokorelacji
pokazano na rys. 4.
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Jezeli sekwencja MPS jest uzyskiwana z wyjs¢ kolejnych przerzutnikow
tworzazych rejestr liniowy (6;=1 dla j=i+1), wowczas doboOr parametru
skoku decyduje o przebiegu funkcji autokorelacji. I tak, je§li warto§¢ parametru
skoku 1< s<2 (k—1), gdzie k — dlugos¢ wektora binarnego reprezentujacego

Cx(n)

...
2

s=1

L= 2 ]
b

(=]
.
[

Py

e e 9 i
2 o ® o

o
.
[

-0.2

Rys. 4. Wykresy znormalizowanej funkcji autokorelacji sekwencji psedolosowej otrzymywanych z przy-
kiadowego rejestru akumulacyjnego dla parametru skoku s = 1,5 = 4 orazs = 5

liczby ze zbioru {0, 1,..., 2¥ — 1), to moga pojawi¢ si¢ takie kolejne punkty n, dla
ktorych jest spelniony warunek (n + 8;;) = 0 MOD(L). Jezeli jednak wartoS¢ para-
metru skoku ma wartosé s > 2 (k — 1), to w otoczeniu dowolnego punktu charak-
terystycznego n nie istnieje drugi punkt, dla ktérego spelmiony jest warunek
(n + 4,;) = 0 MOD(L).
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3. ANALIZA SPELNIENIA WARUNKU SERYJNOSCI PRZEZ
SEKWENCIJE WIELOWARTOSCIOWE UZYSKIWANE
Z REJESTRU AKUMULACYJINEGO

Dla przeprowadzenia analizy sekwencji pseudolosowych generowanych za po-
moca rejestru akumulacyjnego pod katem spelienia postulatu seryjnosci takie samo
zalozenie dotyczace liczby serii pojawiajacych si¢ w sekwencji pseudolosowe;j, jakie
uczyniono w pracy [15] dla generatoréw zbudowanych z k réwnolegle pracujacych
rejestrow liniowych. Oczywiscie, przedstawione we wspomnianej pracy twierdzenie
2, okreslajace konieczny warunek na dlugo$é m uzytego rejestru liniowego, w zalez-
~nosci od wymiaru k binarnego wektora oraz maksymalnej dhugosci / pojwiajacych
si¢ serii, jest rowniez stuszne dla sekwencji MPS uzyskiwanych z rejestru akumula-
cyjnego. Zatem, aby mozliwy byt rownomierny rozklad serii liczb dlugosé rejestru
liniowego powinna by¢ réwna:

m=Ik. )

Uczyfimy obecnie zalozenie, ze rejestr akumulacyjny zbudowano na bazie
rejestru liniowego spelmajqcego zalezno$¢ (9). Dla takiego przypadku okreflony
zostanie warunek konieczny na to, by generowana sekwencja wielowartosciowa
spetniala postulat seryjnosci. W tym celu konieczne jest wprowadzenie pewnych

" dodatkowych, przedstawionych ponizej oznaczen.

Niech bgdzie dana macierz [M]™ transformujaca zbidér wszystkich wektoréw
binarnych w ten sam zbi6r. Macierz t¢ nazywa¢ bedziemy macierza generujaca
rejestru akumulujacego. Przez [M},] rozumieé¢ bedziemy podmacierz macierzy [MJ
wymiaru [kxm], ktora sklada si¢ z jej pierwszych k kolumn, co odpowiada
k kolejnym wyjsciom przerzutnik6w rejestru akumulacyjnego, z Itérych otrzymywa-
na jest sekwencja MPS. Zatem macierz [ M} moze by¢ przedstawiona w nastepujacy
sposob: :

[MF =[[M,°], [M,_,1].

Zdefiniujmy dalej macierz [ N ] wymiaru [m X m] skladajch si¢ z / podmacierzy
[Me],i=1,2,..., [

[N]=[M,"], [IM;*],..., [M,"]]. (10

Analiza wlasnosci macierzy [ N] pozwoli okre§li¢ warunek konieczny i dostatecz-
ny na to, by uzyskane sekwencje wielowartosciowe spelnialy postulat seryjnosci.
Twierdzenie 1.

Jesli macierz [ N] zdefiniowana wyrazeniem (10), jest macierza nieosobliwa nad
cialem Galois GF(2), wowczas sekwencja MPS generowana przez rejestr akumuluja-
cy bedzie spelniala postulat seryjnosci.

Dowéd

Zgodnie z wymogami postulatu seryjnosci, w calej sekwencji wielowarto§ciowej
nie istnieje podciag o dlugosci / zlozony z samych zer. Z kolei, aby istnialy serie zer
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o dlugosciach » < / musza byé spetnione dla pewnego wektora poczatkowego (X,
réznego od wektora zerowego nastgpujace warunki:

Xy IMP=CX> ML M, =<0, XD
€0, X,> [MF=<0,X> [[M], M, 11=<0, X,
€0, X, [MF=<0,X,> [M{L M) =<0, X, (1)
0 X,y IMF =<0, X, > [[Mg], [M,11= <0, X,>
O, X5 MF=<0,X,> [[M] [M, 1] = <o Xy

gdzie (a) = {0), {0) jest wektorem zerowym zloZonym z k zer.
Warunki okre§lone w postaci (11) mozna przeksztalci¢ nastgpujaco:

(X> IMF = €0, X,
(X,> M = <0, X,>

(Xe> IMP* = €0, X, (12)
(Xo> M0 = <0, X, |
(X,> IMP* = et Xy

Z kolei zbiér warunkéw (12) mozna przedstawi¢ w nastgpujacy sposob:

(Xo> M = Oy |
(Ko IM] = (O :
(Xo> M) = <0y
(X, M ™] = Oy

(13)

Ostatecznie zbiér warunkéw przedstawiony w postaci wyraZzenia (13) mozna
zapisa¢ w nastgpujacej formie: » :
(X, [N]=<L0>yierys X2 (14)

gdzie wektor <0, oznacza wektor zerowy skladajacy si¢ z kr zer.

Wiadomo, ze w ciagu wielowartosciowym nie istnieje seria ztozona z / zer, zatem
wyrazenie (14) jest stuszne jedynie dla r < (I — 1), czyli nie istnieje Zaden wektor
wymiaru / x m, rézny od wektora zerowego, spelniajacy zaleznos¢:

<X0> [N] = <0>[lxm]' ' (15)

Poniewaz jedynym wektorem (X, ), spelniajacym réwnanie (15) jest wektor
0> [ xmp @ ON Di€ nalezy do zbioru binarnych wektoroéw generowanych przez rejestr
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liniowy, mozna zatem stwierdzi¢, ze macierz [N] nie jest macierza osobliwg nad
GF(2), co dowodzi twierdzenia 1.

Obecnie zostanie podany przyklad potwierdzajacy stusznosé dotychczasowych
rozwazan.

Przyklad 3.
Niech bedzie dany rejestr liniowy opisany wielomianem charakterystycznym:
) =x"DxD1, |
dla ktorego macierz generujaca [M] ma nastgpujaca postaé:
010000

[M] =

—_—O oo
‘coocoo
COOO M
COOmO
CO=OO
O=OOO

Analizowana seckwencja MPS jest uzyskiwana na wyjsciu dwoch pierwszych
przerzutnikéw rejestru. Zatem m =6, k=2 oraz /= 3. Zalozono, Ze parametr
skoku dla rejestru akumulacyjnego wynosi s = 4.

000010 001000 101000
1(1)0001 000110 o.101<1)0
110000 100011 loo01010
IMI*=1011000| MPF=]010001| M'"=|100101
001100 101000 110010
000100 011000 010001

Z macierzy [M]*, [M]?, [M]'2? budujemy macierz [N] wybierajac dwie pierwsze
kolumny kazdej z wymienionych macierzy, czyli:

[N]=

COOmmO
COm=OO
OO MmOO
—_O=OOO
L D OO -
_——O O O

Latwo sprawdzi¢, ze macierz [N] jest macierza nieosobliwa nad cialem GF 2).
Zatem wygenerowany ciag pseudolosowy dla parametru s = 4 ciag pseudolosowy
spelnia warunek seryjnoci. Sekwencja ta zostala podana ponizej.
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=
-
—
-

w
N
—
N
[\&3
[3® JRVS]

{X,})=320303123332310011210103
02002322021102230120131

W ciagu tym wystepuja 3 serie liczb o dlugoéci trzy (nie pojawia si¢ seria trzech
zer), 9 serii liczb o dugofci dwa (liczba serii zer jest wigksza o jeden od serii kazdej
z pozostalych liczb pojawiajacych si¢ w otrzymanym ciagu wielowarto§ciowym) oraz
36 serii o dlugosci 1.

Sprawdzmy obecnie, czy postulat seryjnosci jest spelniony takze przez sekwencje
MPS uzyskana z tego samego rejestru akumulacyjnego, dla ktérego parametr
skoku s jest rowny 5.

100001 100011 100101
110000 010001 010010
lot1000 l1o01000 _ 00
IMF=|001100| MI=|o10100| M"”=[171100
000110 001010 011110
000010 000110 001010

Macierz [N] dla tego przypadku jest nastepujaca:

IN]=

COOO -
COOm=mO
OO MmO
OO mO
O it ek ek ok
O et it ek e O

Poniewaz macierz [N] posiada jeden wiersz zerowy zatem jest ona macierzg
osobliwa nad cialem GF(2). Stad, zgodnie z twierdzeniem 1, rejestr akumulacyjny
pracujacy z parametrem skoku s =5 nie powinien speinia¢ warunku seryjnosci, co
w pelni potwierdzaja wyniki badania sekwencji wielowartoSciowej uzyskanej z bada-
nego generatora: ' '

{X;}=2222313122300123012231230000
1222301301313130123130001300
1312312 -

Por6éwnujac oba przypadki analizowane w przykladzie nalezy zwrdci¢ uwage
na fakt, ze rozklad liczb w obu generowanych ciagach jest rownomierny, rowniez
warto§ci funkcji autokorelacji tych sekwencji sa jednakowe, roimia si¢ jedynie
miejscami wystgpowania punktéw charakterystycznych (gdy s =4 punktami cha-
rakterystycznymi sa n=16 oraz i=47, za§ gdy s=15 woéwczas n=25 oraz
n = 38).
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PODSUMOWANIE

‘W przedstawionej pracy zaprezentowana zostala metoda generaciji pseudoloso-
wych sekwencji wielowartosciowych. Do realizacji generatora sekwencji MPS wyko-
rzystano zmodyfikowany rejestr liniowy nazwany w pracy rejestrem akumulacyj-
nym. Analiza sekwencji otrzymanych z takiego generatora moze okazaé si¢ bardzo
przydatna w praktyce. Przebieg funkcji autokorelacji sekwencji wielowartosciowej
jest podobny do przebiegu tej funkcji ciagu MPS otrzymywanego z k jednakowych
pracujacych réwnolegle rejestrow liniowych. Wartosci funkcji autokorelacji dla
punktu n = 0 oraz dla tych punktow », ktore nie sa punktami charakterystycznymi,
sa takie same - w obu przypadkach. Tylko w punktach charakterystycznych (dla
ktorych funkcja korelacji wzajemnej binarnych ciagéw skladowych R’';(n) jest
rowna 1) wartosci R, (n) moga by¢ rézne. W przypadku rejestru akumulacyjnego
liczba punktéw charakterystycznych (poza punktem n = 0) jest réwna 2 (k — 1). Dla
pracujacych rownolegle jednakowych rejestrow liniowych, liczba ta, w zaleznoéci od
wybranego wzajemnego przesunigcia skladowych ciqgéw‘binarnych, moze si¢ zmie-
nia¢ od 2 (k — 1) do k (k — 1), przy czym jezeli wystepuje wigksza liczba punktow
charakterystycznych. to wartosci funkgcji autokorelacji w tych punktach sa mniejsze.

Jak to pokazano w pracy, sekwencje MPS otrzymywane z rejestru akumulacyj-
nego moga spelnia¢ rowniez postulat seryjnosci, nalezy jednak dokonaé wyboru
parametru skoku poprzez analizg¢ przeksztalconych macierzy generujacych.

Pomimo, Zze w pracy skoncentrowano si¢ na sprzg¢towej realizacji generatora
sekwencji wielowarto$ciowej, zdaniem autoréw, zaproponowana metoda generacji
jest wygodna zaré6wno w implementacji sprzgtowej, jak i programowej przede
wszystkim ze wzgledu na prostotg realizacji oraz dobre wlasnosci losowe generowa-
nych sekwencji pseudolosowych.
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A. ZABLUDOWSKI, B. DUBALSKI

GENERATION OF MULTILEVEL PSEUDORANDOM SEQUENCES OVER GALOIS FIELD
GF(2*) OBTAINED BY THE USE ACCUMULATIVE REGISTER

Summary

This paper deals with analysis of multilevel pseudorandom sequences (MPS) over GF(2") obtained
by the use of register operating on the same principle as accumulator is doing.. The proposed method is
very cheap in realization as it requires only one register and the generated MPS’s possess good random
properties. A generator built on the basis of the proposed method generates sequences of random
numbers with every pulse of the clock. The analysis of MPS concerns autocorrelation function as well as
the series of generated random numbers.
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Przeprowadzono badania poréwnawcze algorytméw liniowej predykeji pod katem
zastosowain w ukiadach DPCM o szybkofciach transmisji 16 —32 kbit/s. Badano pre-
dyktory o strukturach transwersalnej i kratowej, oraz sekwencyjne algorytmy ich adaptaciji: .
gradientu stochastycznego (SG) i najmniejszych kwadratéw (LS). Przebadano wiele wa-
riantéw algorytméw adaptacji (np. SG z normalizacja i bez normalizacji; LS z oknem
eksponencjalnym i oknem ruchomym). Wyznaczono optymalne wartoSci pewnych pa-
rametrow (szybkoséci zbieinosci, liczby wspolczynnikéw predykeii, dugoéci okna). Za-
proponowano metode stabilizacji algorytmu LS z oknem ruchomym. Wskazano na
metode LS z oknem eksponencjalnym jako na najlepsze rozwigzanie problemu predykcji
w modulacji DPCM.

1. WSTEP

Sygnal mowy znajduje coraz szersze zastosowanie w wielu zagadnieniach teleko-
munikacji i informatyki (transmisja mowy kanalami cyfrowymi z szybkosciami
1.2 — 64 kbit/s, cyfrowe systemy automatycznego udzielania informacji np. banko-
wej, kolejowej, lotniczej, akustyczne urzadzenia wyjSciowe komputer6w). Konieczne
staje si¢ w zwiazku z tym przeprowadzenie badan, ktére stanowilyby podstawe do
realizacji technicznej odpowiednich urzadzen cyfrowego przetwarzania mowy z szyb-
koScia mniejsza niz 32 kbit/s (zalecenia CCITT obejmuja szybkosci transmisji 64 i 32
kbit/s). Celem tych badan jest oszczedniejsze wykorzystanie kanaloéw transmisyjnych.

Niemal wszystkie stosowane obecnie metody kodowania sygnalu mowy wywo-
dza sic z zasady liniowej predykcji. Nalezy tu wymieni¢ adaptacyjne kodery
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réznicowe (ADPCM) dla przeplywnosci binarnych 16 — 32 kbit/s [2], kodery predyk-
cyjne o pobudzeniu impulsowym (MP) dla przeplywnoéci binarnych 8 — 16 kbit/s [3],
kodery predykcyjne o pobudzeniu stochastycznym (CELP) dla przeplywnoéci binar-
nych 4.8 —12 kbit/s [4] i wokodery predykcyjne dla przeplywnosci binarnych rzedu
2 kbit/s [1].

Przedmiotem pracy sa algorytmy predykcji dla adaptacyjnych koderéw roznico-
wych (ADPCM) o przeptywnosciach binarnych 16— 32 kbit/s. Algorytmy liniowej
predykcji mozna podzieli¢ na blokowe i rekursywne (sekwencyijne). Metody blokowe
sa rzadko stosowane w koderach ADPCM. Ich omdwienie mozna znalezé w [7].
Przeglad algorytmow blokowych, gradientowych i rekursywnych LS z uwzglednie-
niem licznych wariantéw wynikajacych np. z réznych kryteriéw optymalizacji filtru
predykcyjnego mozna znalezé w [17].

W pracy dokonano przegladu algorytméw rekursywnych liniowej predykcii,
w tym algorytméw gradientu stochastycznego i najmniejszych kwadratéw w wersjach
autokorelacyjnej i kowariancyjnej. Uwzgledniono dwie struktury predyktora: trans-
wersalng i kratowa. Opracowano programy symulacyjne dla wyminionych wyzej
algorytmow liniowej predykcji i wykonano badania na 3 frazach sygnahu mowy (W
sumie ok. 10s materialu dzwigkowego). Przebadano wiele wariantéw omawianych
algorytméw (np. z normalizacja i bez normalizacji) i przeanalizowano ich wlasciwosci
w zaleznosci od stalych okreslajacych szybkosci zbieznosci, rzedu filtru predykcyjne-
go, stalej czasowej, dlugofci okna. Przeprowadzono takze badania symulacyjne
catego ukladu ADPCM, skladajacego si¢ z adaptacyjnego predyktora i adaptacyine-
go kwantyzera, dla szybkosci transmisji 16, 24 i 32 kbit/s (zalecenia CCITT obejmuja
jedynie uklad ADPCM o szybkosci transmisji 32 kbit/s [4]). Projektowanie adapta-
‘cyjnych kwantyzeréw nie jest przedmiotem rozwazan niniejszej pracy — zostalo ono
przedstawione w [6]. Uklad ADPCM o szybkoéci transmisji 24 kbit/s zostal
zrealizowany w czasie rzeczywistym na procesorze sygnatowym TMS32010 [8].

2. PREDYKTOR W UKLADZIE ADPCM

Uklad adaptacyjnego kodera réznicowego pokazano na rys. 1.

y(Tl - es (T} e¢lT) es(T) FiT)
o _ .
ML — Y
. yiT)
yiT + _ .
. Fim b)
a)

Rys. 1. Uktad ADPCM: koder (a) i dekoder (b), Q — kwantyzer, P — predyktor
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Kwantowaniu podlegaja probki sygnatu réznicowego e (T), powstajacego w wy-
niku odjecia sygnatu aproksymujacego (sygnahi predykcji) 7(T) od sygnalu mowy
y(T). Poza szczegblnymi przypadkami (modulacja delta) prébkowanie przebiega
z czestotliwoscia 8000 prébek/s. Sygnal aproksymujacy 7(T) powstaje w predyk-
torze P, w wyniku cyfrowego przetwarzania poprzednich probek sygnalu wyj-
sciowego (T — 1),..., (T — n). Przy braku przeklaman transmisji w koderze
i dekoderze generowany jest ten sam sygnal predykcji $(T) i spelnione jest wowczas
réwnanie:

~(T)_y(T)=(Ef(Tj+.}3(T))—(ef(T)+J;(T)‘)= er(M—ep(T)=e(T) (2.1)

Oznacza to, ze sygnat wyjsciowy dekodera rozni si¢ od sygnahi wejsciowego kodera
jedynie o blad kwantyzacji e(T)

Miara jakosci sygnatli wyjsciowego 3(T) = y(T) + e(T) jest stosunek mocy
sktadowej uzytecznej y(T) do mocy znieksztalcen e(T)

_E[y(M)] _ E[y2(T)]  E[ex(T)] _
CE[(M)]  E[y(D]  Efe*(D)]

. _ E[y*(T)]
gdzie G, = Ele? (T)]
mowy do mocy sygnalu roznicowego, czyli blgdu predykeii, za§ SNR,
_ E[e¥(T)]

E[e*(T)]
towania. Dla uzyskania mozliwie najlepszej jakosci sygnatu wyjéciowego, predyktor
projektuje si¢ tak, aby uzyska¢ maksimum zysku predykciji G,, a kwantyzer — aby
uzyska¢ maksimum stosunku SNR .

Zysk predykcji oraz jako§¢ SNR sygnatu wyjéciowego okresla si¢ czgsto w mierze
segmentowej, jako frednia arytmetyczna wartosci wyznaczonych w mierze logaryt-
micznej (dB) w segmentach o dhugosci 10— 30 ms.

Zadaniem kwantyzera jest zaokraglenie wartosci probki sygnalu wejciowego
e;(T) do jednej z N wartoéci (poziom6w kwantyzacji), co umozliwia zakodowanie
probk1 é,(T) w stowie binarnym o dlugosci B = log,N bitow.

Aby zapewni¢ prawidlowa prace kwantyzera dla sygnalow o réznej mocy, stosu_]e
sie adaptacj¢ kwantyzera, uzalezniajac warto$ci poziom6éw kwantyzacji od czasu.
Adaptacja jest niezbedna w kodowaniu mowy, gdy liczba poziomow kwantyzacji jest
mala (N = 4-—-16). :

Istnicja metody adaptacji kwantyzera ,,w przéd” i ,wstecz”. Adaptacja ,,w
przod” polega na okreSleniu optymalnych parametréw kwantyzera dla pewnego
fragmentu sygnalu wejsciowego, a nastgpnie skwantowaniu tego fragmentu sygnatu.
Tego typu adaptacja nie bedziemy si¢ zajmowaé, gdyz wymaga ona transmisji
parametréw kwantyzera do odbiornika, a ponadto nie moze by¢ stosowana w ukla-
dach DPCM, w ktorych sygnal wejciowy kwantyzera nie moze by¢ z gbry
okreslony, ze wzglgdu na zamknigta petle sprzgzenia zwrotnego (rys. 1).

SNR

= G, SNR 2.2)
jest zyskiem predykcji réwnym stosunkowi mocy sygnatu

— stosunkiem mocy sygnalu kwantowanego do mocy szumu kwan-
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Adaptacja ,,wstecz” polega na korekcji parametréw kwantyzera jedynie w opar-
ciu o wartosci transmltowanych probek e,(T). Wigkszo$é stosowanych algorytméw
adaptac_]x »wstecz” wywodzi si¢ z koncepcji Jayanta [2] opracowanej dla kwantyzera
réwnomiernego. W algorytmie Jayanta parametr A, okreslajacy odlegloéci pozio-
mow kwantyzacji, zmienia si¢ z czgstotliwocia probkowania zgodnie ze wzorem:

A(T + 1) = A(T) M[I(T)] 2.3)

gdzie T — numer prébki, I(T) — numer poziomu kwantowania wykorzystywany
w chwili T, M(1)...M(N) — wspélczynniki adaptacji. Siatka pozioméw kwantyzacji
»Tozcigga si¢” lub ,kurczy” w zaleznosci od wykorzystywanych pozioméw kwan-
towania (niskie poziomy kwantowania implikuja kurczenie si¢ siatki, wysokie
poziomy — jej rozciaganie.

Zagadnienie projektowania kwantyzera, tzn. wybdr pozioméw kwantyzacji
i wsp6lczynnikéw adaptacji M (I), jest przedstawione w pracy [6]. Zgodnie z opisany-
mi tam zasadami zaprojektowano kwantyzery o N = 4, 8 i 16 poziomach
kwantyzacji, dla szybkodci transmisji 16, 24 i 32 kbit/s. Kwantyzery te zostaly
zastosowane w badaniach symulacyjnych, ktore beda opisane w kolejnych roz-
dzialach pracy.

W ukladach ADPCM najczgsciej stosowane sa predyktory AR [5] o strukturze
transwersalnej i kratowej (rys. 2). Innymi predyktorami (np. MA, ARMA) nie
bedziemy sie tutaj zajmowag.

i

. >—
a) ! -
T yiT
71 sygnat predykcji
|> +
sygnat predykcji y{T}
b) L T
A
FiT) o

ebiTIO) : ey (Tl eplTIn)

Rys. 2. Predyktor liniowy AR rzedu r w strukturze transwersalnej (a) i kratowej )
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Predyktor tranwersalny opisany jest wektorem wspoélczynnikéw predykciji
f = [f,,., f,] (t oznacza transpozycj¢), natomiast predyktor kratowy wspolczyn-
nikami odbicia ,,w przéd” kf ..., ki i ,wstecz” k% ..., kb. W przypadku
predyktoréw o stalych wspélczynnikach mozna fatwo zapewni¢ réwnowazno$¢ obu
struktur predyktora. Wystarczy spelni¢ rownania wynikajace z algorytmu Levinsona
[13], podstawiajac k{ = k?,i = 1,..., n. W przypadku predyktorow adaptacyjnych,
ktorych wspolczynniki sa funkcjami czasu T, zapewnienie réwnowaznoici obu
struktur jest sprawa bardziej skomplikowana i jest cecha tylko nielicznych algoryt-
moéw adaptacji (np. niektérych wariantéw metody najmniejszych kwadratow).

Algorytmy adaptacji predyktora mozna podzieli¢ na blokowe i rekursywne
- (sekwencyjne). Metody blokowe utrzymuja state wartosci wspolczynnikow predykcji
w obrebie ustalonego odcinka czasu — skokowe zmiany ich wartoSci nastgpuja co
10—20 ms [13]. Jak juz wspomnieli§my, algorytmy te sa rzadko stosowane w kode-
rach ADPCM, gdyz wymagaja transmitowania wspolczynnikéw predykcji do od-
biornika.

Metody rekursywne adaptacji predyktora polegaja na korekcji wartosci wspol-
czynnikow predykcji w kazdej chwili czasowej T. Algorytm adaptacji predyktora
tranwersalnego wykorzystuje zatem rekursje:

£(T + 1) = R(£(T)] (2.4)

gdzie £(T) = [f,(T) ,..., f(T)F — wektor wspolczynnikow predykciji w chwili
T, oraz R — pewna funkcja. Funkcja R uwzglednia wartosci sygnalu wejsciowego
predyktora y(f) dla ¢ < T oraz kryterium adaptacji predyktora. Podobna rekursja
wykorzystywana jest do adaptacji predyktora kratowego, gdzie wyznaczane s
wartoéci wspolczynnikéw odbicia k{(T +1),..., k{(T+1) i KT +1) ...,
kST + 1). :

Metody sekwencyjne umozliwiaja wyznaczenie identycznych wspoblczynnikéw
predykcji w koderze i dekoderze ADPCM (przy braku przeklaman w transmisji), bez
koniecznoéci transmitowania dodatkowych parametréw. Przesyla si¢ jedynie probki
skwantowanego sygnatu blgdu predykcji e,(T). Nalezy zwréci¢ uwage na fakt, ze
predyktor w ukladzie ADPCM wystepuje w petli sprz¢zenia zwrotnego, zaré6wno
w koderze jak i w dekoderze. Powstaje problem kontroli stablinosci takiego ukladu
ze sprzgzeniem zwrotnym. Utrzymanie stabilnosci jest latwiejsze w przypadku
predyktora kratowego. Jak wiadomo [1] jest ona zapewniona, gdy speiniony jest
warunek: ' '

kL] < L k&l <1, m=1,.,n. @.5)

Odpowiednie warunki stabilnoéci dla ukladu z predyktorem transwersalnym nie
dadzg si¢ sformutowaé w tak prosty sposob.

Innym problemem jest odporno§¢ ukladu ADPCM na blgdy w transmisji.
Dotyczy to algorytméw adaptacji kwantyzera i predyktora. Wskutek przeklamania
transmitowanej probki e,(T) w odbiorniku generowane sa falszywe warto$ci pozio-
mow kwantyzacji i wspolczynnikéw predykcji. Wplywa to ujemnie na dalsza pracg
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ukladu ADPCM. Dobre algorytmy adaptacji kwantyzera i predyktora charak-
teryzuja si¢ tym, ze powstale w ten sposdb zaklocenie ma mozliwie krotki czas
propagacji.

3. ADAPTACJA PREDYKTORA METODAMI
GRADIENTU STOCHASTYCZNEGO

3.1. PREDYKTORY O STRUKTURZE TRANSWERSALNEJ

Optymalny predyktor winien maksymalizowa¢ zysk predykciji G,, a co za tym
idzie, minimalizowa¢ warto$¢ Sredniokwadratowa (moc) blgdu predykcji E[e2(T)].
Blad predykcji w chwili T mozna zapisaé w postaci:

er(T) = y(T) — $(T) = y(T) — £*(T) y(T - 1), G.1)

gdzie y(T — 1) = [§(T) ,..., (T — n)J — wektor probek sygnalu wejsciowego pre-
dyktora.

Wartosci y(T) i e,(T) nie moga by¢ wykorzystane do wyznaczania wspélczyn-
nikéw predykcji, gdyz nie sa znane po stronie odbiorczej. W zwiazku z tym
zastapimy je skwantowanymi odpowiednikami y(T) i é,(T). Wielkoéci te zwiazane
sa zaleZnoscig analogiczna do zaleznosci (3.1):

&,(T) = H(T) — H(T) = 5(T) — £5(T) y(T — 1). (2

Sygnal predykeji 7(T) zostal wyznaczony przy uzyciu wspolczynnikéw predykcii
£(T), przygotowanych juz w poprzedniej chwili T — 1. W chwili T przygotowuje sie
wspolczynniki dla nastgpnej chwili, dodajac poprawke A f(T):

f(T + 1) = £(T) + AL(T). (3.3)

. Poprawka jest skierowana przeciwnie do kierunku wzrostu minimalizowanej funkciji,

czyli mocy skwantowanego bledu predykcji E}(T). Kierunek wzrostu wskazywany
jest przez gradient tej funkcji. Wynika stad nastepujaca warto$é poprawki:

AR(T) = —(B12) 5. 34(T) = — (D) 24,(T) 2 &,(T)

= —BEM LD -TFMYT-DI=FéMyT-D. G4
Rekursja
(T+1D)=HT)+ B E,(T) y(T-1) (3.5)

opisuje metode gradientu stochastycznego wyznaczania wspdlczynnikéw predyk-

cii [5].
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Zbieznos¢ wektora (3.5) jest zagwarantowana dla dostatecznie malego f. Parametr
B reguluje jednoczesnie szybko§é zbieznosci. Zbyt mala jego warto$¢ oznacza mala
wielko$¢ poprawki f €,(T) y(T — 1) i wolna zbiezno§¢ wektora wspolczynnikow.
Zbyt duza warto$¢ B prowadzi do rozbieznosci wektora wspblczynnikow predykcii.

Szybkosé¢ zbieznosci zalezy takze od poziomu przetwarzanego sygnatu {y(T)}.
Wielko$é poprawki zalezy od kwadratu amplitudy sygnahi, gdyZz amplituda wplywa
zarébwno na wektor y(T — 1) jak i na blad predykcji €,(T). Jest to zjawisko
niekorzystne, gdyz szybko$§¢ zbieznoéci nie powinna zaleze¢ od poziomu sygnahu.
Mozna wyeliminowa¢ to zjawisko, uzalezniajac parametr f od mocy sygnahu:

Lyg
cX(T) + M,

Stata L, reguluje szybkosé zbieznoSci, stala My zapobiega dzieleniu przez zero
w przypadku braku sygnalu na wejsciu predyktora, natomiast ¢ (T) jest estymato-
rem mocy sygnalu w chwili T, ktéry oblicza¢ bedziemy zgodnie z rekursja:

02(T) = @ 6*(T — 1) + (1 — &) $2(T). 3.7)

Wielko$¢ o okre§la szybkoS$¢ reakcji estymatora na zmiany mocy chwilowej
sygnatu. Dla mowy sprébkowanej z czgstotliwoscia 8 kHz przyjmuje si¢
o =09 — 0.99. Otrzymujemy w ten sposOb algorytm gradientu stochastycznego
z normalizacjq.

W systemach ADPCM wazna jest odpornos¢ algorytmu adaptacji predyktora na
bledy transmisji. Pojedynczy blad transmisji (tzn. fatyszywa wartos¢ e (T) po stronie
odbiorczej) spowoduje rozbieznos¢ ciagu wektorow { f(T)} obliczanych w nadajniku
i w odbiorniku. Aby tego uniknaé, stosuje si¢ algorytm gradientu stochastycznego
z Humieniem:

B(T) = (3.6)

T+ D=0 - f(T)+ B é,(T) y(T - 1). (3.8)

Parametr u « 1 decyduje o szybkosci ,tlumienia” pojawiajacych si¢ bledow
transmisji. W przypadku braku sygnalu na wejsciu predyktora wyznaczone wspol-
czynniki predykcji daza do zera — w przypadku algorytmu gradientu stochastycz-
nego (3.5) bez tlumienia wspolczynniki te pozostalyby nie zmienione.

3.2. PREDYKTORY O STRUKTURZE KRATOWE]

Predyktor kratowy pokazano na rys. 2b. Réwnania m-tego ogniwa kraty maja
nastepujaca postac:
e (Tim) = e (T|m—1) — k% e (T —1lm—1)
3.9)
ey (Tim) = e,(T — )im — 1) — k}, ¢,(T| m — 1).
Zalety struktury kratowej jest to, ze optymalizacjg wspolczynnikéw kb, i kf, mozna
przeprowadzi¢ niezaleznie dla kazdego ogniwa kraty. Wspoélczynnik kb, wyznacza si¢
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na minimum mocy bledu predykcji e%(T|m). Do poprzedniej wartosci k%, (T) dodaje
si¢, poprawke skierowana przeciwnie do gradientu (w tym wypadku pochodnej)
funkcji e%(T|m). W chwili T gradient ma posta¢:

5%eﬂﬂ@=2q@hﬂkqﬂ—”m—n]= (3.10)
KE(T) = —2e,(T|m— 1) e(T — 1]m — 1) +2k25(T) e2(T — 1jm — 1),
Iteracje wykonuje sie wedhug wzoru:
BT + 1) = kA(T) = § o | €3(Tlm) = (1 = B e}(T = 11m — D] KA(T) +
&M
+ B ep(Tlm — 1) ey(T — 1m — 1). G.11)

Podobne wyrazenie otrzymuje si¢ dla wspblczynnika kJ,, ktoéry wyznacza sig
minimalizujac e (T|m) [5]:
EL(T+1)=[1-8 e2(T|m—D] kf(T)+B e (Tim—1) ¢,(T—1|m—1). (3.12)
Podobnie jak w predyktorze transwersalnym, szybkos¢ adaptacji i zbiezno$é
algorytmu zalezy od wyboru parametru S. Aby uniezaleZni¢ szybkos¢ adaptacji od
poziomu sygnatu, stosuje si¢ algorytm gradientu stochastycznego z normalizacja.
Parametr § we wzorach 3.11 i 3.12 zalezy wowczas od mocy przetwarzanych
w m-tym ogniwie kraty sygnalow wejSciowych:
Ly
oz (T) +M,’
ktora jest estymowana zgodnie z rekursjami (m = 1,..., n):
oa(M) =aoc(T—-1D+1A-0)[e}(TIm—1)+eZ(T — 1|m — 1)].
Stosowany jest takze wariant algorytmu adaptacji, w ktorym zaklada si¢ jedna-

kowe wartosci wspdlczynnikéw k,, = kb, = k, i oblicza si¢ je w wyniku minimalizacji
sumy e%(T|m) + eZ(T|m). Otrzymujemy wowczas nastgpujacy wzor iteracyjny:

k(T + 1) ={1—B[e}(T — lim — 1) + eX(T|m — 1]} k,(T) +

Bn(T) = (3.13)

+ 28 e (TIm—1) ey(T — 1|m — 1), (3.14)
Stosowane sa rOwniez inne warianty algorytmu adaptacji, np. algorytm z thumieniem
(wartoSci 1 we wzorach (3.11), (3.12) nalezy zastapi€ przez 1 — p, y < 1).

W ukladach ADPCM celowe jest kontrolowanie stabilnosci ukladu z predyk-
torem w petli sprzezenia zwrotnego. W przypadku predyktora kratowego ogranicza
sie to do sprawdzenia, czy obliczone wartosci k, i k%, leza w przedziale (—1, +1) dla
m=1,2,.., n Jezeli ze wzorow (3.11), (3.12) lub (3.14) otrzyma si¢ wartosci spoza
tego przedziahi, nalezy sprowadzi¢ je do wartosci + 1 lub — 1. Inna mozliwa reakcja
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na wykrycie niestabilnosci jest wyzerowanie wspolczynnikdw k), i kJ w ,niestabil-
nym” ogniwie i we wszystkich dalszych ogniwach kraty.

Nalezy podkreslié, ze struktury transwersalna i kratowa z adaptacja wspdlczyn-
nikéw metoda stochastycznego gradientu nie sa sobie rownowazne. Dla obu tych
struktur nalezy przeprowadzi¢ osobne badania symulacyjne.

4. ADAPTACJA PREDYKTORA METODA NAJMNIEJSZYCH
KWADRATOW

4.1. PODSTAWOWE WARIANTY ALGORYTMU NAIMNIEJSZYCH KWADRATOW

Metody najmniejszych kwadratéw (LS) obejmuja algorytmy rekursywne, w kto-
rych biezace wartoéci wspolezynnikéw predykcji £(T) wyznaczane sa w taki sposob,
aby minimalizowaly energi¢ bledu predykcji w obrgbie okreSlonego okna. Okno
rozciaga si¢ od momentu T, do biezacej chwili T. Gdy T, = const mamy do czynienia
z oknem poczatkowym (rys. 3a). Okno takie rozszerza si¢ wraz z uptywem czasu i jest
najwlasciwsze dla analizy sygnaléw stacjonarnych. W przypadku sygnalu mowy
nalezy adaptowaé predyktor do aktualnie wypowiadanej gloski (poprzednie gloski
winne byé usuni¢te z okna). Mozna to osiagnac wprowadzajac okno poczatkowe
z waga eksponencjalna (rys. 3b) lub okno ruchome o stalej dlugosci M (rys. 3c).

A

wit)
1
a)
To=0 Tt
wH)A
1 e c— ——
b)
To=0 T t
witt}
1 e e o e
c)

-

Y Tp=T-M#1 Tt

Rys. 3. Okna, w obrgbie ktérych minimalizuje si¢ sume kwadratéw bledow predykcji: a) okno poczat-
kowe, b) okno poczatkowe z waga eksponencjaing, c) okno ruchome o diugo§ci M .

Algorytmy LS moina podzieli¢ na autokorelacyjne i kowariancyjne [5]. W al-
gorytmach autokorelacyjnych dokonuje si¢ minimalizacji energii blgdu predykcji
w obrgbie calego oknat=T,, T, +1,..., T:
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T T '

&(Tin)= Y [6,@F = Zr [7() — £1(T) yz — DP @.1)
t=T, =T,

. Ze wzglgdu na konieczno$¢ synchronicznego dzialania algorytmu w nadajniku

i odbiorniku, uzywa si¢ skwantowanych wartosci e f (z) i y(x). Stosujac okno z waga

eksponencjalna, energia &,(T|n) przyjmie postac Z AT= e (™1

Poniewaz y(z—1) = [yt —1) ,..., y(z—n)], do wyliczenia sygnalu predykcji
y@)=1'() y(x—1) dla 1=T,, T +1,.,Ty+n—1, a co za tym idzie, do
wyznaczenia energii £.(T|n), komeczne 53 probk1 sygnalu y lezace poza analizowa-
nym oknem (7t < To) Poniewaz probki te moga byé nieznane, w metodzie auto-
korelacyjnej przyjmuje si¢ y(z) =0, = < T,,.
W metodzie kowariancyjnej unika s1§ tego zalozenia, mlmmahzujac energ1¢
bledu predykcji w zawgzonym zakresie © = T, + n, T +n+1,.,T:

er(Tln) = ; [é,@) = R @) - f’(T) Y@ - DE. “.2)

Wyrazenie to nie zawiera wartoici y(z), 7 < T,

Wielkodé (T |n) moze by¢ interpretowana jako kwadrat odleglosci euklidesowej
dwoch wektorow: wektora Y(T) probek skwantowanego sygnalu mowy i wektora
Y(T) prébek sygnatu predykeji. W metodzie autokorelacyjnej wektory maja postaé:

YM=[FMHT - 1),..., J(T I 4.3)

[0 7 [ra-n]
FT-| | »(T-2)

?(T) = = X

5 | [ r-n]
) 4.4)
HT-1) FT-2) ... 5(T-n)

5(T—2) F(T—3) ... 5(T—n—1)

xf(T)=| e £(T)

¥(T,) 0 0
0 0 0

za$ w metodzie kowariancyjnej:
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Y(T) = [F(T) oo HTg+ 0] @)
3 [ra-n ]
HT-1 | | y(T-2)
=\ . x

(T y+n) ¥(Ty+n—1)

_ : 4.6)
y(T-1) H(T=2) s F(T—m)
HT-2) F(T=3) ooy H(T—n—1)

(D) =| 1(T,)

-?(To+n—l) y(To+n_2)15'“: J7(T'r) .

W obu przypadkach wektor probek sygnalu predykcji f((T) jest kombinacja
liniowa kolumn macierzy S(T |n) wystepujacej we wzorach (4.4), (4.6). Jak wiadomo,
minimum odlegloéci euklidesowej migdzy Y(T) i Y(T) zapewnia rzut ortogonalny
wektora Y(T) na przestrzeri rozpigta na wektorach tworzacych kolumny S(T|n).
Wynika stad, ze optymalnym wektorem wspolczynnikéw predykcji jest wektor [5]:

£(T) =[S*(T|n) S(TI)]~* S*(T|n) Y(T). @.7)

Analogiczne rozwiazanie otrzymuje si¢ dla okna z waga eksponencjalna, nalezy
tylko kazda skladowa wektora Y(T) i kazdy wiersz macierzy S(T|n) pomnozyé
przez odpowiednia wage AT * (x =0, 1,...).

Obliczenie wspolczynnikéw £(T) byloby znacznie prostsze gdyby kolumny ma-
cierzy S(T|n) = [Y(T|1) ,..., Y(T|n)] byly ortogonalne. Wowczas m-ty wspolczyn-
nik predykciji f,,(T) bylby wspolczynmkem rzutu ortogonalncgo wektora Y(T) na
wektor Y(T|m):

Y!(T|m) Y(T)
Y'(T|m) Y(T|m)

Poniewaz macierz S(T |#) z reguly nie jest ortogonalna, mozna ja zortogonalizo- .
waé, stosujac procedur¢ Grama—Schmidta. Wektor Y(T|1) pozostawia si¢ bez
zmiany, natomiast od kolejnych wektorow Y(T|m) odejmuje si¢ ich rzut na
podprzestrzen rozpicta na wektorach Y(T|1), Y(T|2) ,..., ¥(T|m — 1). Otrzymuje
si¢ w ten sposob bazg ortogonalna Y, (T|1) ,..., Y, (T |n).

Ju(T) =

4.8)
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W niektorych przypadkach procedura ortogonalizacyjna moze byé przeprowa-
dzona dla struktury kratowej jak na rys. 2b [16]. Metoda autokorelacyjna z oknem
poczatkowym i metoda kowariancyjna z oknem ruchomym o stalej dlugosci naleza
do tego typu przykltadow. Sygnaly wystgpujace na wyjéciu ukladéw opo6zniajacych
(z71) tworza wéwczas bazg ortogonalna Y, (T|1) ,..., Y, (T |n). Wartosci kE5(T)
»---» ko(T) sa wspblczynnikami rzutu ortogonalnego wektora Y(T) na wektory tej
bazy. Wektor probek sygnatlu predykcji Y(T) jest suma poszczegdlnych rzutéw
ortogonalnych. Ma on t¢ sama warto$é jak w przypadku predyktora transwersal-
nego. Wynika stad réwnowazno$¢ struktury transwersalnej i kratowej (dla metody
autokorelacyjnej z oknem poczatkowym i metody kowariancyjnej z oknem rucho-
mym.). Ze wzgledu na tg réwnowazno$é rozwazaé bedziemy dalej jedynie strukture
kratowa. Wyboér tej whasnie struktury mozna uzasadnié latwiejsza kontrola stabilno-
§ci, o czym byla mowa w p. 2.

4.2. SZYBKIE ALGORYTMY REKURSYWNE

Wspolezynniki opisujace strukturg kratowa predyktora moga byé wyznaczone
droga dzialah na wektorze Y(T) i kolumnach macierzy S(T|n). Wymaga to jednak
wykonania wielu operacji arytmetycznych w kazdej chwili T. Zauwazmy jednak, ze
wektor Y(T) i macierz S(T|n) roznia si¢ w niewielkim stopniu od ich odpowied-
nikéw Y(T — 1) i S(T — 1|n). Réznica polega na tym, ze do wektora Y(T —1)
dopisana jest dodatkowa pierwsza skladowa y(T), a do macierzy S(T —1]») dodat-
kowy pierwszy wiersz [ (T —1), (T —2) ,.... (T — n)]. Poza tym, w metodzie
kowariancyjnej z oknem ruchomym, skasowana jest ostatnia skladowa
(T, + n— 1) wektora Y(T — 1) i ostatni wiersz [7(Ty+n—2),5(T,+n-13),..,
(T, — 1)] macierzy S(T — 1]|n). Mozna zatem oczekiwaé, ze miedzy wspoélczyn-
nikami predykcji w chwili T — 1 i T istnieje pewien zwiazek. Wykorzystujac ten
zwigzek mozna wyprowadzi¢ tzw. szybki algorytm rekursywny najmniejszych kwad-
ratébw (wyprowadzenie mozna znale2¢ w [S]). Wymaga on wykonania w chwili
T obliczenia nastgpujacych rekursji (dlam =0,..., n — 1):

Km+1(T) =2 Km+.1(T_1) + ef(T|m) e,,(T— 1 |m) m (493)
K, (T) ' _ K,,+ (T)

k1 (T) = ef_(le kpar (D) = s 4.9.b.0)

er(Tlm+1) = e;(T|m) — k2., (T) e,(T—1|m) (4.9.d)

ey (T|m+1) = e,(T—11m) — k#,,1(T) e;(T|m) 4.9.¢)

er(Tlm+1) = e/ (T|m) — kb, (T) K,,,,(T) 49

&(Tlm+1) =(T~1lm) — ki (D K, (T (49)
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_ e2(T|m)
Y(T|m+1) =y(T|m) + é:(Tlm) (4.9.h)‘
er(Tim+1) = ex(T|m) — k%41 (T) ey (T—1|m) 4.9.i)
ey (Tim+1) = ep(T—11m) — kf+ ; (T) e3(T|m) 4.9

. e ey (T|m)
Y (T|m+1) =y (T|m) + m 4.9k)

. . . 1

Km+1(T) << m+1(T)— ef(TIm) eb(T—llm)m (491)

Pierwsza cze$é wzordw 4.9 (a)—(h) opisuje metod¢ najmniejszych kwadratow
z oknem poczatkowym (1 < 1 jest waga eksponencjalng). Obie czgici opisuja
algorytm z oknem ruchomym (nalezy wowczas podstawi¢ 1 = 1). Znak < oznacza
podstawienie wartoéci K, ., (T) po zmodyfikowaniu dotychczasowe; wartosci wy-
stepujacej po prawej stronie rOwnania.

Wyjasnijmy znaczenie niektorych zmiennych wystgpujacych w szybkim algoryt-
mie najmniejszych kwadratow:
Kolejne probki sygnatu e,(T—1|m), e,(T —2im) ,..., tworza wektor E,(T|m+1)
=Y, (T|m+1) tzn. m + 1-szy wektor zortogonalizowanej bazy Y. (T|D) ,...,
Y,..(T|n). Kolejne probki sygnatu e (T|m+1) e, (T —1|m+1),... tworza wspOtrzed-
ne wektora blgdu predykcji E (T |m+-1) dla predyktora o m~+1 wspolczynnikach.
Wektor E (T|m+1) powstaje przez odjecie od wektora Y(T) jego rzutu na
podprzestrzen rozpigta na wektorach bedacych m+1 pierwszymi kolumnami macie-
rzy S(T|n). Rzut ten stanowi wektor probek sygnatu predykcji Y (T|m+ 1) uzyskany
przy uzyciu predyktora o m+1 wspolczynnikach. Wektor ten jest obliczany jako
suma rzutdw ortogonalnych wektora Y(T) na kolejne wektory Y, (T|l) ,...,
Y, (Tim+1) czyli E,(T|1) ..., Eo(T|m+1):

’ m+-1
Y(T|m+1)= Y, k¥(T) E,(T|i). (4.10)

i=1

Pierwsza wspolrzedna tego wektora jest (dla m =n — 1) poszukiwana probka
sygnahu predykcji y(T):

F(T) =Y k(D) e(T—1]i=1). 4.11)
i=]
Wspolezynnik k%, ;(T) jest wspolczynnikiem rzutu wektora Y(T) na Y, (Tim+1)
= Ey(T|m+1)

Ei(Tim+1) Y(T)  Ey(T|m+1) E(T|m)

kLo (D= = .
2 (T|m+1) E(T|im+1) H(T|m+1) E(T|m+1)

(4.12)
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Ostatma réwnosé wynika z faktu, ze wektor Y(T) mozna roztozy¢ na skladniki
ortogonalne: Y(T) = Y(Tlm) + E/(T|m), gdzie Y(T|m) lezy w podprzestrzeni roz-
pigtej na wektorach Y, (T|1) ,..., Y, (T|m), a E (T|m) jest do tej podprzestrzeni
ortogonalny. W zwiazku z tym rzut wektora Y(T) na Y_,(T|m+1) jest rowny
rzutowi wektora E (T|m) na Y,,,(T |m+1). _

Poréwnujac wzér (4.12) ze wzorem definicyjnym (4.9.c) mozna zinterpretowaé
K, . ,(T) jako iloczyn ska.larny E}(T|m+1) E(T|m), oraz &,(T — 1|m) jako kwadrat
normy ||E(T|m+1)||? = E}(T|m+1) E,,(Tlm+ 1). Podobnie zmienna &,(T|m) jest -
interpretowana jako kwadrat normy wektora E (T|m).

Z nier6wnosci Schwarza :

[E} (Tlm+1) E/(TImP < |EAT|m)[? |E,(T|m+1)]2 (4.13)

wynika, ze
KZ+1(T) < e,(T|m) g(T—1|m). 4.14)

Naruszenie tej nier6wnosci (np. wskutek niedokladnosci obliczen) powoduje, ze
wartosci numeryczne norm wektoré6w wystgpujacych we wzorach (4.9.1), (4.9.g) staja
si¢ ujemne.

Jak juz wspomniano, w chwili T dokonuje si¢ modyfikacji macierzy S(T —1|n)
dopisujac do niej nowy pierwszy wiersz i dodatkowo kasujac (dla metody kowarian-
cyjnej z oknem ruchomym) ostatni wiersz w taki sposob, aby otrzymaé macierz
S(T|n). Wspblczynnik y(T —1|m) interpretuje si¢ jako kwadrat sinusa kata pomig-
dzy podprzestrzeniami rozpigtymi na m+ 1 kolumnach macierzy S(T —1|n) z dopi-
sanym nowym wierszem i bez tego wiersza. Podobnie y'(T —1|m) interpretuje si¢
w odniesieniu do usuwanego ostatniego wiersza macierzy S(T —1|n). Wartosci tych
wspolczynnikéw powinny byé zawarte w przedziale <0,1).

W algorytmie kowariancyjnym z oknem ruchomym wyst¢puja ponadto sygnaly
e7(T|m) i ey (T —1|m) reprezentujace ,lewa” krawedz okna (rys. 3c).

. W chwili T obliczenia rozpoczyna si¢ wyliczeniem sygnatu predykcji 7(T) wedtug
wzoru (4.11). Po otrzymaniu sygnalu skwantowanego j(T) (rys. 1) mozliwa jest
inicjalizacja wartoSci zmiennych niezbednych do obliczenia rekursji (4.9). Zmiennym
e;(T|0) i e,(T]0) nadaje si¢ wartosci poczatkowe réwne 7(T). Podobnie podstawia
si¢ e7(T]0) = e4(T|0) = j(T,+n) = J(T—M+n+1), gdzie M jest szerokoscia ok-
na (rys. 3c). Wartosci &,(T|0) =&,(T|0) sa kwadratem normy wektora Y(T).
Oblicza si¢ je, dodajac do kwadratu normy wektora Y(T—1) wartoéé y2(T)

- i odejmujac y2(T,+nr—1). Dla algorytmu z oknem poczatkowym i waga eksponenc-
' Jalnq mnozy si¢ || Y(T D[? = e,(T —1|0) przez A i dodaje si¢ y2(T). Wspolczynniki
yi9" dla m = 0 sa zerowe.

Inicjalizacja calego algorytmu polega na zastosowaniu w Cthll T (0

< T < n-1) predyktora o m=T wspolczynnikach. Dla’'T > n stosuje si¢

predyktor o n wspllczynnikach. Wszystkie sygnaly dla T < 0 uwaza si¢ za
zerowe.
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5. WYNIKI BADAN SYMULACYJNYCH

5.1, WARUNKI I ZAKRES BADAN

Badania symulacyjne wykonywane byly na sygnale mowy. Wykorzystywano

3 frazy sygnalu mowy, sprobkowanego z czgstotliwoscia 8 kHz i przetworzonego na

postaé cyfrowa w formacie 12-bitowym (w sumie okoto 10s materialu dzwiekowe-
go). Badano nastgpujace metody sekwencyjne liniowej predykciji:

SGTRAN: algorytm gradientu stochastycznego, predyktor transwersalny,

SGTRAN-N: algorytm gradientu stochastycznego z normalizacja, predyktor

transwersalny,
SGLAT: algorytm gradientu stochastycznego, predyktor kratowy,
SGLAT-N: algorytm gradientu stochastycznego z normalizacja, predyktor
kratowy,
LSLAT: algorytm najmniejszych kwadratow z oknem eksponencjal-

nym, predyktor kratowy,
COVLAT: algorytm kowariancyjny z oknem ruchomym, predyktor
kratowy.

5.2 BADANIE ZYSKU PREDYKCI]I

W pierwszym etapie badan rejestrowano zysk predykcji G, w ujgciu segmen-
towym dla samego predyktora z adaptacja (z ukladu ADPCM wyeliminowano
kwantyzer). Pozwolilo to na dobér optymalnych parametréw predyktora i algoryt-
mu jego adaptacji.

W metodach gradientu stochastycznego SGTRAN i SGLAT najistotniejsza
sprawa jest wlasciwy dobor stalej § okreslajacej szybko$¢ zbieznosci. Dla zbyt

6
(@81}
* Tkil<1 A
il< C]:]
SGLAT ! -
ol G 12k SGLAT-N
8l 1Nt Tkil<1
7 . 101
SGTRAN SGTRANZN
6l : 9
1 L I - 8 1 1 L1 -
001 005 02 08 P 002 004 006 008 Lg
Rys. 4. Zysk predykcji w funkcji Rys. 5. Zysk predykcji w funkcji

parametru 8 (n = 8) parametru Ly (n = 8) -
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malych wartosci B szybkoS$¢ zbieznoSci jest nazbyt powolna — objawia si¢ to
spadkiem zysku predykciji G, (rys. 4). Dla nazbyt duzych wartosci § nastepuje utrata
stabilnosci algorytmu adaptacji — szczegélnie w obrebie fragmentéw sygnalu mowy
o duzym poziomie. ‘

W metodzoe SGLAT mozna ograniczy¢ skutki utraty stabilnosci algorytmu
adaptacji wymuszajac |k;| < 1,i=1 ,..., n (jest to jednocze$nie warunek stabilnosci
ukladu ADPCM z predyktorem w petli sprzezenia zwrotnego). Ostatecznie ustalono
nastgpujace wartosci stalej f: dla algorytmu SGTRAN g =0.2, dla algorytmu
SGLAT g = 0.4 (zaklada si¢, Ze probki przetwarzanego sygnalu mowy mieszczg si¢
w przedziale od —1 do +1).

W metodach gradientu stochastycznego z normalizacja najistotniejszy jest wybor
-wartosci L, — stalej okreslajacej szybkos¢ zbieznosci i stabilno$¢ algorytmu. Dziala
tu podobny mechanizm, jak w przypadku metod bez normalizacji (rys. 5). Ostatecz-
nie ustalono Ly =0.04 dla algorytmu SGTRAN-N i L;=10.02 dla algorytmu
SGLAT-N. Parametr M, ma minimalny wpltyw na zysk predykcji. W obliczeniach
stosowano M, = 0.0001. Parametr «, od ktérego zalezy stala czasowa estymatora
mocy sygnatu (wzor 3.7), ma réwniez niewielki wplyw na zysk predykcji — mozna go
zmienia¢ w zakresie 0.8—0.98. Ostatecznie przyjeto o« =0.92 dla algorytmu
SGTRAN-N i a = 0.96 dla algorytmu SGLAT-N.

W metodzie najmniejszych kwadratow z oknem poczatkowym i waga eksponenc-
jalna (LSLAT) nalezy wybra¢ odpowiednia warto$§é A charakteryzujaca efektywna
dhigos¢ eksponencjalnego okna. W wyniku symulacji otrzymano optymalna wartos§é
A =0.98 (rys. 6).

3
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Rys. 6. Zysk predykcji w funkcji parametru A (n = 8)

W metodzie kowariancyjnej z oknem ruchomym (COVLAT) dla niewielkich
fragmentéw mowy uzyskiwano wysokie wartosci G, rzedu 16 dB. Symulacje
z uzyciem calych fraz mowy nie daly jednak zadowalajacych wynikéw ze wzgledu
na pojawiajace si¢ przypadki utraty stabilnoéci algorytmu adaptacji predyktora.
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Szczegblowa analiza dowiodla, Zze wystepuje tu zjawisko kumulacji bledow
zaokraglen.

W algorytmie adaptacji predyktora (4.9) wystepuja nast@pujqce zmienne, w kto-
rych moga kumulowaé si¢ bledy zaokraglen: K, ,(T), m —1, oraz s,,(TIO)
i &(T[0). W przypadku braku bledow zaoquglen spelmone sa rownosci

m+1(T) =E}(T|m+ l)Ef(TIm), m=0,.,n—1, oraz &(T|0)=&,(T|0)
= | Y(T)|]?. Po przetworzemu dhuzszego fragmentu sygnalu mowy bledy zaokraglen
osiagaja tak wysoki poziom, Ze wyzej wymienione rownosci nie s3 juz spelnione.
Daje si¢ to zauwazyé szczegdlnie w sytuacji, gdy przetwarzany jest fragment ciszy
miedzywyrazowej i wartosci E(T|m+1)E f(TIm) oraz | Y(T)||? sa male. W tych
warunkach czesto dochodzi do naruszenia nieréwnoéci (4.14), co powoduje otrzy-
manie ujemnych norm wektoréw w kolejnych iteracjach i utrat¢ stabilnosci numery-
cznej calego algorytmu adaptacji. Ograniczenie wartosci K, ,(T) tak, aby wymusi¢
spelnienie nieréwnosci (4.14), nie jest dzialaniem skutecznym, gdyz wyliczane
wspolczynniki predykcji traca zwiazek z przetwarzanym sygnalem mowy (zaleza od
skumulowanych bledoéw zaokraglen).

Skutecznym dzialaniem okazal si¢l natomiast restart calego algorytmu adaptacji
po kazdorazowym naruszeniu nieréwnosci (4.14). Zmienne zawierajace skumulowa-
ne bledy zaokraglen sa zerowe, a caly sygnatl y(T) poprzedzajacy moment restartu
jest traktowany jako zerowy.

Po wprowadzeniu powyzszych modyfikacji zbadano wplyw dtugosci okna M na
zysk predykcji. Najlepsze wyniki osiagnig¢to dla okna liczacego M = 100 probek
(rys. 7).
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Rys. 7. Zysk predykcji w funkcji dlugosci okna M (n = 8)

Po ustaleniu optymalnych wartoici parametréw dla kazdej z wymienionych
metod adaptacji predyktora, zbadano zysk predykcp w funkcii liczby wspolczyn-
nikdw predykcji n (rys. 8). Najlepszym okazal si¢ algorytm COVLAT, jednak
algorytmy LSLAT i SGLAT-N ust¢puja mu jedynie w niewielkim stopniu.
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Rys. 8. Zysk predykcji w funkgiji liczby wspélczynnikow n

Zalezno$¢ zysku predykcji G, od liczby wspdlczynnikéw predykcji n wykazuje
szybkie nasycenie. Ostatecznie przyjeto n =8 jako kompromis miedzy jakoscia
predyktora a liczba operacji arytmetycznych wykonywanych w procesie adaptacii.

5.3. BADANIE UKLADU ADPCM

Po ustaleniu optymalnych wartosci parametréw dla ukladéw adaptacji predyk-
tora, zasymulowano uklad ADPCM z kwantyzerami adaptacyjnymi o 4, 8 i 16
poziomach kwantyzacji, co odpowiada szybko&ci transmisji 16, 24 i 32 kbit/s.
Stosowano predyktory o n = 8 wspSlczynnikach.

Tablica 1
Stosunek mocy sygnalu uzyteczmego do zmieksztalcert
(SNR [dB]) w ujeciu segmentowym dla symulowanego

vkladu ADPCM
ALGORYTM Liczba pozioméw kwantyzacji
4 8 16
bez predykcji | 891 14.68 19.91
SGTRAN . 14.59 20.98 24.28
SGLAT 14.69 21.14 24.21
SGTRAN-N. 15.57 21.65 24.37
SGLAT-N 16.35 22.89 25.04
LSLAT 16.31 22.76 25.10
COVLAT 16.69 23.03 25.37
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Z analizy wynikéw (tabl. 1) moina wnioskowa¢ o oplacalnosci stosowania
predyktoréw (poprawa jakoSci mowy o 3—9dB w poréwnaniu z ukladem
bez predykcji). Najlepsze wyniki zapewnia metoda COVLAT, jednak metody
LSLAT i SGLAT-N prawie jej dorownuja. Generalnie, predyktory o strukturze
kratowej zapewniaja lepsze dzialanie ukladu ADPCM niz predyktory trans-
wersalne.

6. PODSUMOWANIE

Celem pracy bylo dokonanie analizy poréwnawczej algorytméow liniowej
predykcji pod katem ich przydatnosci do implementacji w koderach ADPCM,
szczegblnie z wykorzystaniem procesoréw sygnalowych. Podobne badania prze-
prowadzono juz w [9, 10]. W niniejszej pracy problem potraktowano szerzej, badajac
szersza klasg algorytméw liniowej predykcji (m.in. algorytmy kowariancyjne
7 oknem ruchomym) oraz uklady ADPCM o r6znej szybkosci transmisji: 16, 24 1 32
kbit/s.

Najlepsze wlasciwosci, z punktu widzenia zysku predykcji, posiadaja algorytmy
najmniejszych kwadratéw. Algorytm z oknem ruchomym w swojej wersji oryginal-
nej [5] nie nadaje si¢ do przetwarzania sygnalu mowy ze wzgledu na kumulacje
bledéw zaokragled. Po omdwionej w p. 5.2 modyfikacji algorytm ten okazatl si¢
najlepszy ze wzglgdu na zysk predykcii i stosunek synal—szum w ukladzie ADPCM.
Algorytm z oknem poczatkowym i waga eksponencjalna jest odporny na kumulacj¢
bleddéw zaokraglen (w kazdym momencie T skumulowane bledy maleja w stosunku
1) i niewiele ustgpuje algorytmowi z oknem ruchomym.

Metody gradientowe z normalizacja, zastosowane w predyktorach o strukturze
kratowej, niewiele ustepuja metodom najmniejszych kwadratéw. Metody gradien-
towe sa ciagle jeszcze udoskonalane. Proponowane sa warianty bardziej zlozone
obliczeniowo, lecz szybciej zbieine [12].

Ostateczne decyzje co do implementacji poszczegdlnych algorytmé6w liniowej
predykcji w koderach ADPCM zaleza od techniki realizacji tych ukladow. Metody
gradientu stochastycznego w wersji transwersalnej sa najmniej ztoZone obliczeniowo
(liczba mnozeti i dzielen w kazdej iteracji czasowej jest rzgdu 2n dla algorytmu
SGTRAN i 3n dla algorytmu SGTRAN-N). Mozliwa jest ich implementacja na
procesorach sygnatowych starszej generacji (np. TMS 32010). Metody gradientu
stochastycznego oraz metody najmniejszych kwadratow w wersji kratowej sa bar-
dziej zlozone obliczeniowo (liczba mnozen i dzielen na iteracje czasowa jest rzedu
107 dla algorytmu SGLAT, 13z dla algorytmu SGLAT-N, lin dla algorytmu
LSLAT i 16n dla algorytmu COVLAT). Mozliwa jest ich implementacja na
procesorach sygnalowych nowszej generacji (np. TMS 32025, TMS 32030).

Wydaje si¢, ze predyktor kratowy z adaptacja metoda najmniejszych kwadratow
z oknem poczatkowym i waga eksponencjalna (LSLAT) jest szczegOlnie godny
polecenia ze wzgledu na wysoki zysk predykdii i jednorodna strukturg algorytmu
(brak restartow).
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and lattice structures of the prediction filter are considered. The following sequential adaptation
algorithms: stochastic gradient (SG) and least squares (LS) methods are analysed. Several variants of
these adaptation algorithms are compared, e.g. SG with and without normalization, LS with exponential
window and with sliding window. The values of some parameters are optimized e.g. speed of conver-
gence, number of prediction coefficients, length of the window. A method of stabilization for the LS
algorithm with sliding window has been proposed. The LS algorithm with exponential window has
proven particularly useful for the applications in DPCM coders.
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In this study the author is sharing his interest in adaptive filtering. Namely, the
different variants of fast least squares algorithms in linear case are presented in detail in
review form. Additionally the use of “knee” principle to select the -order of adaptive filter
is explained and discussed shortly. The effect of weighting parameter on filter’s
performance is characterized also. The approach is aimed towards the refinement of
recursive schemes in view of their importance in digital signal processing, identification and
control. i

I. INTRODUCTION

The idea of least squares while had already been used by Gauss to establish the
orbits of celestial bodies [10] is the quite old one (Gauss—Markov theorem of
Jazwinski [5]). However the reasonable progress has been done lately to make the
algorithm of least squares more suitable from the computational point of view. The
step by step improvements resulted in a priori (L. Jung, Falconer, Morf [2, 22],
Bellanger [1]) and a posteriori errors (Carayannis G., Manolakis D., Kaloupsidis N.,
[23]) based approaches to the fast algorithms of recursive least squares. New trends
in the architecture of microprocessors towards high signal processing ability,
including parallel processing via systolic array, wave front processors etc., while
offered at low prices make chance for practical implementation of even more
complex algorithms in order to improve the performance of existing systems or
realization of new ones not feasible before for the reason of not meeting the
requirements for the real time of performance. Therefore, such a problem while
undertaken to evaluate the feasibility of existing algorithms is very suitable for
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considerations. There is still a debate on the weighting factor effect on the
convergence of adaptive filter algorithm and the attempt of defining the
method of filter order selection. The algorithms presented in this paper are
fast due to the sophisticated way of performing the calculations. This is
accomplished in similar manner as Discrete Fourier Transformation is performed
fast by FFT.

The reader involved in this subject should be referred to the related problems
being formulated as four different approaches [21]; 1) The Method of Recursive
Least Squares 2) The Filtering Theory, 3) Stochastic Approximation, 4) Model
Reference Adaptive Systems [1 —26]. With the extensive references in hand this
paper is based on [1] mainly. It is aimed towards the refinement of recursive schemes
because of their importance in digital signal processing, identification and control.
To complete the derivation of the considered algorithms the reader is referred to
appendices.

II. OPTIMAL LEAST SQUARES METHOD

Whenever the speed of adaptation is of importance the algorithm of the filter
while performing its task should be optimal on each step of adaptation and not only
asymptotically. However the constant matrix cannot be substituted for the
reciprocity of autocorrelation matrix as is in the algorithms with the constant step of
adaptation case [1] any more. Obviously, the arising complexity in view of real time
requirements should be handled. The fast algorithms of the least squares method are
to meet this challenge.

The optimal on each step of adaptation least squares algorithms are based on
recurrence which updates the vector of FIR filter coefficients D(n)y, during the
subsequent discrete time instants according to [1]:

D(n+1)=Dm) + R MWX@n + D{y(n+1)—XT(n+ 1)D(n)} ¢))
D(n) = col{ Dy(n) ,-.., Dy—;(®}nx1s
N is the number of filter’s coefficients, y(n) is the reference or observation vector,
X(m) = col{x(n) ,..., x(n — N+ 1)}y

is the input data vector and R, (n) is the autocerralation matrix.

Obviously, the computational efforts while the least squares optimization results
in (1) are not taken into account. That is why further optimization tasks may rely on
the reduction of calculations or error propagation effects due to quantization.
‘However, the minimization of number of arithmetic operations seems to be of
interest most of all, especially when the reciprocity of autocorrelation matrix is of
concern.
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III. THE FIRST SIMPLIFICATION OF COMPUTATIONS.
MATRIX INVERSION LEMMA
The autocorrelation matrix of (1) changes according to
! R, .(n+1D=wR (mM+Xn+DXT(n+1) )

In view of the matrix inversion lemma of Appendix 1 the reciprocity of the
autocorrelation matrix is

- RAMXm+1)X(n+ 1T\ Ri(n)
1 = —_
R+ 1) (I v+ Xo+ )R WX+ ) (32)
Moreover, since the gain of adaptation '
df -4
G(n) = R (WX () . (3b)

has been introduced, this reciprocity is
R +1)={I— G+ DX+ DT IR (n)/w. (3¢)
That is why the filter’s coefficients are updated according to _
D+ 1)=Dm+Gn+){ym@+1)—X(n+1)"Dm} n=0,1,.. (3d)

The knowledge of R 1(0) is necesarry to start the recurrence of (3). However, the
use of matrix lemma can be omitted. One can derive (3) from (2) directly. Though
the number of arithmetical operations is being reduced there is still need for further
simplifications of computational procedure.

IV. TOWARDS FURTHER SIMPLIFICATIONS OF COMPUTATIONAL
PROCEDURE. THE INTRODUCTION OF PREDICTION ERRORS
AND CONTROLLING PARAMETERS

The prediction errors can be introduced in order to look for further improvement
of least squares procedure in number of arithmetical operations. Namely, the
forward €’ and backward €® prediction errors are defined as

eln+1) € xm+1) - DI X0 [Forward a priori | (42)
eln+1) ¥ x(n+1) — DI+ 1) X(n) [Forward a posteriori]  (4b)

eta+1) F xr1-N)— DI@WX@+1) [Backward a priori ] @c)
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et(n+1) if x(n+1—=N)— DI(n+1DX(n+1) [Backward a posteriori | (4d)

Moreover the “forward” and “backward” prediction in terms of energy
functionals E, and E, is '

E/@m) = Y w* {x(k) ~ D, X(k — 1)} (s2)
k=1 .
E@) = L wrt {x(e~ N) = Do) X(D)" (5b)

The optimal vectors of filter’s coefficients resulting from the minimization
of (5) are

D,(n) = Rt~ 1) ri(n) (62)

rin) = i wh k() Xk — 1) (6b)
k=g

Dy(n) = R:M(m) ri(n) , (60)

) = 3 wEx(k — N)X(R). | (6d)
k=1

In this case, on the other hand the filter’s coefficients are updated according to

Dy(n+1) = Dym) + Gn) en + 1) (Ta)
Dy(n+1) = Dy(n) + G(n+ 1) €5(n + 1). (7b)
The a priori and a posteriori errors are related by
eS(n+1) = e{(n+ 1) (1 - GT(m) X(m) (82)
e+ =eir+1)A -G+ 1DXn+ 1)). (8b)
Whereas the errors’s energy is given by the following formulas
Em+1)=wEm+eln+1)ef@n+1) (9a)
Ey(n+1) = wE,(n) + €4(n + ) eb(n + 1) (9b)

The prediction errors ratio parameter can also be introduced

L en+) S
‘0= fer D - )

This parameter can be used to control the process of convergence of adaptive filter.
The derivation of recursive expressions of this chapter and the explanation of
physical meaning of r(n) parameter are given in Appendix 2. The results in hand are
used to design fast least squares algorithms [1].

=0, 1,... (10)
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V. THE FAST LEAST SQUARES ALGORITHM BASED
ON PREDICTION ERRORS

The recursive expressions concerning the gain of adaptation are of interest while
looking for the acceleration of least squares algorithm. Moreover, the dependence of
the autocorrelation matrix and crosscorrelation vectors on discrete time »n and
number N of filter coefficients should be considered: :

R(n) = Ry (m)
ri(m = r{¥(m) (1D

rim = rz"@).

First, from the partition of R¥}'(n + 1) (Appendix 3)

[N T :
R+ 1) [G(()n)] = [rx (n;—(’:)) G(n)] ' (12a)
and
. G+ 1] _ [X(+1)
RE(+1) [ 0 ] - [ r®¥m+ DTG+ 1) ] .(12b)
Next (Appendix 3)
Rgr;l'(n +1) [G(()n)] = XN+l(n +1)— I:Eg(no-i- 1)] (13a)
G+ 1) 0 -
RYH(n + 1)[ ("0 )] = XM [eg 4 1)] (13b)
X+ )T = @+ D,X"®") = @@+ D5, x(n+ 1~ N)) (14a)
RY.(n) G¥(n) = X¥(n). (14b)
That is why _ '
N 0 _[ef@n+1)
RY¥F'(n+1) [G” n+ 1)_[GN(n)]]_[ 0 ] (15a)
and

N
R (n+1) [G”*‘(n +1)— [G (,:)+ l)ﬂ = [eb(no + 1)] (15b)
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0=col(0,..., 0),,

Also (Apendix 3)

1 (E,(n+ 1)]

N+1 = 16
B0+ D] _pyaen]|= 0 (162)
and
' DY+ D1 [ 0 ] .
D ] I PPN | aeb)

A

Now, while comparing (16) and (15) one obtains

0 efn+1) 1
N+1 — 2
¢+ _GN(n)] TEm+D [—Dy(n + 1)] (17)
. and .
¥+ 1)] e+ 1)[-D¥n+1)
N+1¢,, = 2
G+ 1) o :|+E,,(n+l) ) (17b)
Moreover the vector of adaptation can be given the form
GV 4 1) H [CF @+ D) (18a)
| gn+ 1)
and
df€s(m+1)
g(n + D= TACES) (18b)
That is why '
G'm+1)=G¥"'m+1)+gm+ DDY¥n+ 1) (19a)
and
1

G(n+1) = {Gﬁ“(n+ 1) + g(n+ l)D,,(n)} - (19b)

I—gr+Det(n+l1)
since (7b) holds true.

- In addition other details are given in Appendix 3. As a matter of fact all the
considerations result in the following algorithm [1]:
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ALGORITHM 1

At instant n:

The coefficients of adaptive filter:

The coefficients of forward prediction filter:
The coefficients of backward prediction filter:
Data vector:

Adaptation gain:

The energy of forward prediction error:
Weighting factor

New data at instant n

The input signal:
The reference signal:

ef(n+l)( i)

D,(n+ 1) (7 2)

ef(n+1) @)

E;n+1) (9=a)

GN''(n+1) _ 0 ef(n+1)
[ gln+ 1) ] (17a)(18a) GN(n)] TE @+ [—

x(n+1—N)—Dfm)X(n+1)

e+ D&

D(n)
D, ()
Dy(n)
X(n)
G(n)
E, (n)
w

x(n+1)
yin+1)

x(n+ 1) — DI(m)X(n)

D) + Gmyel(n + 1)

x(n+1)—Dfi(n+ )X(n)

wE () +' el(n+1)ef(n+1)

1
D(n+1)

G¥*'(n+ 1)+ gn + 1) Dy ()

Gn+1)

Dyn+1) = (7b)

(19) 1—g@+ Del@+1)

Dy(m) + G(n+ DeL(n+ 1)

]

(20a)

(20b)

(20c)

(20d)

(20¢)

(20f)

(20g)

(20h)
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On the other hand the coefficients of the optimal adaptive filter evolve according to

Dm+1) Go) D)+ G+ e, (n+ 1) (212)

while
| e, i+ 1) ¥y +1)— X7+ 1)D). (21b)

Moreover the following initial conditions can be chosen
D;(0) = Dy(0) = G(0) = 0 and E (0) = E,. (22)

The approximate numbers of operations and active memory cells are:
10N 4 5 multiplications, 3 divisions and 6N active memory cells.

VI. THE SECOND FAST ALGORITHM OF LEAST SQUARES METHOD
BASED ON ALL PREDICTION ERRORS

Also the a posteriori gain of adaptation GY can be put into good account while
the optimal least squaresfast algorithms is considered. It is defined by

R .(MG,(n+1)=X(m+1). | 23)

Next, from (A3-1) first (Appendix 4)

N 1] [~ n
e L R R Al | B (24
and |
RY¥¥(n) I:G’;”‘l(n +1)— I:G’?(n) = FE{(nO—*- I)J . (24b)
2V -

Moreover, in view of (16)

+1 _[Gia+1)]  €i(n+1)[—Dym)
GY+(n + 1)_[ 0 ]+_Eb(n) [ 1 ] (252)
and ‘ .
e [ o efn+ [ 1
Secondly (Appendix 4)

D(n+1) = D) + w™  RZA@ X1+ DY{y(r+ 1) — X" @+ DD(n+1)}.  (26)

‘
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b N ‘kN(n+‘H f,N
€y [n+1) t £5' In#)
o - &) —o
b,N-1
£, (n+1) - £ M)
o- [ + > o
12 N
kg‘(n-f-ﬂ

Fig. 1. The prediction error computing section of lattice filter

Next, in view of (A2-11) and (23) the following parameter can be introduced

) q_»f b = T N
r(n+1)_r(n+l) w+XTn+ )G, (n+1) @7
while 7 is the prediction errors ratio of (10). That is why
~ emn+1) :
e+ D)+ X"+ Dw G+ e,(n+ 1) = 72(,1—_‘_1)— (282)
The €, of (28a) is the a posteriori error defined by
e+ )Y y+1)— X7+ D@+ D). (28b)
- Eventually, in view of (26), (23) and (28a)
cgm+ 1) =r(n+ De,(n+ 1) (29a)
while the a priori error €, of (29a) is
e+ )Yy +1)— XT(u + 1)D(). (29b)

On the other hand the filter’s coefficients are updated in view of last expressions
according to (Appendix 4)

D+ D=Dn)+GYn+1)

1
r'—(nTl—i El (n + 1) (30)

Moreover r’ can be given the recursive form in filter’s order N and discrete
time n (Appendix 4):

r" i+ 1) =r'¥e+ 1)+ %)i)i = r'(n) + e{(Tn-(t;)lj (31)
!
Now, let |
N+1
o+ n=| D] (3
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Then from (25a)

elmn+1)

g,n+1)= Em)

(33)

Eventually, the considerations of this chapter result in the sccond fast least squares

algorithm [3, 24, 1]

ALGORITHM 2

At instant n

The coefficients of the adaptive filter: D(n)
The forward prediction coefficients: D (1)
The backward prediction coefficients: D,(n)

Data vector: X(n)
The energies of prediction errors: E/(n), Ey(n)
The ratio of prediction errors: r'(n)
Weighting factor: w
New data at instant n
Input signal: _ x(n+ 1)
Reference signal: y(n+1)
S _pT
efn+1) (20 2) x(n+ 1) Di(n)X(n)
Dyt = D)+ 2D et
d (20b), (A4-6) "7 r'(n)

E (n+1) (10) (20‘5(27) 29 {Em) +ef(n+ Del@m+ 1)/r@m)}w

Nl - 0 ef(n+1) 1 v _[GiFm+1)
Ga" @+ 1) (32) (25b) [G’z"(n)] + E (n) I:“Df(”):l - [ g+ 1). ]

e(n+1) x(n+1—N) DT(n)X(n+1)

(200)

G¥(n+1) G+ 1)+ g,(n+ 1)D,(n)

(252) (33) (34d)

P e+ 1) = Y@ + el + Def(n + 1)/E, ()

(31)

(34a)
(34b)

(34c¢)

(34d)

(34e)
(34D)

(34g)
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’"(n +1) (31) 33) r¥lm+ 1) —g,@ + Ded(m+1) (34h)
En+1) 10) (9=b) @ {E,(n)+ € (n + l)el(n +D/rr+1DIw  (34)
_ GY(n+1) )
Do+ 1) oy B g gty DO+ a1y SO+ (34))
Adaptive filter - -
' e,n+1)=ym+1)—DTm+1DXn+1) (34k)
1
D(n+1) = 3% D(n) + G"(n +1D)—-— T r D em+1). 341)
The following initial conditions can be set
D;(n) = Dy(n) = Gi(m) =0, E.0) =E;,, E,(0) = W_NEf,o,
r'@) = (34m)

The approximate numbers of operations are:
8N + 13 multiplications, 7 divisions and 6N active memory cells.

VII. THE ALGORITHM OF LATTICE FILTER

The fast least squares algorithms being considered so far are given in terms of
variable transversal filter with fixed number of coefficients. However the lattice
algorithms which are recursive both in discrete time » and filter’s order from 1 to
N can be devised [1, 25] also. This is another challenge while looking for the
unknown model of the process is of concern. The recursive expressions for

E:"‘(n-ﬂ)

X{n+1)

Fig. 2. The recursive in order lattice filter of the optimal least squares
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prediction errors in terms of partial correlation coefficients can be obtained first.
-~ Namely, the fpllowing relations hold true (Appendix 5):

[ 1 ] K¥@m) Ki(m)
_ pA- = 0
R',g,;“(n) Dy l(n) E{zv ](n) = Kllv(n)Z (35&)
’ Y1)
0 K (m)*
N—1(y,
R;V;l(n) [_Dgf—l(n_l):l Kgr(n) = Eb f)n b ’ (35b)
1 EN-1z—1) KY0n)
K¥m) = r2¥mT [ —D}I'-l(n)] (35¢)
K¥) = ri-”(n)T["D 3’]“""”] (35d)
and
| K¥@) = K = K¥0). (35¢)
Also (see Appendix 5)
DY~'(n) K¥n) [=DY¥-'pm_1
oo = 7 [ratis Y] ow
KN(n)?
B0 = B} 0- 1) — e 0 (36b)
and |
0 K¥n) 1
800 = pysyy |+ B ) [ —D’,“*(n)] G
N, 2 -
EY) = BY-(n1) - 5}("(’,1 3 (37b)

But the forward and backward prediction errors are given by
e[fn+1) = x(n+ 1) —DY¥mW)TX"(n)
etNn+1) = x(n+1—-N)—DfWTXN¥(n + 1).
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. That is why (Appendix 5)

KN
1N +1) = iV 1(n 4 1) — E”'-'(%ﬁ ebN-1() (382)
e ¥n+1) = el (m)— ———EIIC;(:(”)O e lm+ 1) (38b)
and E¥n+ 1)
ef¥n+1) =€ 'n+1)— ——_E”“( ) et ¥-1(n) (39a)
N " .
elMn+1) =i '(m) — E£N‘€7(1-|-_-i-% f"“(n + 1). (39b)

The last expressions are the required ones since while

df K¥(n+1)

df K¥n+1)
EF'tn+1)

( + 1) = EN—I( )

and kf(n+1) = - (41)

they can be given the meaning of reflection coefficients or partial correlation ones.
The relevant signal flow graph is shown in Fig. 1. Now one can expect that the idea
of the lattice filter algorithm to be presented relies on the expressions similar to those
of fast least squares of previous chapters but also recursive in adaptive filter’s order
N. That is why further recursive relations are of interest. Namely, the a priori €, and
a posteriori €, errors can be considered secondly. The following relations hold true

(Appendix 5)
N+1 +1 DYmy | _ 0 o
-Rxx (n) [DN (n) _[ 0 ]] - I:Kg](n)jl (423)
wiin _ [D¥)]_ K3 [- DY) -
D¥i(r) = [ A ] - [ 1 ] (42b)
and '
K¥m) = Y wry(k) {x(k — N) — DFm)T XV (k) }. (42¢c)
k=1

- As a matter of fact (Appendix 5)

K¥n) e
Ef(n )

e (n+1)=e¥m+1)— n+1) (43a)
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N() bN
EN(n) 2

elm+1) =eln+1)—  + 1). (43b)

While concerning the task of adaptation in terms of the error energy E the recursive
expressions concerning this parameter can be derived next (Appendix 5)

. KN(n)z
N+-1 — FN, 0
EY() = B — e @4
With definition of the gain of adaptation in hand
RL@) G¥(m) = X () @)

the recursive expressions for this parameter both in discrete time 7 and the filter’s
order N can be derived either. Namely (Appendix 5) :

(6" | ebN-in) [ DY) |

Subsequently, the a posteriori to a priori errors ratio is given by (Appendix 5)

&y

r¥mn) =r¥-'(n) — EG)

47)

The lattice coefficient K¥(n) changes in filter’s order according to (Appendlx 5

K*'(n) = wK”“(n) + ef N + l)e" "(n) (48a)
or '
K¥*i(n) = w K¥*(n) + €L ¥(n + 1)e2 ¥ (n). (48b)

/ N .
In view of (48) the meaning of the correlation coefficients of the prediction errors
is well established as far as lattice coefficients K(n) are of concern. Next, the energy
of prediction errors can be given the recursive form (Appendix 5) either

EV(n+ 1) = wE"(m) + €](n + 1)} (n+1). (49)

Moreover, K¥(n) coefficient and reflection coefficients k¥, kN(n) can be
considered in similar way (Appendix 5)

K¥n+1) = wKYm) + e + l)e’;'"(n +1)  (50m)
or

Kim+1) = wKi(m) + €¥(n + Deb¥n + D). (50b)
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On the other hand (Appendix 5)

b N+(n 4 1)efNm + 1)
E¥mn+1)

¥t n+ 1) = k' (n) + (51a)

et ¥myelN(n + )]
Ef(n)

Yt m+ 1) = k') + (51b)

Also the recursive in time form of the norma.hzed K3(n) filter’s coefﬁcmnt is
(Appendix 5)

e ¥n+ Del*'@n + 1)

EYn+1) (522)

k¥ + 1) = ENon) +

and
k3(#) = K§(»)/EY(®). (52b)

While the all required expressions in hand the recursive equations in time and in
filter’s order can be gathered to form the lattice algorithm of adaptive ﬁlter The

_ initial conditions can be chosen as follows:

€%}(0) = k4(0) = ki(0) = 0 ~ (53a)
o) = 1 |  (53b)
E(0) = wVE, (53¢)
EY0) = w¥"'E, ' ’ (53d)

0<ig<N-L
The whole algorithm [1, 25] is:

"THE ALGORITHM OF LATTICE FILTER

At time instant n

The reflection coefficients: C k), ky(n)
The filter’s coefficients: ko)
The forward and backward prediction ratio: r(n)
The weighting factor: w
New data
The input signal: ' x(n+1)

The reference signal: yn+1)
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The initialization
el'n+1) =el'm+1)=x(n+1)
€l"°(m +1) = y(n+1)
rOm4+1) =1
En+1)=E}n+1) = wE%(n) + x(n + 1)
The prediction
i+ 1) = efin + 1) — ki )b i(n)
et + 1) = e4im) ~ ki men + 1)
kfi(n+1) = k') + €{n + Drim)et'(n + 1)/ Ebin + 1)
kit'(n+ 1) = ki) + €' + Debri(n)ri(n)/ Ein)
ri(m)e} i(n)?
, Ein)
EF(n+ 1) = wE¥(n) + &5 (n + 1)r*(n)
rin + 12 e (n41)2
Ein+1)
Ef'n+1) = wEF' () + €5+ 1)2r*(n+ 1)

0<i<N-L

r'tlm) = ri(n) —

ritin +1) = rin + 1) -

The filter’s section
efln+1) = €i(n+ 1) — ki(m)edin+ 1)

e+ De'n+ Drin+ 1)
Ein+1)

kin+1) = ki) +

0<i<g N

Approximately:
16N + 2 multiplications, 3N divisions, 7N memmory cells.

VII. ON THE CRITERION OF FILTER’S ORDER CHOOSING

(54a)
(54b)
(54¢)
(544)

(55a)
(55b)
(55¢)
(55d)

(55e)
(55f)

(55g)

(55h)

(56a)

(56b)

The discussion of the known criteria according to which the filter’s order can be
chosen has been presented by Kay and Marple [4]. However, though the energy of
prediction errors is the decreasing function of the filter’s order nevertheless the
“knee” principle can be used to make the choice of the order of any filter only the
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Fig. 3. The illustration of “knee principle” E,, — energy of prediction error

energy of prediction errors based. The identification of “knee” (see Fig. 3) can be
performed according to the place of bending where the greatest curvature of
log(1/E,,) graph occurs.

IX. ON THE WEIGHTING PARAMETER w

The task of adaptation of the adaptive filter is to find the minimum of

n
Jo{D(m)} = kZ w" ¥ { y(k) — DT (m) X (k)}* 57
=1
in respect to D(n). _ :

When the effect of parameter w is of concern one can recognize (57) as the
discrete time convolution of the first-order low pass filter impulse response and the
sequence of the least squares fit [8]. It is well known how the smooting properties of
the low pass filter depend on the parameter w [8]. If w diminishes then the filter’s
bandwidth is widened. As a matter of fact the recent data to the filter’s input are of
greater weight. It seems to be easier to get the last data based mean squared fit than
the all data based one. That is why the speed of the convergence of the adaptive
algorithm should be faster with w smaller (w = 1). Also, how the steady state
behaviour of the adaptive algorithm depends on w is of interest. Let x and y be the
stationary, discrete time sequences with R, autocorrelation matrix and r,,
cross-correlation vector. Then there is no effect of parameter w on the optimal
steady state vector D, of filter’s coefficients in ergodic case while the discrete
time » tends to the mﬁmty Since

R & T wkx(o X @) (58)
and k—nl ' ‘
| P &Y wr ke X (k) (59
one gets ' k=1 .

—w"
— R (602)

E{Rxx(n)} = ll
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' 1 — w"

E(ra()} =T " - (60b)
and . .
D,,=R:tr,. o (60c)
Now, let consider the effect of the parameter w on the convergence of the
adaptive filter in more detail. Namely, if one substitutes E{R, (n + 1)} for
R..(n+ 1) and E{R;}(n + 1)} for R;}(n + 1) then the coefficients of the adaptive

filter are updated according to

Dn+1)=D(m + —l_——m R . X(n+ D{yn+1)— X(n + DTD(m). (61)

in view of (60a). That is why the gain of adaptatlon can be expected to d1m1msh in
time slower as w is smaller. This is in good accord with the previous conjecture. The
acquisition of the steady state is faster on one hand while the spurious behaviour of
the identified system in terms of its FIR filter model can have greater effect on the
convergence on the other :

X. CONCLUSIONS AND DISCUSSION

The fast algorithms of the least squares method being optimal on each stage of
adaptation can be designed to meet the requirements of real time of performance. The
speeding up of calculations is due to the use of prediction errors if the autocorrelation
matrix of the signal to the adaptive filter’s input is partitioned. This partition may result
in recursive expressions in time (Algorithm I, Algonthm IT) and both in time and filter’s
order N (Lattice Algorithm) while the gain of adaptation, the prediction errors ratio, the
energy of prediction errors etc. are of concern. These expressions in hand, outcome in the
number of calculations saving procedures. Algorithm I and Algorithm II and Lattice
Algorithm are a priori errors based ones. The algorithms which are based on a posteriori
errors can be devised either [3, 23]. Algorithm II can be considered as more balanced one
due to the use of all of prediction errors. While Lattice Algorithm is of concern the
“knee” principle can be put into good account to select the order of the adaptive filter.
The role of weighting parameter w can be characterized. The smaller w the faster
acquisition of the steady state can be expected on one hand and greater effect of the
spurious behaviour of the identified system on convergence stage may occur on the other.
The problem of the least squares can be considered within the linear optimal filtering
theory framework [5]. As a matter of fact the act of choice of initial conditions can be
given the reasonable probabilistic meaning. Moreover there is still problem of divergence
due to the filter’s model imperfections. As this approach is aimed towards the refinement
of recursive scheme, a new postulate concerning the task of identification can be
formulated [7]. The continued interest in adaptive optimal filtering is due to the continued
progress in the technology and architecture of digital signal processing systems.
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APPENDIX 1

Matrix inversion lemma

The inverse matrix of

v A =B+ CDC” (Al-1)
is given by _ . '
A"1=B"!'4+B IC(CTB"!'C+D " Y)CTB™!? (Al-2)
“whenever B~1, D1 exist. ’
Proof
I=(I4+E)y'(I+E)=(I+E)*'+(I+E)"'E (Al-3)
and . , : _
(I+E) 1=I - (E(E14+ D) !E=I — (I+E™)"! (Al-4)

for any nonsingular E. Moreover, the notion of inverse matrix A ! in general sense is [6):

_ AL satisfies AA™I A = A, ‘ - (Al-9)
Let r be the rank of A. If
1 m>n, r=n o
then A7l = (ATA)T1AT (Al-6)
2’ m <n r=m _
then A™1 = AT(AAT)™!, (A1-7)
That is why ‘ . .
(AB)~1 = B-1A™1 . (Al-8)

in general sense also. For instance

AB(B™'A™1)AB = ABB"(BB")"'AT'AB = AAT'AB = AB if B! =BT(BB") . (Al-9)
Next

A"l = (B4+CDCT) 1 =(1+B iCDCT)"1B™* = B™ 1+ (I+ (B~1CDCT)"1)"1B 1 (Al-10)
This last equality follows from (A1-4) while E=B~!CDC. Subsequently

(B™iCDCT)"1 = (CDC™)"1 = CT"’(CD)'IB =CT-'D"iC7B. (Al-11)
That is why ‘ .

A"t =B — (I4+C7 'D7ICT1B)B™t = B™! — (CT ' (CT + D~!C"1B)) 1B
=..=B"1 =B~!C(CTB~iC + D 1)"1CTB%. (Al-12)

The application of matrix inversion lemma to the autocorrelation matrix results in (3a) if the following
substitutions are done:

A=R_(r+1); B=wR_,(n); C=Xn+1); D=1
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APPENDIX 2

1. The recarsive form of the energy of prediction errol;s functionals

First
Efn+1)= le’""""x(k)z - Df(n +Drin+1) _ (A2-1)
and e
rln+1) =w Y w kxR X(k—1) + x(n+1)X(n) = wri(n) + x(n) X(n). (A2-2)
k=1
Secondly
Efn+ 1) =w) wx (&) + x(n + 1 — (D}(n) + GT(Mel(n + 1)) (wri(n) +
k=1 .
+ x(n 4+ 1)X (). (A2-3)
Finally

E/(n+1) = wE(n) + x(n+17 — DI x()X(n) — (r+1)GT(W)r(n+1)
= WE,() + x(nF — DI)()X(r) — €](n+1)GT (R .. (D (n-+1)
= WE, () + x(n+ DE{(a+1) — (r+ DX ™D, (n+1)
= WE/(n) + €{(n+1)(x(n+1) — X()"D(n+1))

= wE,(n) + e{(n+1)el(n+1). (A2-4)
On the other hand
E(r+1)= ¥ w1 *x(k — N)2 = DI(n + 1)rb(n + 1) (A2-5)
k=1
rP+1) = "E Wik x(k— N)X(K) = wri(n) + x(n+1—N) X (n+ 1). (A2-6) |

k=1
That is why

Ey(n+1) = w ¥ w**x(k—NY + (Dy(n)7 + G(n+1)7€’(n+1)) x

k=1

x wri(n) + x(n+1-N)X(r+1) + x(n+1—N)?
= wEy(n) — G(n+1)7€}(n+1)ri(n+1)) — D, (1) x(n+1-N)X(n+1) +
+ xX(n+1=NY = wE,(n) + x(n+1—N)e>(n+1) — G+ 1T (r+ DS+ )
= wEy(n) + €5(n+1)(x(n+1—N) — X(n+1)"D,(n+1)}
= WEy(n) + €2(n+ 1)’ (n+1). ' A27
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2. The physical meaning of parameter r(n) and its estimations

The parameter r(n) as a posteriori to a priori prediction errors ratio should satisfy

[r(m| < 1. (A2-8)
Moreover (8a) ,
r(n) =1—-GT(MX(n)=1— X(n)"R_}(n) X(n) (A2-9)
and )
' X(n+D)TRIMX(n+1)
TR-1 = xx =1— -
X(p+1)"R_Hn+1)X(n+1) vt Xt DRX@ XD 1—r(n+ l).} (AZ 10)
Thus
| 1)= id A2-11
e I)R ZMXa - @b
Now, et

rn+ 1) = XT(n+1)R'1(n+l)X(n+l) df IX@+ D13 (A2-12)

where the right hand side of (A2-12) is the metric weighted by R 1. : _
Suppose that the probability density function of N-dlmensmnal Gaussian variable, necessa:y to use
the likelihood principle is

1 1
. p(x) = exp(—- lxZ-), (A2-13)
- Jest R+ 1) 2" - '
where |R,.| stands for the determinant of R ..
The value of r,(n) is small if the input data are likely and great otherwise. The upper bound to ry(n)
can be estimated as follows:
First .
rgr+ 1) =X"(n+ DR, (r+ 1) X+ 1) =XT(r + 1){wR (") + X(n+ DX (n + 1)" X(n + 1)
S X+ DX+ DX+ 1)} 1 X(n+1) (A2-14)

since R,,,(n) is positive definite (see also further remark on R, as information matrix).
Secondly (x vector)

xxTx =x | x|? = | x}*x ' (A2-152)
xxT) 1x = | x[?>7'x. (A2-15b)

Finally N
0<r,mM <X+ 1) | X+ D" X(n+1)=1. (A2-15¢)

[he estimation of r(n + 1) can be also found from (2) and (A2-9). Namely

X(n+1) = me(n)R;xl(n + DX+ D)+ X+ DXT(n+ DR + D)X (n + 1)
= wR, (MR} + DX(r+ 1)+ (1 —r(n+ 1) X(n+1) (A2-15d)
or .
r(n+ 1)X(n+ 1) =wR, (MR _n+ 1)X(n+1). (A2-15¢)
That is why
r(n+ DI=wR (MR (n+1I - (A2-15f)

and

r+ 1 = w IR @I/ o + 1] (a2159



TOM XXXIX—1993 On the fast algorithms...

71

While R (r) is the information matrix in Fisher’s sense [9] it is easy to notice that
' 0<ra+1) <1

holds true. This is in accord with the previous estimation.of r,(r).

APPENDIX 3

1. The derivation of the (12) of Chapter V

First i )
nty x(®)
N+ = at1—-k
RF S s]) = ¥ wot [ o

k=3

] [x(0) X" (k—D)]" =

st

— 2 wu+1—k[
,k-l ‘

XYE) gt _
e N)] LRCECE

nt+1
at1-k 2 oSN T
L wri7rxey r[Mnt+1) RY(1+1) r®¥(n+1)

= | k=1 = n+1

rMatl) RN PN T E R (- N

k=1

Secondiy the expressions (12) are valid since.

R..(n) G(n) = X(n).

2. The derivation of the (13) of Chapter V

First )
I8+ 1) G(n) = (RZA(MD4(n + 1))TG() = DI (n + D X()
and .
PPN+ 1T G(n + 1) = R + DD, (2 + D)TG(n + 1) = DI (x + 1) X(n + 1).
Secondly ‘
. ' 0 1 _[DPI+DE® T e, “eln+1) .
Rx ("“)[ G(n)]'[ X(r) ]'X ("“)“[ 0 ]
and
G(r+1) X(n+1) 0
N+1 - = yN+1 _
R -("“)[ 0 ] [ DI(r+ )X(+1) ] XD [ e 1) ]

3. The derivation of the (16) of Chapter V

First in view of (A3-1) and (A2-1)

N1 1 _ E;(n+1) _ E/(n+1)
R ("“)[—D;'(n+1)]‘[r£ﬂ(n+1)—nz(n)ny(n+1)]‘[ 0 ]

(A2-15h)

(A3-1)

(A3-2)

(A3-3a)

(A3-3b)

(A34a)

(A34b)

(A3-52)
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Secondly, in view of (A3-1) and (A2-5)

vRNﬂ N —DJ(n+1) _[—R,";(n+1)D{;’(n+1)+r:-"(n+1)]_[ 0 ] (A3-5b)
= [ 1 ]_ E,(n+1) “LE, e I

4. Misscellaneous

First, in view of (7b) and (19b)

_ Dy(n) + GN i (n + I)E:(n +1) ‘
Din+ 1) = 1—gr+Dei(r+1) ) (43-6)

Secondly :
e’(n+1)et(n+1)
1 —gn+1et(n+1 G T
g+ Dey( )( 18b) E,(n+1)
et(n+1)et(n+1 E .

- [+ Del(n+1) _ wE,(n) . (A3-7)

(9b) wE,(n+1) + €(n+1)eb(n+1) E,(n+1)
That is why

0<1—g(n+ D@+ <1 (A3-8)

The expression among the inequality marks approaches 1 when the error of prediction tends to zero.

APPENDIX 4

1. The derivation of (24a) and (24b)

" First, from (A3-1) and (23)

RY*1( )[ G:(n)] _[ X¥n+1) . ][ XMn+1) ]_
=L o I7 @G e+ DL [REMD, TG +1) 1

== RNxx+.l(n)G':+1(n+1) - [ Eb(:-{- 1 ] (A4-1a)
Secondly
R [ ] [ r,{'"(n)’"G;’(n)] . [ D,(n)Tx"(ro]_
( ) GN( ) XN(n) = XN(n) =

(Ad-1b)

' g S
= xN+1(n+l) — [El('::-l)] RN+1( )GN+1(n+l) _ [El(’::-l)]

Eventually (242) and (24b) hold true.
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2. The derivation of (26)

First
RY (n+ HD( + 1) =r, (n+1).
Secondly
WRY (W) + X(n + DXT(n+ 1))D(n + 1) = wr,,(nj +yr+1D)Xn+1) =
= wRY (D@ +y(n+ DX +1).

Thus
‘ D(r+1)=D@ +w R MX(r+ ) {y(r+1) — X"(n+ 1)D(n + 1)}
holds true.

3. The derivation of (30)

First from (A4-4) and (212) (G =G,)
w IR W) X(n+1)€, (n+1) = GN(n+ e, (n+1) = w 1G] (n+ l)ez(n-|; i).

Thus
: r(n+1
Gl =GJ(n+1) e+b_ G+ 1)/r'(n+1).
w

Eventually

GY(n+1)

D(n+ 1) =D+ g (r+1)

‘ _ r'n+1)

- holds true.

4. The derivation of (31)

First, from (27), (252) .
r'¥ i+ ) =w+ X"+ DTG (n + =

N b _
=w+ XN+1(n + I)Tl: I: Gz (n + 1) ] + El(n + 1) [ Db(n)] ] _
0 E,(n) 1
&

=w+ X'+ DTG+ 1)+ b(n+1) (x(n+1— N) = X%(n + 17D, (r)} =

E,(n)

=r"(n+1) +——E';(n + 1),
E,(n)

Secondly, in view of (25b)

I
’1N+1(n+ 1) = w+X~+1(n+ 1) [ [G):)(n)]-'-El](:(:;l)[ ])1 (n)] -
2 ! i

ef(n+ 1)5
Ef(")

=+

(A4-2)

(A4-3)

(Ad-9)

(A4-5) .

(A4-6)

(A4-7)

(A4-8)

(A4-9)
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APPENDIX 5

The algorithm of lattice filter

1. The derivation of (35)
First, from (A3-5)

RL(M) riM) ! E;™()

_ . -D,m | =|0 (A5-1a)
oM T txG-NE ([ o K} ()
. k=1 d .
R
T wetar 2oy || 0 K®
—_— -D¥ 11 [=] 0 : (A5-1b)
LM (n) RL+D ] EX iz 1) .
R

Secondly

[ iwu-kx(k_m)]f[

() = PN (T -
K;(m) =r>"(m) [—D’,"l(n) Z —Df“‘(n)]

= 2 Wk x(k—N)x(k) —D¥~3(n)7 "f wE-lx (k' — (N—1))XV-1(k') =

k=1 k'=0

= iw""“x(k—N)x(k)—Dy'l(n)Trf"”‘b‘(n—l) =

= 2")w--*x(k—N)x(k)—l)y'l(n)’k;ﬂ(n—1)D;,"1(n—1) " (A5-22)
_ _
O R B P R el
= i‘w"_““x(k—N)x(k)—D?"(n)’r:'”"(n.—l)= E"jw""‘x(k—N)x(k) +
ke - k=1
=D () R (n—~1)DY "1 (n—1). (A5-2b)

That is why the expressions (35) hold true.
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2. The drivation of (36) and (37)

By subtracting (35b) from (AS- la) and (35a) from (AS5-1b) and equatmg to (A3-5a) and (A3-5b)
respectively one obtains

p—

K" (ny?
1 EV i) - ————
| X" T B D
N+3 _DpN-1 Neity 1) e | =
R () DI (m)+Dy " (n—1) TR 0
—K¥(n)/E2"1(n—1) i 0
- Efm|
(AT 50) R= ()[ —p¥m ] Z - (A539)
and
—K"(n)/EX () _ 0
N
R;+1(n) —D’:_‘(n—l)+D?"1(n) K—(n) - 0
_ E}"i(n) _ ~
1 EN—l(n_l)_.K_(n)z-
L E'"1(n—1)
_p¥ 0 '
aEmREe[ 0= [o ] (a5-31)
_ E3 (n) '
Next, one can notice that (36) and (37) follow.
3. The derivation of (38) and (39)
First, from (36a) _
D¥"1(n) K¥n) [ —DY (—1)777
IN = - ! - 7 b Ny —
el (n+1) = x(n+1) [[ 0 ]+Ef‘1(n—l)|: 1 ]] X¥(n)
-1 - K"(n) N-1 T
= x(n+1) =D} @)X ‘(n)—m[—nb (r—1)"1]X" () =
- K"(n) N -
= el ‘(n+1)‘_ﬁr_’(———)[ (r—(N=1)) = DY~ *(a—~1)T X"} (m)] =
K
= e{’"“(n+1)-—-l‘sr((n)— €41 () (A5-42)
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' . 0 . K¥@n) 1 T N
) ("“’:"(5'“‘”"[[D;"*(n—l)]+E?‘*(n)[—D,(n)]] Heh =

K¥m)

= x(1+1-N) — [0 D} 31— D IX"(r+1) ~ gy [ PP O kD) =
. Fa E

N
= x(n—(N—1))—=D¥ 1 (= 1)" X" 1(n) —

n) N—1 N—1
Erag COHD DI

K"(n)

=S -a,

&M 1(a+1). (A5-4b)

- Secondly, the a posteriori errors are

e (n+1) & x(n+1) ~D,(r+ 17XV () - (A5-59)

¥ n+1) ¥ x(n+1-N) —D,(1+ 17X ¥ (a+1). (A5-5b)

Eventually (36a,b) hold true and (37) can be derived just the same way as shown.

4. The derivation of (42)
First .
e+ 1) Xyt 1) —DYWTX(n+1) (A5-62)
DY(m) = R, (1) 'r"(n) : (A5-6b) -
ro(n) = Z w" Ty (k) X (k). " (A5-60)
k=1
Secondly
| o™
Ry =rittm) =] = (A5-7)
Y w () X (k—N)
and k=1
N RY (n) r®¥(n) N
RY*1(n) [D (")] _ - =[ ry;(”)r . ] (A5-8)
0 YT Y wr kX (k—N)? D ()"ry.(n) '

k=1

That is why (42a) holds true with K::’ (n) given by (42c).
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le('n)[—n,(n)] _ [-o ] . As9)
x> 1 Jaev)LEX@w)

That is why (42b) holds true in view of (42a).

Also

5. The derivation of (43)
First, in view of (A5-6a) and (42b)

D¥m) " K] (n) —Df(n)]r
N+1 = - N+ o7 N+1
Y i(n+1) = y(n+1) [ 0 ] XV (n+1) + E-’,"(n)[ ) X¥*1(n+1)
= e¥(n+1) — K, [x(r+1—=N) — D, ()T X" *+1 (n+1)]
T EX(n) . *
Ky (m)
— N _ o b.N : .
el(n+1) ') e (n+1). .‘ | (A5-10a)
Secondly _
D¥r+1)7] K¥@+1)[ —DY¥(r+DT
N+ = - o N+
€} (n+1) = y(r+1) [[ 0 ] E;,'(n+1)[ . ]] X" (n+1)
K*(n) !
= e¥(n+1) - ——— [x(n+1—-N) —D,(r+1DTX¥ 1 (n+1)]
E}(n)
= eN(n+1)— _I_(M e*¥(n+1) » (A5-10b)
o EYm * .
Next
E(m = Y, w*[y(n) — D@TXEP = L w* *y()* — 2r, ()" D) +
k= k=1
+ D) R ()D(n) = iW""‘Y(k)’ —D(®) R, ()D (). (A5-11)
D e

_The dependence on “n” is omitted in further derivation in order to avoid proliferation:

oo» DN KN -D T .
Ey, ()= an-kJ’(k)z—l:[ 0 ]"El:,'[ 1 b]] R::I X
. b

k=1

N
e[ [ 000]]
= 0 EfL 1

" . — N
= Y wry(e? — (DY omg'[w] + DY O]R‘;':‘[ ID"] =

- 0 Ey

K¥ D¥7 k™ —D,
+E§[—D[11R§’:'[ 0 ]——“[—D;‘ l]R;:;'[ . "] (A5-12)

N2
b Eb
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In view of R}, partition’

N BN
Rxx rx'

RY = " (A5-13a)
(r¥™)" L wrEx(k—NY
k=1 )
D~ _
[DY QR ¥+ [ o ]= DY RY DM, (A5-13b)
Moreover )
N N
[D¥ OIRY: [ _D"] K. [DY'R,,, D"'rbN] [ D ] S
=L 1 JEY - * 1 JEY
KN . DN )
= D"'(r;'"—foDf)E—:= [-DY 1]R¥# [ 0 ]=o. (A5-13c)
Also
_D"
[-D}” 1135;'[ . ".] =
. n _nN§
= [=DY RN 4 rbN" DNV L T k2 (k—N)] [ D”] =
(A5-13a) = R 1
= D}"REDY — %" DY —DYr8 + ¥ W Ex2(k—N) =
k=31
= Y w"*x2(k—N) —DY'RY DY = EV. (A5-13d)
. i
n)= n) — . -
N+1 'N Eg(’l) (
6. The derivation of (46)
First '
FGim | RE'@ et G¥'(n)
fo(n) = n . [ ] =
. 0 81T T Wk x2(k—N) . 0

k=1

’ _ Fxlv-l(n) » _ XN—l(n) . _ .
T e || DI W TR e |

_ [ XM-1(n) ]_ [ X*(n) _

B DY ()" XN (m) _ x(n+l—N)—e’;'”"(n)] -

= X¥(n) — [ e”'”?'(n):l ” , (A5-15a)
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and
G*'(n) Lo
[ . ] =G"(n) — RY.(n) [ E;'N_,(n)]. (AS-15b)
However ’ . "
-D](n) 0
N 4 = A 5-
rzo | 0 gl E;,'-'(n)] (@19
That is why
G-t b,N—1 —D¥-t .
G (n) = [ :‘)" ] + %T((,:) [ "1 (")]. (A5-17)
7. The derivation of (47)
First
el = y() — D¥W)TX"(n) = y(n) = D¥(n—1)"X"(m) +
+ (D¥(n—1) - D"(m))"X"(n)
. = el(n) - G ()"} (M X" (n). (A5-18)
Secondly, in view of (A2-9)
E_:En_; =1—G()"X"(n) =r(n). (A5-19)
el(n
Eventually
) —r¥ ') = GV ()" XV (n) + GV () TXN " ()=
N-1 b,N-1 A __PN-L
_ [G (")]Txﬂ(n) &) [ D} -(")]X"(n) .
0 EX-1(n) 1
5, N-1
+ G ' ()XY ' (n) = — & [x(n+1—N) =Dy ‘()" X ¥ '(n)] =
E}-'(n) L
ety 5
| e (A5-202)
Moreover the initial condition is ) )
b 2 2
ri(n) =ro(m) — ;’:")) gy 1T —ﬁ@—- . (A5-20b)
(7 Y whkx2(k)
k=1

8. The derivation of (49)

From the definition of lattice coefficient K¥*!(n+1)
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K¥(a+1) = Y w'*x(k—N—1)x(k) — D¥(n+1)"RY, ("D} (n) =

k=1 -
=w z": w Tk x(®)x(k—N—1) + x(n+1)x(n,—N) — DY, RY , D) (n) =
k=1 .

= wK"!(n) + wDJ(n)"RY, (n—~1)D} (n—1) + x(r+1)x(n—N) +
— D¥(n+1)"RY (m)D} (n).

Next, in view of already known relations

Dy(n) = D,(n—1) + G(m)e3 (n)
D/(n+1) =D (n) + G(n)el(n)
RY.(n) =wRY (n—1) + X(m X (n)™
ebt(m)=et(m{1— X(n)TG(n)} .
First :

DY (n+1)"R (WD} (n) = D{()"RL, (»—1)D] (W)w + DY )" X () X(n)" D (n) +

+ G e/ (n+ R, (D () =
= D{(n)"R}, (n—1)D} (n—1)w + DY ()" wRE (n—1)G(m)e: (n) +
+ DY@ X()X@TDY () + /" (n+ DX ()T DY ().
Secondly

Di ()" wRE, (n—1)G(n)€] (n) = DI(M)T{ R}, (n) — X)X ()"} G(n)e’ (n) =

= Di()T{X(n) €} (n) — XM X()" G(m)e’ (n)) =
= D’,’ "X (n)e'; M{1=-Xn)"G(m))} = Dy (n)T Xi (n)e’;'" (n).
On the other hand

D?(n)TX(n)X(n)TD,",'(n) + E{'"(n+ DXETDY () = x(n+ 1) X(n)* DY ().

That is why
K¥(n) = wK”*'(n) + x(n+1)x(n—N) — DY ()T X(n)et" (n) +
— x(n+1D)X(n+1)"D} (n) = wK**'(n) + €7V (n+ Ded¥ (n).
However
el(n+1) =ef(r+1){1 — X()"G(n)}.
As a matter of fact
e{'"(n-i; Dei(n) = el (n+1)ebN(n).

Obviously (48) hold true.

(A5-222)
(A5-22b)
(A5-220)
(A5-22d)

(A5-23a)

(A5-23b)

(A5-23c)

(A5-23d)
(A5-23¢)

(A5-23f)
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9. The derivation of (49)
First

CEMp+1) = Y wt1TRpR)?2 — DY (r+ 1R (r+1)DY (n+1)

k=1

=w ), wEkyR)? + y(n+1)? — D"(n+1)r;'x(n+l)

k=1

=w LwtyE? +y(+17 — (D) + G (n+1)Tef(r+ 1)} x

k=]

x {wri () + y(a+1)X"(n+1)}
= WEy() + y2(n+1) — D¥ )Ty (n+ X (a+1) +
—GY(n+1)Te, (n+1)rl (n+1) .
wEy(n) + y(r+ 1€} (n+1)—€}(n+ 1) X (n+1)"D(n+1)
wEy(n) + €f (n+1)e} (n+1) (A5-24)

since
G(m) =R_'(nX(n) (A5-25a)
R(")D() = 1,.(n) (A5-25b)
D¥(n+1) = D¥(n) + G¥(n+1)e¥ (n+1). (A5-25¢)
Eventually (49)‘ holds true.

10. The derivation of (50)

First

K (n+1) = uzlw'”' 1=k (k) (x(k—N) — DY (n+ D)TXN (k) =

k=1

= wnz wry(k}{ x(k—N) — [D¥()" + G (n+ 1) (n+ 1)]X"(k)} =

k=1 3

= wa(n) — GT(n+Dr,(r+ 1) (n+1) + y(r+1)edN (n+1) +
+ y(+ DG+ DX+ D) (n+1) = '
= wK{(n) — X¥(n+1)"D¥(n+1)eX¥ (n+1) +y(r+1Det(n+1) +
+ y(n+1)X"(n+l)TG(n+1)e’;-"’(n+1) =
= wK¥(m) +y(r+1) {1 — X"(n+l)TG(n+‘1)}e';(n+l) +

+ y(n+1)X"(n+1)TG(n+l)e';'"(n+l)—X"(n+1)TD"(n+1)E';'"(n+1) =

= wK(n) + €Y (n+1)e¥N(n+1). (AS-26)
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Secondly _
N+ D (a+1) = ¥+ DM (n1) ©(A527)
11. The derivation of (51)
- According to definition _
k¥ (n+1) = KM (n+1)/EN (1+ 1) ' (A5-28a)
k¥ (a4 1) = KN 1 (n4-1)/EN (). (A5-28b)
Moreove_r
K" (n+1) = wK™' () + /¥ (n+ Db m) o (A5-292)
E}(n+1) = wEY¥(n) + €/¥(n+ 1)/ (n+1) (A5-29b)
E}(n+1) = wE) (n) + €2V (n+1)e¥ (n+1) (A5-29¢)
e5¥1 (4 1) = €2V (n) — KN+ ()M (n+1) (A5-29d)
' €M (n41) = €M (n+1) — kX (et (). . (AS5-29)
That is why _
{E¥(n+1) — el (n+ DESN (a4 1) } k¥ () =
: = K¥(n+1) — el (n+1)ed (n) (A5-302)
{E}(m) — 2V (e () kF+! () = K+ (n+1) — €Y (W)l (n+1). (A5-30b)
Eventually '
, C e (g Del N+ 1)
¥ (n+1) = k¥ () + 2 2 A5:31a
y; (nﬁ- )=kt (n) Nt 1) ( )‘
and .
e (e N (nt1) .
¥ (n4 )= kM) 4 22— AS-31b
p (1) = k) (m) 50 ( )
12. The derivation of (52)
First
kyME)(n) = KJ(n) = kY {E) (n+1) — e¥*(n+ Del*(r+1)}/w =
C={kY(r+1) — el (n+ 1) (n+1)} /w. (A5-32a)
 Secondly '
e (n+1)
kN(n+1) = k¥ (n) +m {eY(n+1) — k¥ (m)e(n+1)} =
N (n 41 o
= k() + & D e¥*(n+1). : (A5-32b)

E)(n+1)
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M. ZOLTOWSKI

O SZYBKICH ALGORYTMACH METODY NAJMNIEISZYCH KWADRATOW
W LINIOWEJ FILTRACJI ADAPTACYJINE]

W artykule przedstawiono czytelnikom zainteresowania autora dotyczace adaptacyjnej filtracji.
Przedstawiono rézne warianty metody najmniejszych kwadratow w szczegdlach w przypadku liniowym
w formie przegladowej. Ponadto krotko wyjasniono zasade ,kolana” do wyboru rzedu filtru
adaptacyjnego. Scharakteryzowano réwniez wplyw parametru wagowego w na dzialanie filtru.
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Application of quantile Afiltering to sampling time jitter
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The presence of time jitter between the trigger signal and the sampling pulse in
equivalent-time digital oscilloscopes can cause appreciable distortion of the recorded
waveform. In the paper a method of correction for such distortions is proposed. The method is
based on applying median or quantile filtering to measured data (i.e. to a sequence of
samples). Theoretical background of this median/quantile method of sampling time jitter
correction is thoroughly discussed. A hardware solution of the method, using systolic sorting
arrays was suggested to implement proposed algorithms. The input signal of these circuits is
a sequence of N real numbers, the output signal is nondecreasing ordered (i.e. sorted) input
sequence. Along with ordering, each sorting algorithm chooses k-th (in the value) element of
the ordered sequence then proposed arrays can be used to median and quantiles computations.

1. INTRODUCTION

In electronics measurement systems with sampling (like digital oscilloscopes, fast
data acquisition systems or picosecond waveform recorders) user cannot neglect
random unstability of sampling, called sampling time jitter. This unstability is due to
inherent noise phenomena and to some extent also to the method of sampling. In
equivalent time digital oscilloscopes the jitter causes troublesome noisy scattering of
the measured signal image and appreciable distortions of the recorded waveform.
The contribution deals with sampling jitter digital correction of equivalent time
sampling systems. Simple and fast method for jitter correction by means of median
or quantile filtering is proposed. The accuracy and other theoretical aspects of the
method are analyzed in the sequel and were practically verified in new constructed,
computer based (IBM PC/AT) instrumentation. This instrumentation picosecond
waveform recorder PZ 1079-1 is the equivalent time digital oscilloscope with 2 GHz
bandwidth and was constructed in the Picosecond Laboratory of Institute of
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Electronics Fundamentals at Warsaw University of Technology. At present only
software implementation of the method (on an IBM PC/AT computer) is completely
elaborated but some hardware solutions (systolic arrays), significantly accelerating
the correction, are proposed in the section 7 of the paper. Presented systolic arrays
are very simple and can be easily implemented as ASICs in VLSI technology. The
comparison of the median and quantile filtering method with simplest arithmetic
averaging (used mostly by sampling oscilloscopes producers) and very sophisticated
deconvolution method is included to the paper and shortly presented in the section 4.

2. THEORETICAL PRELIMINARIES

If 0 < p < 1, then an order p quantile of a real random variable X is defined as
such a number a, € R, that

A quantile of the order p = 1/2 is called the median. For given random variable
X and fixed p € (0, 1) a quantile a, always exists. It is possible that the quantile a, is
- unique but the set of a, satisfying the conditions (2.1) can be also infinite. If the
random variable X has a continuous distrbution function F then each number a,
€ R satisfying the equation F(a,) = p is a quantile of the order p.

The proposed in the sequel method of jitter correction is based on the following,
easy to verify, two theorems.

Theorem 2.1. Let x, be a quantile of the order p (where 0 < p < 1), of the real
random variable X and f: R—R the real (B(R), B(R)) measurable function

1) If the function f satisfies the condition (2.2)
foreach ¢, 1, eR;t, < x, < t, > f(t) < fx,) < f(t) 2.2)

then f(x,) is the quantile of the order p of the random variable £(X). If the function
[ satisfies the condition (2.3) '

foreacht;, 1, eR;t, < x, < t, » f(t) > fix,) = f(@¢,) - (23)
then f(x,) is the quantile of the order 1—p of the random variable f X).

- 2) If the distribution function of the random variable X is strictly increasing in
a neighbourhood of x, and f is continuous in a neighbourhood of x, then (2.2)
implies, that f(x,) is the unique quantile of the order p of the random variable S(X)
and similary (2.3) implies, that f (x,) is the unique quantile of the order 1—p of the
random variable f(X).

Theorem 2.2. Assume x, is a quantile of the order p (where 0 < p < 1) of a real
random variable X, there exists such a fixed ¢ > 0 that | X — x,| < &, and the real
function f: [x, — &, x, + €] - Ris (B([x, — & x, + &]), B(R)) measurable.
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1) If the function f satisfies the condition (2.4)
foreach ¢, t, € R; x,—&e<t, <x, <, <X, +¢ - ft)<fx,)<f(¢,) 24

then f(x,) is the quantile of the order p of the random variable f (X). If the function
f sat1sﬁes the condition (2.5)

for each t,, t, € R; x,—e<t, <x,<t,<x,+¢& = f(,)<f(x,)<f(t,) (2.5)
then f(x,) is the quantile of the order 1—p of the random variable f(X).

2) If the distribution function of the random variable X is strictly increasing in
a neighbourhood of x, and f is continuous in a neighbourhood of x, then (2.4)
implies, that f(x,) is the unique quantile of the order p of the random vanable f(X)

and similary (2. 5) implies, that f(x,) is the unique quantile of the order 1—p of the
random variable f(X).

Corollary 2.3. Let the input signal f: R—R be measurable and assume that ¢, is the
quantile of the order p € (0, 1) of the random variable # + T(#;). If the condition
(2.2) is satisfied (or |T'(%;)| < € and the condition (2.4) is satisfied) then f(z,) is the
quantile of the order p of the random variable f(t, + T'(¢,)). If the condition (2.3) is
satisfied (or | T(¢,)| < ¢ and is satisfied the condition (2.5)) then f(¢,) is the quantile
of the order 1—p of the random variable f(¢, + T(z,)).
If the distribution function of the random variable T'(z,) is strictly increasing in

a neighbourhood of 0 and f'is continuous in a neighbourhood of the point #, then

* 1) if the condition (2.2) is satisfied (or |T(#,)] < ¢ and the condition is satisfied 24)
then f(t,) is the unique quantile of the order p of the random variable f( + T'(#)),
2) if the condition (2.3) is satisfied (or |T(%)| < € and is satisfied the condition (2.5))
then f(z,) is the unique quantile of the order 1 —p of the random variable f(, + T'(%,)).

Definition 2.1. Let (X' v X,, ..., X,) be an n-dimensional random vector defined on
the probabilistic space (Q M, P)and ke (1,2, ..., n}. Define function ¢{”: 2 > Rin
the followmg way. Letiw € 2 and assume that a is such a permutation of the set
{1, 2, ..., n} (in general a is dependent on w) that 20 (@) € X, (@) < ... <X p(@).
Then we admit ‘.
) £P (@) = X,p)(@). ' (2.6)
The function £ is (.#, B(R)) measurable (see theorem 2.4) then £{ is a random -
variable. The random variable é}‘") is called the order k statistics. The number
k called an order of the order statistics Ev.

Theorem 2.4. The function ¢® (from the definition 2.1) defined for a random vector -
X, ..., X,,) is a random variable.

Proof. Let S, be a set of all permutations of the set {1,2, ...,n}.Ifa € S,, then A, =
= {X,q) < X,(Z) <. X, (,,)} € #. Hence the set

Bi= |J A e 4 but (P = EX A5, then & is (4, B(R)) measurable. QED

alk)=1i i=1
aeS,
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Let (X;)2, be the sequence of independent random variables with the same
probability distribution as a random variable X. Assume that X and (X;)2, are
defined on the same probabilistic space (2, .#, P). The random variable & }C"()n), where
k(n) = [nA]+1 for fixed A € (0, 1) is so called quantile statistics of order A for the
n-dimensional random vector (X,, X,, ..., X,). Basic properties of the random
variable £{7, can be summarized the followmg theorem.

Theorem 2.5. Assume (X ), 2, is a sequence of independent real random variables
defined on the probabilistic space (R, .4, P) and with the same probability
distribution F as the random variable X. Let 1 be arbitrary number from (0, 1)
and &7, order A quantile statlstxcs (where k(n) = [nA] + 1) for the vector (X,
X, ... X))

) If there is the unique quantile a, of order A for the random variable X, then
£W, — a, (P almost evérywhere), when n — oo.

2) If the random variable X has a continuous density function f and a, is an order
A quantile, for the random variable X, the density function f is continuous and
positive in the point a, then introducing the following notation

Y® = /‘L—(l—’i-T)f(a)')(ég?") = a;) ' @7

we have for each y,, y,,€R, y, < yzl

lim P(y,< Y? < y,) = —= fe iz gy, (2.8)

Proof of the above theorem can be found in [13] [14] [15].

The part 1) of the theorem 2.5 says that quantile statls;txcs f}c”()n) is a consistent
estimator (in the sense of convergence P almost everywhere) of the order A quantile
a,; of the random variable X.

If X,, X,, ..., X, are independent real random vanables with the same
.probability distrlbutxon with the distribution function F(x) then the dlstrlbutlon
function of the random variable ¢ defined for the random vector (X,

, X)) has the distribution function &, given by the following formula (2 9)

(see [13], [14], [15D)
B0 = ¥ —"  Eey — Feyn 29)

m=k m'(n )'
or equivalently by the formula (2.10)

F(x)
n!

P, (x) = W(n——k)' jt""(l—t)”""dt. (2.10)

0



TOM XXXIX —1993 Application of quantile filtering... 95

If the distribution function F has a probability density f then there is a probability
density of the random variable £ given by (2.11)

fk..(X) FE)'(1-F)" (). @11)

n!
- E=Di—F)!

Proof of the formula (2.9) is based on the formula on frequency in the
Bernoulli’s scheme with probability of success even F(x) = p. The formula (2.10) is
obtained by integration by parts. The formula (2.11) can be obtained from (2.10) by
differentiation.

If we take into account specific probablhty distributions, we can see much slower
convergence rate of & k(n)—+a,1 (P almost everywhere) where n— oo, in comparison
with the convergence (X,+X,+ ... +X,)/n—>E(X) (P almost everywhere). Th1s
result is a consequence of the probablhty distribution of the statistics f"”

3. PROBABILISTIC MODEL OF JITTERED SAMPLING

To explain the principles of the median/quantile method of jitter correction, we
have to introduce at first a mathematical model of sampling with jitter. In this
section such a mathematical model of jittered sampling in equivalent time digital
oscilloscopes is shortly discussed. Assume the analog input signal f: R—R is
sampled in equvalent time points ¢,, ¢,, ..., ty (particularly we can have tk =k At
but it is not important in the sequel). Sampling time points ¢, k € {1, 2, ..., M} are
not exactly real sampling points. Because of noise phenomena present in samplmg
circuit real sampling points are randomly shifted on the time axis. This shifting is
called sampling time jitter. In relatively slow systems these shifts are not critical and
errors caused by jitter can be neglected. In fast systems, like wide band
equivalent-time waveform recorders (ETWR) or sampling oscilloscopes random
shifting is in the range 10—200 ps and causes very troublesome distortion of the
measured signal. The aim of the sampling time jitter correctors is to reduce
distortions introduced by jitter.

Let T(#,) be the random variable describing the random shift of the real sampling
_ point #+T(¢,) related to assumed, deterministic one #. Because, we repeat the
sampling at the each point #, (where k = 1,2, ..., M and M is number of sampling
points) in independent manner, we can describe the all sampling process by
M random sequences (f(t,+ T, ()2, for k = 1, 2, ..., M, where (T, ()2, is
a sequence of independent random variables with distributions equal to the
distribution of T(¢,). In practice the number of samples for each k is limited to N,
then the input information for the median/quantile algorithm consist of M random
vectors of N, dimensions or in other words, of M finite random sequences
(@ +T, )N, for k = 1,2, ..., M. In the sequel we assume that the input analog
signal is not corrupted by the additive noise, the jitter is limited (i.e. there is such
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a number ¢ > 0 that |T,(4)| < efor k = 1,2, ..., M and n € N) and
distribution functions of all r.v. T,(t,) are continuous and strictly monotone
a neighbourhood of 0.

4. ERRORS INTRODUCED BY SAMPLING TIME JITTER

In this section we assume that the input signal is a (B(R), B(R)) measurable
function f: R—R and is sampled in time points #,+T(t,), where ¢,, ¢,, ..., ty € [a, b]

- are deterministic sampling points. We would like to assess measurement errors
introduced by sampling time jitter. In other words, we want to assess the value er(f)
df A f(¢+T(#))—f(?) for a fixed sampling point ¢ particularly for ¢, ¢,, ..., ty € [a, b].

If the signal f is a (B(R), B(R)) measurable function (for _instance f is
continuous) then er(r) is for each sampling point ¢ a random variable but its
probability distribution depends on f and is difficult to exact calculations.

Assume that jitter is limited i.e. for each ¢, we have |T(f)| < e. If the signal
f € C®(R) then from Taylor’sformula we obtain

. n=1 1 £) :
o) < T e e 4 £ aup 1oy @

Iff("“’ € C(R), f"‘) eL'R, %,l)fork =0,1, ...,n+1 and & denotes the Fourier
transform then & (f™)(w) = ( Jo)" F (f)(w). Hence

I f"')(t)l —; § lo|"|F(w)|/,(dw), where F is a spectrum of the signal f. Then from
. !
(4.1), we have the following enequality (4. 2)

n—1 (%),
o) < T e I|w|" IF@)I@a) <

| “.2)
N I OTIACR
<mil—p < 5 L= D) IF@)IL o).

If the spectrum F of the input signal fis limited i.e. there is such a w,, that |
supp F < [~w,, ,] then the integral on the nght side of (4.2) is finite’ and we
obtain

ler(#)] < f (e”” D) |F(w)|,(dw) “.3)
[0 ,}

The simplest but rather pesimistic assessment of er(7), can be also obtamed when
limited by w, spectrum of the signal f and limited jitter are assumed. In this case,
specifically for S = A - sin(w, 1), where A > 0, we have |er(s)] < A - w,e.

- In general, we do not assume, that the samplmg time thter is hmxted
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In such a case, if the signal f € CO(R), T(¢) € L, A, P) and sup|f'(H] <+o0
then from the Lagrange theorem about the mean value we have “®

D2(er(®) < (SUP \f'@®1)? - DAT@®)) ' @4
and for limited jitter
Deer() < ( sup 1S OIF @)

If fe CA(R) and f, f*, f" € LI(R, &, I,) then (denoting spectrum of the signal /by
F) the formulas (4.4) and (4.5) can be rewritten as (4.6) and (4.7)

D*er(®)) < 2- I o |F(w)|do - DX(T(#) - @4

De(er(9) < 26 @lF(@)] do. | @

If f() = Asin(w,?) then from (4.4) we have D?(er(#)) < A? ngz(T(t))

_Assume that the analyzed in the sequel sampling system is an equivalent time
waveform recorder. In such a system for each k£ = 1, 2, ..., M a set of samples can be
gathered creating input data for correction algorithm of errors introduced by
sampling time jitter. In general these statistics taken for every k = 1, 2, ...,M allow
to correct distortions caused by jitter, but the restoration needs deconvolution
algorithm (see [3]) or in the case when jitter statistics depends on k, solution of the
integral Fredholm equation of the first kind. Then correction leads to the ill posed
problem and needs complicated numerical regularization techniques (see [3], [4]). In
this context, simple methods, like mean value or quantile statistics computations,
working quite correctly only under certain assumptions become attractive. The
simplest method to correct scattered signal image is the mentioned mean value
computation i.e. averaging. In this method for each k = 1, 2, ..., M and sampling
point ¢, the number

N, ‘ .
MNG N E - 3 ) 4.8)

Ol_

is computed. The method is quite correct for linear signal f(f) = At+B,
A, B € R i.e. MN(¢, N,)—-f(?) with probability 1 but in general (for example for
pulse signals) it introduces some errors. These errors can be easily assesed in the

following way. Let A(t) STB(/(t+T(1))). We would like to find |A(t)—f(9)| and
sup|h()—f(?)| for fixed sampling time ¢. Assume that the input signal f € C®(R)
teR

and for each ¢ € R, T(?) € L"(Q, A, P), f(t+T()) € L}(R2, #, P). Using Taylor’s
- formula we obtain

n=1
ho—-ro) < T LD

k=1

BT+ — (SUP |/ @@+x)E[(T@®)] @4.9)
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where A = [—¢, €] if the sampling time jitter is limited (i.e. exists such a number
& > 0, that for each sampling time ¢, |T,(¢)| < &) or A = R if the sampling time jitter
is not limited.

Iffe*DeCR), fPeL'(R, £, )fork = 0,1, ..., n+1 then denoting by F the
Fourier transform of the signal f, we can (4.9) rewrite as

n—1 (k) n
LORNCIEE 2O roy + EHEOn.

o BIT@MI o IF @)1, (o)

1ol F@)I4@a) < 5 kg o 4

1E "
o I(T(t)) E|T@)| II

In particular from the formula (4.9) for f€ C*Y(R) and fe C?(R) we have

"F (w)}{,do. 4.10)

[h(&)=f(O)] < sup|f'(t+x)] - E[T()] (4.11)
|r@—r )] < If'(t)lIE('l'(t))|+%§1:£If"(_t+x)l -E[T@P. (4.12)

If additionally sampling time jitter is limited then two enequalities (4 13), 4.14)
follow from the formulas (4.11) and (4.12)

lh(®) — f(O] < & sup |f(t+x)] for fe CO(R) 4.13)
x€[—s,8]

kOS] < el SO + -2- sup_ |f"(¢+x)| for f € CEXR). (4.14)

If the probability distribution of the random variables T(f) is for each

t € R symmetric (i.e. jitter is symmetric), then formulas (4.9), (4.10) and (4.12)

become simpler because odd moments E((T(#))*) vanish. In partlcular for fe C@(R)
from (4.12) we obtain

LIGEIAGIIEN SUP |f“(¢+x)] - D2(T(®)). (4.15)

If fe C®R) and f® e LR, &, [,) for k = 1, 2, 3 then from (4.10) we obtain

D*(T(9))

O] < =

§ @*|F(w)| £,(dw). - (4.16)
o

If sampling time jitter is limited, the signal f'is analytical on R (i.e. f& C*)(R))
and sup| f®(9)| = G(f) <+ oo then because E((T(1))*) < &* we obtain
keN
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%)
() —f(®)] < kz 01 kzl SO & _ GeEr—1). @17

If additionally the random variable T(#) has a symmetric probability distribution
then E(T(£)*) = 0 for k odd and (4.17) can be rewritten as (4.18)

AU

LIGETIUTIES Z BT [E((T(®)*)] < G(#)(cosh(z)—1). (4.18)

k=1
From assessments (4.9)—(4.18) we can easily obtain error assessments (of the
signal f measurement) in the supremum norm.
For example, if fe C®(R), fP e L\(R, &, I,) for k = 1, 2, 3 and E(T()) = 0 for
each ¢ € R then for ¢ limited sampling time jitter we obtain

supla()—f(O)] < 5 Suplf "0 < —n RI o |F(w)|,, ([dw). (4.19)

In the sequel we give several examples of distortions introduced by averaging when
sampling time jitter is present.

Example 1. If for each ¢ € [a, b] sampling time jitter is limited i.e. |[T(¥)] < & and
a probability distribution P(¢, *) of the random variable T(f) is symmetric
related to zero or E(T(#)) = 0, then averagiﬁg_ for arbitrary fixed te[a, b]
does not introduce errors in the case of linear signals, i.e. for signals defined
by the formula f: [a—e b+e]at>Ar+BeR, where A,BeR. Indeed,
E(A(TH+(f)+B) = At+B for t € [a, b).

Example 2. Let f(f) = Asin(w,?); where A, o, € R* and assume that P(z, *), the
probability distribution of the random variable T(¢#) is symmetric,

h(f) =E(A-sin(w,(t+T(#))) = Asin(w,)E(cos(w,T(2)))+cos(w, 1)
-E(sin(w,T(9))) = Asin(w,#)E(cos(w,T(9)) = Assin(w,f)Reo(t, w,)

where ¢(z, * ):R 2 0—E (™) e C is a characteristic function od the probability
distribution P(z, * ). Similarly for a consinusoidal signal f(¢) = Acos (w, ), we have
h() = A-cos(w,?) Re o(t, w,).

For each ¢, € R, |Re ¢(¢, 0)|<|p(2, co)l le(2, 0)] < 1. Therefore, if the
probability distribution of the random variable T(¢) does not depend on ¢, then
“symmetric jitter” modifies an amplitude of the averaged sinusoid and introduces
a phase shift but the shape of 4 remains sinusoidal (in particular may be A(f) = 0 or
the phase shift equal to = may occur). In the case where the random vatiable T(7)
has for each 7 € R the uniform probability distribution on the interval [—g, ] we-
obtain

h(t) = Asin(w,?) E(cosw,(9))) = %sin (o, 1) j cos(w,x)dx = f(2) -'Sa(coga),
) (4.20)
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sinx/x foer e R/{0}

where Sa: R x-)Sa(x) = {1 for x = 0

In the case, when the random variable T(f) have for each # € R the Gaussian
probability distribution N(0, o), we obtain ¢(¢; w) = exp(—oc2wZ2/2) then

22
c2w?

h(t) = A-sin(w,f) Re o(t, »,) = A-sin(wgt)-exp<— > ) 4.21)

If the probability distribution of the random variable T (f) does not depend on
t but is not symmetric then the jitter can both change amplitude and introduce
a phase shift ¢ (h remains a sinusoid) according to the formula

E(A - sin(@,(T())+9)) = A,sin(@,8)+A,cos(@,2) = A-sin(w,t+¢)

where Al" = A-E(cos(w,T(9)), A, = A-E(sin(w,T(1))), A? = AZ2+4+A2 and g is "
a solution of equations singp = A,/A, cosp = A, /A.
If the signal f € CW(R) is periodic with a period T = 2=/ w, then its Fourier

a
series Y, ¢,e/®" is uniform convergent for ¢ € R to f(¢). Hence

n=—a

h©) = E(+T@) =

Y, ¢, B/on®tTON = Y celmnto wm).  (4.22)

n=—c0 n=—o

Example 3. Assume the random variable T(¢) have for each ¢ € R the same uniform
probability distribution on [—e¢, ¢] and the input signal f is the step function f(¥)
= 1(#). Then we have

1 fort > ¢
. 4 1 .
A(t) = EQ1(t4+-T() =§1—s jl(t—i-x)dx =(1/2 + Z:t for —e <t < ¢ (423)
0 for r € —e.

If T(¢) have for each ¢ € R the Gaussian probability distribution N(0, &) then we
obtain

1 . x2 I 1 J2 :
h(® = E(Q1(t+T() = ml{ 1(t+x)exp<—?>dx =3 + Eerf<2—a ) 4.24)

where erf (x) df 2 { exp(—#2) dt is the error function.
o

For both probability distribution (uniform and Gaussian) obtained rise time of
measured step function is significantly augmented by the sampling time jitter (for
example up to 1.6 ¢ in the case of uniform probability distribution see fig. 4.1).
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Fig. 4.1. Step function distortion caused by sampling time jitter when averaging algorithm is applied a) for
each ¢ € R the random variable T(¢) has the uniform distribution on [—¢, €] b) for each t R, T(f) has the
Gaussian distribution N(0, o), erf denotes the error function.

5. QUANTILE AND MEDIAN FILTERING METHODS
OF SAMPLING TIME JITTER CORRECTION

In this section we analyze applications of median and quantile filters to the correction
of errors introduced by sampling time jitter. Using as a basis corollary 2.3 and theorem
2.5, we can apply to the estimation of f(#, ), the quantile statistics of the order p, where

P(I(t,) < 0) > pe; P(I(%) > 0) > 1—p;. 5.1)
More strictly, the proposed algorithm is the following:

1. Input data and assumptions. Let like in the section 3 the sampling be
described by the random sequence (5.2)

(ft + To(8)) + Ca(t)nZo- (-2)

Assume, that the additive noise (Q,(fx)).r is not present. Hence description
of the sampling becomes simpler and (5.2) can be written with the formula (5.3)

(flt + To(t&))a=o- (5-3)

According to assumptions from the section 3 about the random sequence (5.2) we
suppose that for each fixed k € {1, 2, ..., M}, the sequence (T ()%, is the sequence
of independent random variables with the same probability distribution (but in
general this distribution can depend on k).

For each ke {1,2, ..., M} we take only finite number N, of samples, then 7 input
data are described by M finite sequences of random variables (f(z, + T, ENNe, for

k=12, ...,M or for fixed {w,}€£2 by M real sequences (f(t; + T,(#))(®,)) e,
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In the sequel we assume that the distribution function of random variables T,()
are strictly increasing in a neighbourhood of zero and sampling time jitter is limited
i.e. there is such a number ¢ > 0 that |T,(¢,)| < & for each k € {1,2,...,M}. When
the above assumptions are fulfilled, zero is a unique quantile of the order D, of the
random variable T (). ,

In the described below algorithm for f(z,) estimation by quantile statistics we’
do not assume that the probability distributions of random variables T,(t) for
k =1, 2,..., M are identical or for fixed k symmetrical related to 0. But we have to
know, whether zero is a unique quantile of the random variable T,(#) and to know
the order of this quantile.

2. Assume, we know M positive numbers Py> D,.---Py Satisfying the condition
(5.1) for each k € {1, 2, ..., M). Hence, for each k e {1, 2, ..., M} zero
is the quantile of the order p, of the random variable T,(%). If random variables
T(#) for k = 1,...M are symmetrical related to 0 or have the medians equal
toOthenp, =p, = ... = py= 1/2.

3. Let fﬁNo)(k) be the order statistics for the random vector (5.4). Denote Jjk)
= [N, pJ+1 and r(k) = [Ny-(1—pg)]+1 then under admitted assumptions

6%’(@ and f%;)’(k) are quantile statistics appropriately of the order p, and 1—p,

defined for the random vector (5.4) (i.e. the sequence of samples)

U + T, @) S + T,(0), - St + T, (8- (54
For each k € {1, ..., M}, we have a realization of the random vector (5.4) and

_compute {79(k) () and ¢ Sk () i.e. values of the quantile statistics of the order
p and 1—p, for (5.4). :

4. For each k € {1, ..., M} we now have number ﬁ;lf,;‘))(k)(a)), if N, is large
enough, we can admit /(%) = (), if the condition (2.4) is satisfied and f(r,)
= {8Q(K), if the condition (2.5) is satisfied.

The above described algorithm becomes simpler if zero is for each k
=1, 2, ..., M a median of the random variable T,(z,). We have not to choose in
such a case between quantile statistics é%g(k) and ¢T(k), when estimation of the
value f(#,) is done because both values are equal. It foﬁfows from experimental data
gathered for wide band waveform recorder PZ-1079, that the assumption of
symmetry of the random variable T,(¢,) can be considered as fulfilled.

Assume a function f (i.e. input signal) is continuous and monotonic by intervals
and has compact support. Let I be the interval [7,, ], where 7, = inf(supp f), 7
= sup(supp f) and ¢, £, ..., &_,; € I such points that the function fis on the”

intervals {(?,, ,), (f,, 1,), ....} (F_,, &) monotonic. Denote A U {7 e I fis not

. K ’
continuous in the point #} and let U = I — < Ulti—e, f;+&] U A). If follows from
. i=0
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corollary 2.3 and theorem 2.5 that for each k€ {1, 2, ..., M}, if the condition (2.4) is
satisfied then
LeU= %:))(k) Moo= f(t,) P almost everywhere (5.5

where j(N,) = [N,P,] + 1. Similarly if the condition (2.5) is satisfied then for
r(k) = [N, (1 — p)] + 1 we have

L eU= g(P(‘,:))(k) o f(¢) P almost everywhere. (5.5
Hence for ¢, € U random variable ¢ f,lz,;’))(k) or & %2)) is a consistent estimator -of the
value f(z) (in the sence P almost everywhere convergence). Then proposed
algorithm is correct for #, € U. Of course for p, = 1/2 there is no difference between

(5.5) and (5.5").

6. ACCURACY AND ERRORS OF THE QUANTILE/MEDIAN METHOD

The proposed above median/quantile method of sampling jitter correction is
from computational point of view simple, effective and completely correct in the
case of monotone signals. When the input signal is increasing and decreasing on an
interval, errors can occurs in the neighbourhood of extremes but results of computer
simulation of the median/quantile algorithm prove that presented method stays very
useful in jitter correction. Other applied in practice methods also introduce their
own errors. For example the most sophisticated deconvolution method (see [2]) is
very sensitive to input data, then we have to use complex regularization techniques.
On the other hand the simplest averaging method mostly used by digital
oscilloscopes producers is correct only for linear signals.

A ‘question arises: how should be N, (assuming that # € U) so that
approximation f(#,) by an appropriate quantﬂe statistics defined for the random
vector (5.4) would be sufficiently exact. The analysis will be done for simplicity for
the case when p, = 1/2 and a continuous, strictly increasing distribution function F,
of the random variable T,(¢,). The convergence ¢ (No)(k) Now S(4) P almost
everywhere implies the convergence in probability i.e. f)or arbltrary small 6, > 0,
6, > 0 there exists such a integer No, that for N, > N we have

PERIK) ~ f(1)] > 8) < 5, ©.1)

or equivalently

P(ERI(R) = f(1) + 8)) + PETHR) < f(8) — 6,) < &, (6.2)

If Q;’% denotes a distribution function of the random variable f‘No’(k), then the
unequality (6.2) can be written in the following way

1_¢3k(3€) N, (f(tk) + 61) + ¢§’3;) N(f(tk) - 51) < 62 (63)

and then using the formula (5.10) we obtain
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F () +3)

- N,! Nerd (1~ N Nenl-1dr < 5, (6.4)
(INy 2D!(Ng =Ny p] =11
Fu/ ()~ =8)

where F, is a distribution function of the random variable f(f, + T,(%)). - -

If inside intervals where the function f is continuous, this function has the
Lipshitz property i.e. there is L > 0, such that if f is continuous on an interval
(%, x,) then for y,, y, € (x,, x,) we have | f(»,) — f(y,)] < L|y, — »,). In such
a case, we can replace the condition (6.4) about N, by new one (6.5) stronger but
simpler to verify and independent from the input signal f. If the condition (2.4) is
satisfied then

F(%) ~
J fNepl(] — pNe-WNo2d™dr < 5, (6.5)
Fi(~59)

where 67 = 4,/L and F, is a distribution of the random variable T,(z,).
Similarly, if the condition (2.5) is satisfied then (6.4) can be replaced by the
following condition (6.6)

N,!
T (NG 2D (N, =[N, 2] - 1)

1-Fy(—83)

!
N,! tWoepl(] — HNe-Ne'ad™qt < 5., (6.6)

([N, PD!(N— [N, - p]—1)!

1-Fy(8)

The following formula (6.7) holds for all integers N, satysfying conditions (6.5)
and (6.6)

P(IEGR k) —f(t)] > 8,) < &, 6.7

Then, we obtain “global error assessemnt” for sampling points ¢, from the set U. For
arbitrary fixed é,, 6, > 0, if N, satisfies the conditions (6.5) and (6.6) then
PRIERE) — ()] > 6,) < M. 68)
Of course, if N, is large enough then we can (according to the theorem 2.5) replace
in the formula (6 3) the distribution of the random variable f‘Nu’(k) by a Gaussian
distribution (f%g))(n) has the probability distribution asymptotlcally Gaussian).
Systematic errors outside the set of correctness U, i.e. values | f(¢,)—a,)| (Where
ECD(k) — ay P almost everywhere) for #, ¢ U, may be significant, but can be easily

)
aésessed For example if the input signal f'is a diferentiable function on R then the

error does not exceed the value &-sup|f'(#)]. Besides, if ¢, ¢ U then for some

. t¢R
(sufficiently vicious) input signals f; a¢small shift of extremes of the function {1, 2,
... M} 2 k—a, € R (in comparison with the function {1, 2, ..., M} 3 k — f(¢,) ¢ R)
can occur. Mostly, this local “phase shift” introduced by the algorithm is not
important in practical measurements. The convergence (5.5) of the quantile statistics
sequence is much slower than the convergence of the mean values sequence. It

.
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follows from comparison of variances of random variables {ﬁ’o))(t) and MN(N, )
for fixed N, because these variances can be considered as a kind of measure of
convergence velomty It is obvious that the variance of the random variable £ W 2)(k)
depends on a solpe of the function fin a e-neighbourhood of ¢,. As a consequence,
we obtain “larger scattering” of random variable £ “;‘;))(k) realizations for function
with greater slopes.

Example 1. Assume the input signal is the step function 1(¢ — ¢,) and sampling time
jitter satisfies assumptions of the corollary 2.3. Then median/quantile algorithm
restores exactly in the limit (i.e. when N — co0) input signal outside the point #, (see
fig. 6.1). Output data of the algorithm obtained for finite values N, (N, = 8, 16, 32,
64, 110) by computer simulation are shown in the fig. 6.2. Gaussian distribution of
sampling time jitter was assumed with standard deviation /D?(T(¢,)) = 20 ps and
the mean value E(T(z,)) = 0 for each k € {1, ..., M}. In practice, for ideal
restoration of the step function N = 100 is sufficient.
Described above estimation algorithm for f(¢;) (where £ = 1, 2, ..., M and
t, € U) is correct when the signal f'is not additively noised. If the sequence of samples
(f(t, + T,(t)))2, is additively noised then the sampling process for each k € {1,
.., M} is described by the sequence (f(t, + T,(%)) + Q,(#)):¢, where for each

A input signal | b corrected signal
/
jitter median
/ algorithm
0 to t 0 to t 0 1o t

Fig. 6.1. Signal restoration with the median/quantile algorithm for the step function
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Fig. 6.2. Intervals of erroneous restoration of the step function (computer simulation results)
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fixed n i k random variables T,(z,) and Q,(t,) are independent. The sequence
(Qu(#)) 220 describing the noise is for each k € {1, 2, ..., M}, a random sequence of . -
independent random variables with the same probability distribution. The following
fact holds. If we have two real, independent random variables X and Y and g,
denotes a quantile of the order A of the random variable X then (also if the random
variable Y has a symmetric probability distribution related to 0) the number a , have
not to be a quantile of the order A of the random variable X + Y. It is not difficult
to give appropriate examples. Therefore, in general, if f(z,) is a quantile of the order
4 of the random variable f(#, + T,(,)) then f(¢,) have not to be a quantile of the
order A of the random variable f(z, + T,(%,)) + Q,(t,). ‘

Using proposed quantile statistics algorithm in the case when the input signal is
additively noised, we can introduce a systematic error. If, for example, beside
admitted assumptions about f, f,, T,(¢,) and Q,(t,) we additionaly assume, that
random variables T,(z,) and Q,(#,) are for each n, kK symmetric related to 0 (0 is in
such a case median of the random variables T,(z,) and Q,(t,)) and foreach ke {1, 2,
...» M) the sequence (f(t, + T,(t)) + Q,(t))20 is a sequence of independent .
random variables with the same probability distribution and the same strictly
monotonic distribution function then the value of above mentioned systematic error
is equal to | f(#,)—ax|, where a; is a median of the random variable f1 (t + T,(t)
+ Q, (%) »

Under above assumptions, if the function f can be expanded in power series (in
particular f can be a polynome), a distribution function of the random variables
Q, (%) is strictly monotonic then the systematic error | f () —ag| for ¢t € U is mainly
influenced by even order derivatives f(f,) and if these derivatives are equal to
0 then the systematic error is also equal to 0. It follows from the following fact. The
sum of two symmetric independent random variables with unique medians equal to
zero has the unique median equal to zero too. In particular if fis a straight line then
JS(#;) remains unique median of the random variables sum f e + T,()) + Q.(t)
and the systematic error de not occur.

Described above jitter correction algorithm based on quantile statistics was

tested by computer simulation for different input signals, different values N 0°
quantizations and jitter distributions proving its usefulness. Advantage of the .
algorithm is its simplicity (in both software and hardware implementation) and
robustness. We do not assume specific jitter distributions. Other important
advantage of the method is possibility of its parallelization. For each point¢,, ¢, ...,
ty computations are independent and implemented with the same very simple
procedure. Disadvantage of the algorithm is fast increasing with N, time of
-computations, proportional (depending on sorting algorithm) to N2-M or
M:N,logN,. Also convergence é‘.’:‘,g))(k) - f(t) when N, - + oo, observed in the
computer simulation is relatively slow. For example, for linear signal with the slope
1 V/ns, Gaussian jitter distribution with ¢ = 20 ps, without quantization and
N, = 8, error do not exeed 0.01 V and for N, = 1024, 0.001 V.
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7. IMPLEMENTATION OF THE MEDIAN/QUANTILE METHOD

Implementation of the above described sampling jitter correction alorithm can be
software or hardware one. Software implementation is practically, despite of the
simplicity of the method, very time consuming, particularly for large N,. Then using
specialized systolic arrays for rank statistics computation (i.gw\systolic sorting
circuits) seems to be very useful, when we want to have real time correction,
A systolic circuit (or systolic array) is a digital network which satisfy the following

three conditions: /
— regularity and modularity of the architecture, ‘ |
— locality of connections,

— pipelining and parallel processing.

The first two qualities facilitate VLSI implementation, the third one determines the

throughput of the system. ‘
All proposed, in the sequel, systolic sorting circuits are based on specific sorting

algorithms (see for instance [3], [4], [6]). The simplest sorting procedure called in [4]

“bubllesort procedure” is the following:

procedure bubblesort (a):
i, j: integer;
a: array[l..N,] of real;
fori: = 1to N, do 7.1
for j: = 1 to N,—i (or to Ny—1) do
if a[ j] > a[j+1] then change positions a[ j ] and af j+1],

but much more useful as a start point for hardware systolic solution is so
called modified bubblesort procedure which (assuming N, > 3), is the following:

procedure modified bubblesort (a):
i, j: integer;
a: array[1..N,] of real; 4
fori: = 1to N do 4 (7.2)
begin

if not 2]i then for j: = 1 to N,—1 step 2 do

if a[ j] > a[ j+1] then change positions a[ j ] and a[ j+1];

if 2|i then for j: = 1to N,—1—2-[N_ 1], step do

if a[ j+1] > a[ j+2] then change positions a[ j+1] and a[ j+2];
end;

Computational complexity of this algorithm is proportional to N7. Described below
sorting circuits implement a parallelized version of this algorithm.
Main questions about sorting systolic arrays are the following:
— Is a proposed systolic array really the sorting one?
— How are the throughput and delay of the array?
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- 1s the circuit well suited to VLSI implementation?

- |5 the circuit ﬂenble i.e. whether we can easily obtain a large sorting circuit from
sm.nl ones ?

The problem posed in the first question is in general much more complicated than it
secms (see for example [3] and [4]) and is beyond the scope of the paper. Three last
questions are discussed below.

It is well known (see [3]) that the median and arbitrary quantile for the N,
dimensional random vector can be computed in the mean time proportional to
N, itg Ny (quicksort procedure). But the same procedure must be repeated for each
sample number k = 1,2, ..., M then the overall computational complexity of the
proposed median/quantile algonthm is proportional to M - N log N . In practice the
integer numbers M and N, are rather large for example M 1024 N, = 4096,
hence for real time capabllltles of the jitter corrector, we need a hardware
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Fig. 7.2. The PC2 elementary cell (one level of the sorting systolic array from the fig. 7.7 a)) with parallel
word processing
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Fig. 7.4. Serial implementation of the elementary processing cell PC2

implementation of the sorting algorithm. Such a universal implementation well
suited to VLSI techniques is shown in figs. 7.6 and 7.7. Delays denoted by points are
the D-type flip-flops (or parallel-in parallel-out registers). Compare/exchange
circuits PC1 implement delayed operation: if @ > b then (c: = b; d: = a) else
(c: = a; d: = b). More information about circuits for quantile computation can be
found in [1].
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Fig. 7.5. The processing cell PC3 composed of Ny/2 levels (one level = PC2 cell). This connection gives
as a result sorting systolic array (B =W for parallel word processing and B=1 for serial implementation)

Assume, N € N denotes the length of the finite sequence (@,)ne,, where {a,;
1 < n < Ng} € A and (A'<) is and arbitrary totally ordered set. Sorting (i.e.
ordering) from formal point of view is equivalent to computing such a permutation
n{l,2,..,N,} > {1,2,.., N,} thata,, < Arg) S - < Apey,) Algorithm which
performs sorting (i.e. computes the permutation =) is called a sorting algorithm. The
sequences (a,)Ye, and (@rm)ne: are respectively the input and output data of the
sorting algorithm. The set A can be an arbitrary totally ordered set for example R”
or the set C of complex numbers with the lexicographic order but as a rule in
statistical applications A is the set R of real numbers.

Assume that 2|N (i.e. N, is even) and for simplicity a, are integers from the interval
[0, m], where m e N. Sorting algorithm chooses k-th (in the value) element a,g, of the
ordered sequence for arbitrary ke{1,2, ..., N,} then can be considered as a procedure
for median (quantile or, in general, rank statistics) computing. For fixed k algorithms
of a4y computation are a little simpler than full sorting algorithms. A variety of sorting
algorithms and their properties are described in details in monographs [3] and [4].
Modified bubblesort procedure is less effective in sequential implementation (when
compared for example with quicksort procedure) but can be easily parallelized.

We can assume that N, is even, without loss of generality because for N, odd, we
can use a sorting circuit with N +1 inputs applying maximal number of the
representation to one of them. On the other hand N, even gives natural symmetry
and modularity to the circuit. "
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Fig. 7.6. Implementation of the classical “bubblesort” algorithm as a systolic array composed of
: ~ m = 2N, 3 levels

Systolic arrays presented in the sequel consist of three kinds of elementary
processing cells PC1, PC2, and PC3. The processing cell PCl1 is a pair of multiplexers
driven by a comparator and is described in fig. 7.1. The PCl cell implements
a compare/exchange operation. The PC2 cell, shown in fig. 7.2 is one level of all
proposed: systolic circuits with parallel word processing and consist of N PC1 cells
and 2N, registers. All registers have W-bits length equal to the length of processed
words representing numbers. The processing cell PC3 (see fig. 7.5) is a set of N /2
cascaded PC2 cells. The solution of PC1, PC2 and PC3 as circuits with parallel word
processing is fast but rather expensive. Besides, large number of pins (for large N,)
makes difficult on chip realization. More convenient for on chip implementation
seems to be solution of the elementary processing cells as a serial word processing
devices. The idea is similar to the distributed arithmetic concept used widely in DSP.
The PC1, PC2 and PC3 cells with serial processing are shown respectively in fig. 7.3,
7.4 and 7.5.

The serial PC1 has a flip-flop FF reset every W cycles of the clock. The first
inequality in bit comparison (indicating that the left side input is greater then the
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Fig. 7.7. Systolic sorting arrays with N, levels

right one) set FF to 1. Two input multiplexers MUX choose right side input if
controlled by Q = 0 and left side input if Q = 1. Circuits from fig. 7.8 can be
treated as modifications of the PC3 cell shown in fig. 7.5.

Systolic circuits with serial word processing are not so fast as systolic arrays with
parallel word processing (serial method is exactly W times slower) but for the same
N, have W times less transistors and connecting pins.

Presented sorting circuits are systolic arrays using described basic processing cells
PC1, PC2 and PC3. We need N,/2 cascaded PC2 cells or one PC3 appropriately
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Fig. 7.8. One level a), and M,, level connection b) of PC2 cells giving as a results sorting circuits (where
M, |(N,/2), c is a control signal, B=1 for serial word procesing and B=W for parallel one)

connected (see circuits in fig. 7.5, 7.6 and 7.7) to sort N binary numbers. From
theoretical point of view these circuits implement lexicographic sorting of binary
vectors. Circuits shown in figs. 7.5 and 7.7 a), b), c), d) compute the output result
(i.e. sorted sequence of numbers) in N, clock cycles in parallel case and WN, in
serial solution. The input/output delay of the circuits depends on number of levels.
Of course we seek sorting circuits with minimal number of levels and minimal
number of PC1 cells. If the throughput of the circuit from fig. 7.8 a) is A then it is
AM, and AN, /2 appropriately for circuits shown in fig. 7.8 b) and 7.7. The number
M, of levels (or more precisely cascaded PC2 cells) must be divisor of N /2. When
M, = N_/2 circuits from figs. 7.7 and 7.8 b) are equivalent. Shortcoming of the
circuit from fig. 7.8 is more complicated synchronization of the data flow in
comparison with the circuit from fig. 7.7 but in the second concept we can easily
exchange the throughput and complexity of the system. A method. of extending the
number N, of inputs is explained in the figs. 7.9 and 7.10.

Described above circuits sort the all input sequence (a,)e;. When we need only
k-th element of the sorted sequence i.e. a,y) (for example when median or other rank
statistics is computed), we can significantly simplify sorting systolic array, cutting
surplus parts of the circuits, using the principle shown in fig. 7.11. For example
when the median is computed, we need only 3/4 part of the area of the full sorting
circuit but number of* level (then the input/output delay of the sorting circuit)
remains the same. o

An interface between the systolic sorting array and host computer is shown in
fig. 7.12.- : ‘
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8. CONCLUSIONS

1. Presented in the paper a median/quantile filtering method is relatively simple in
both software and hardware implementation (when compared for instance with
deconvolution method) and useful in jitter correction particularly for pulse signals.
The method is quite correct for a large class of signals but in general can introduce
some errors. The signal image is not longer scattered on the screen. We can say the
sampling time jitter is filtered. It is also important that for proposed algorithms the
input information about random variables T(z,) is simple to identify. ’

2. A variety of fast systolic arrays for sorting procedures were suggested. The high
degree of modularity and locality of connections in described solutions significantly
facilitate their on chip implementation. It seems that the most convenient sorting
algorithm for hardware purposes is the modified bubble sort procedure. The
designer can easily exchange complexity of the system and its throughput. Presented
circuits can be of course used to fast median/quantile computations. This feature
give possibility of design sampling time jitter correctors in digital oscilloscopes based
on quantiles computation and working in real time. The discussed circuits can be
also used for median or quantile filter implementation in image processing (see for
instance [12]). It is worth to underline a remarkable connection flexibility in
described sorting circuits. From N, input circuits we can (by simple connection in
appropriate two dimensional matrix) obtain the - N, input sorting circuit.

3. In modern electronics electronic (digital and analog) circuits can be considered as
“silicon implementations” of algorithms. Such an general idea seems to be
a contemporary approach to electronic circuits & systems and is similar to ASIC
concept.
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List of Symbols

min — m is a divisor of n

Z — set of integers

N — set of natural numbers

R — set of real numbers

{mny —set(ieZym<is<n)

B(R) — g-field of Borel sets of R

B(X) — g-field of Borel sets of metric space X
— set of complex numbers

R" — n-dimensional Euclidean space

< — relation of linear ordering

[x] — integer part of a real number x

nl, — n modulo m i.e. the residue modulo m

(22, #, P) — probabilistic space

10.
11.
12.

i3.
14.
15.
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T. ADAMSKI

ZASTOSOWANIE FILTRACJI KWANTYLOWE] DO KOREKCJI CHWILOWEJ NIESTALOSCI
MOMENTU PROBKOWANIA W CYFROWYCH SYSTEMACH POMIAROWYCH

Streszczenie

Niestaloé¢ chwilowa momentu probkowania wystgpujaca w szerokopasmowych oscyloskopach
cyfrowych moze powodowaé (a zalezy to od ksztaltu sygnalu mierzonego) znaczne znieksztalcenia
pomiaru. W pracy zostala przeprowadzona analiza biedéw wprowadzanych przez chwilowa niestalosé
momentu probkowania oraz zaproponowano metodg korekcji tych bledow wykorzystujaca filtracje
kwantylowa. Podano rowniez szereg rozwigzan ukladowych stuzacych do obliczania statystyk
kwantylowych. Proponowane uklady s szybkimi ukladami systolicznymi dobrze nadajacymi si¢ do
wykonania jako uklady scalone typu ASIC.
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In the paper the analysis of the new microcomputer DELTA network is given. The
DELTA network is oriented towards the applications of the computer tools in the heavy
machines area (e.g. excavators, bulldozers, self out-loading trucks, etc.). The paper
continues and expands the results achieved during the period 1986 —1990 (now there is the -
continuation of this under the grant from the Polish Scientific Research Committee), when
the two institutes from the Warsaw Institute of Technology (WIT) were realizing the No.
CPBP 02.13 Scientific topic, named * The applications of the artificial inteiligence methods
in the heavy machinery and in the moving vehicles”. These were: the Institute for Computer
Science (ICS) and the Institute for Heavy Working Machinery {HWM) from WIT, but
also several other Polish technical institutes were involved in this (these were the technical
universities from Gdarisk, £6dz, Poznaf,, Wroclaw and some other non-university insti-
tutes). There are given: the definitions, the analysis of the state graphs, the lists of messages,
the lists of the statuses and the lists of commands for the three types of the data stations
(the host computers) that are used in the DELTA networks. These are: the On-board Data
Stations (ODSs), the Remote-control Data Stations (RDSs) and the Ground Data Stations
(GDSs). In DELTA the mechanisms for the co-operation of DELTA with any general
purpose computer networks are provided. This necessity may arise, e.g. when the use of
maps, the geological and other huge technical information should be provided in DELTA.
All the results given in the paper may be used for the simulations and for the system
software generation, as well as for the hardware efficiency analysis in DELTA.

1. INTRODUCTION

In the last time we observe that the designers of the heavy machines are very
interested to include microprocessors on them [1], and to make the heavy machine as

This paper was prepared under the auspices of doc. dr hab eng K. Bierkowski, and it's one of the
M. Ghabally’s researches for Ph.D. work.
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full automatic. Also these designers are interested in some remote control devices to
control the heavy machines. This paper explains some portion of the so called
DELTA system and the mutual messages between its stations, especially, related to
the machine actions.

The DELTA system is a computer, robotics, intelligence and multimicroproces-
sor network [2], consisting at least of the three- Data Stations (DSs), every of each
having a microprocessor, or microcomputer [3,4], termed here as the ,Data
Station”. Each DS in DELTA works accordingly to its design and its program, with
the possibility to communicate and having interrupts from the other DSs, so this
computer system can be looking at as the ,,Open System Computer Network”.

The DELTA system applications are specially useful in the heavy robotics
machine systems that work within unnatural climate, the human being can’t endure
it (example: poisonous gas zones, nuclear radiation files, rugged zones, etc.) or in
some environments that force the worker to leave the machine’s board, and to
control the work from many sides on the ground, [6)]. There are the following types
of these DSs in DELTA:

The On-board Data Station (ODS):
The On-board Data Station (ODS), equipped with the microprocessor, is placed on
the Robot Machine’s (RM), e.g., excavator, board. The ODS contains all the control
software and hardware necessary to work with, for instance for action and
stabilization protecting the RM from falling down at the action time [5].

The Remote Data Station:
The Remote Data Station (RDS), in DELTA is a carried (portable) steering device
used by a supervising worker who is forced to be aside of the working area, or from
the RM for the safety or other reasons. The RDS contains the microprocessor, the
monitor screen, the joysticks, the indicators and all the necessary keys, to control
remotely the RM in the full extent.

The Ground Data Station:

The Ground Data Station (GDS) is a ﬁxed computer station that stays out of the'
side of the working zone, because of having not any bind on the size, the weight, the
energetical power, the processing power and any of the environment dangers. So,

this GDS may have the very large capacity memory, the full content of complete
information about the work environment and all the necessary information about
the system. From the processing power point of view this GDS i$ the “master” of the
DELTA system. The GDS has the possibility to communicate all DELTA stations
with another system or networks by GDS’s communicating possibilities. The general
idea of DELTA was sketched in 1986 — 1988 period ([11, [2], [3], [4], [5], [6]). The first
possibility for DELTA’s implementation arised during the 1987 — 1990 period, under
the auspices of the CPBP 02.13 Polish Basic Scientific Research Program (the exact
name for this was: “The Artificial Intelligence Systems in the Working and Moving
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Machines”). During the CPBP 02.13 realization only the problems of the ODS
design were resolved ([7], [8]).

This paper is destined to make a further progress of the full (ODS-RDS-GDS)
DELTA research. Some points of this were made in [9] and in [10], but the problem
of the full (ODS-RDS-GDS) DELTA remains. In this paper we claim for the
originality (priority) especially for the full DELTA state graph synthesis, considering
the wireless method of the interstation information messages exchanges.

2. THE FULL DATA DESCRIPTION IN DELTA SYSTEM

2.1. THE SERVICE PRIMITIVES

A service is formally specified by a set of primitives available to a user or other
entity to access the service [11]. These primitives tell the service to do some action or
report on an action taken by a peer entity. In the ISO/OSI model, the Service
Primitives (SP) can be divided into four classes as follows ([11], [12], [13]):

Request Primitive (Rq) is using to invoke a function or to get the work to be done
(for example: to establish a connection).

Indication Primitive (In) is using to:

a. invoke a function or,
b. show a function (work) has been invoked at a Service Access Point (SAP), Fig. 1a [14].

Cl) b) %
. ' Uy s P wny
/ . Request :
Request Confirm = Response Indicaton = TM-~al__
~“-w
P Response
s
Service Provider ’

Service Provider

Fig. 1 Services Primitives

Response Primitive (Rs). The peer entity (side B in Fig. 1a) uses the Rs to inform
another entity, it wants, about accepting or relectmg the proposed connection.

Confirm Primitive (Cf). The originating protocol entity creates an Cf and passes
this up to the user, to be informed about its request [12]. The SPs can have
parameters, as about the maximum message size to be used on the connection, and
about the type of service desired.
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Services can be either confirmed or unconfirmed. In confirmed service, there are
all that four SPs, but in an unconfirmed service, there are just a Rq (request) and an
In (indication). The OSI/ISO CONNECT message is always a confirmed service,
because the remote peer must agree to establish a connection, [11]. The ISO/OSI is
abbreviated from the term “International Standard Organization/Open System
Interconnection™. '

2.2. THE SERVICES PRIMITIVES IN ODS

The ODS receives the action commands from each other station (GDS, RDS),
so SP in ODS contains: a CONNECT to establish connection with the other
stations. When the ODS wants to send a message, its SP contains a DATA. The
ODS DATA message consists of the addresses of: the target station (TS), the source
station (SS), then also of the proper message (M) and the relevant data. the DATA
message is unconfirmed. The DISCONNECT message is for disconnect a com-
munication. :

The list of the discussed ODS SPs is as follows:

CONNECT .request-TS-ODS :

CONNECT .indication-TS-ODS

CONNECT .response-ODS-SS

CONNECT .confirm-ODS-SS

DATA. request-TS-ODS-M _data

DATA .indication-TS-ODS-M_data

DISCONNECT .request-TS-ODS
DISCONNECT .indication-TS-ODS

oDs sp ~ 6DS
CONNECT. request

__________ CONNECT. jngicati

CONNECT. response

CONNECT. confirm

-

DATA. equest DATAi

DISCONNECT. ;equest

______ j_____ DISCONNECT. indication
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" The transfer of the RM arm 1 angle (ccol) data, from ODS to GDS inside the
ASD message, is a good example of SP in ODS, as is illustrated in Fig. 2, as follows
below: A '

CONNECT .request-GDS-ODS
CONNECT .indication-GDS-ODS
CONNECT .response-ODS-GDS
CONNECT .confirm-ODS-GDS

DATA request-GDS-ODS-ASD-ccol
DATA . indication-GDS-ODS-ASD-ccol
DISCONNECT .request-GDS-ODS
DISCONNECT .indication-GDS-ODS

2.3. THE SERVICES PRIMITIVES IN RDS

The RDS sends the action commands to ODS only inside Control Command
(CC), CCr message, so the target station in RDS-PS always is the ODS. For
instance, the data in some CCr, that is an action command, as to move the arm 1 to
high (Alh), is indicating only the direction of the angle changes in the incremental
(the “delta”) form, not in the absolute angle value form. The list of exemplified RDS
DELTA messages for this RDS CCr command is as follows:

CONNECT .request-ODS-RDS

CONNECT .indication-ODS-RDS

CONNECT .response-RDS-ODS

CONNECT .confirm-RDS-ODS

DATA .request-ODS-RDS-CCr-data

DATA .indication-ODS-RDS-CCr-data

DISCONNECT .request-ODS-RDS
DISCONNECT .indication-ODS-RDS

2.4. THE SERVICES PRIMITIVES IN GDS

The GDS sends a number of messages to each station. The common form of SP
is as follows: M is a message that may be one of GDS’s messages. -CCgo, Mgr, etc.
Below there is given the exemplified sequence of the following GDS messages:

CONNECT .request-TS-GDS
CONNECT .indication-FS-GDS'
CONNECT .response-GDS-SS

1 The second “small” letter in symbols like cco is used to define the type of the station, here “0” is
for the ODS, that is “On-board” DS. In the following text “g” is for the GDS, and “r” is for RDS, and so
on. For instance pair “go” means the message index sent from GDS to ODS etc.
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CONNECT..confirm-GDS-SS
DATA .request-TS-GDS-M-data
DATA.indication-TS-GDS-M-data

DISCONNECT .request-TS-GDS
DISCONNECT .indication-TS-GDS

For example, when the GDS sends to ODS the command as how to move the
RM to go forward "Mfg’, the list of the sequential GDS messages is as follows:

CONNECT .request-ODS-GDS
CONNECT .indication-ODS-GDS
CONNECT .response-GDS-ODS
CONNECT .confirm-GDS-ODS

DATA request-ODS-GDS-CCg-Mfg
DATA .indication-ODS-GDS-CCg-Mfg
DISCONNECT .request-ODS-GDS
DISCONNECT .indication-ODS-GDS

3. THE DATA EXCHANGES AND THE MESSAGES IN DELTA

The ODS, RDS and GDS stations of the DELTA system, exchange between
themselves, several types of messages. In this paper we will explain some of them, as
follows.

3.1. THE MESSAGES AND THE STATE GRAPH IN THE ODS

The ODS does not send any action commands to other stastions, but its only
sent messages are, so called the Action State Data (ASD), it sends to the GDS. The
subset ‘Action’ of the ASD consists of the ODS parameters that define exactly the
ODS site and its movements as follows: '

ASD: = {(<Action>: <Direction angle>, ‘B’
<amm__1_angle>, - 'ocol”
<amm_2__angle>, . 'oc02’
<armm_3_angle>, ‘oco3’
<x._site_RM>, : Xs'
<y._site_RM>, Ys'
<z_site_RM>, Zs'

" <inclination angle>, 58
<cab__angle>)) ‘60’

The state graph of the ODS is illustrated in Fig.3. Also the state graph of RM
arms action is illustrated in Fig. 4. -
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126 K. Biefikowski, M. Ghabally Kwart. Elektr. i Telekom.

3.2. THE MESSAGES AND THE STATE GRAPH IN THE RDS

The RDS sends its control command (CCr) to the ODS only. The CCr contains its
subset ‘Action’, that is a set of increments or decrements of appropriate RM’s
movements. These are: the three arms movements, as to the low or to the high, the
overall RM progressive movement: to the forward (Mfr), to the back (Mbr), to the left
(Mir) and to the right (Mrr). Also CCr contains a cab turn incremental (“delta”)
command to the left (Clr) or to the right (Crr). All these movement commands are done
by the RM remote operator (using the portable RDS DELTA station) by means of the '
joysticks at the RDS. The list of the appropriate RDS’s sequential messages is as follows:

CCr: = {(<action _command>: <arm _1_to__high>, AL
<arm_1_to_low>, ‘A1l
<arm_2_to__high>, 'A2h’
<arm_2_to__low>, A2l
<arm_3_to__high>, 'A3h’
<arm_3_to_low>, 'A3l’
<RM _forward _movement>, ‘Mfr’
<RM _back__movement>, ‘Mbr’
<RM _turn_left>, MIr!
<RM _turn _right>, "Mrr’

- <cab_turn_left>, 'Clr’

Receive
data from

Recelve
message from
GDS

Send
message to
GDS.

Send
motor command

cab movement
command

Send
RM movement
command

Send
arms movement
command

Fig. 5 The main state graph RDS

LO : {Out time} L4 : {Keyl {Key2}

L1 : {J3_back | J3_forward i J4_left | J4_right} L5 : NogiKogiSgriCwriTgr_data}
L2:{J1_B_leftiJ1_B_rightiJ2_Al_left | J2_A2_right} L6 : {Dor}

L3 :{J1_R_left1J1_R_right} - _ L7 : {No_ODS | OK_ODS | Request_data}
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The action in the RDS is controlled by the joysticks. The joystick (two-plane
control) J1 control is for a cab movement and for a bucket movement. The joystick
J2 controls each RM’s arms: 1 and 2. The stick (one-plane control) J3 controls the
RM’s movement to the forward and to the back. The stick J4 controls the MR’s
movement to the left and to the right. The state graph of the RDS is shown in
Fig. 5. ‘

3.3. THE MESSAGES AND THE STATE GRAPH IN GDS

The GDS sends to the ODS its Control Command (CCgo). The CCgo contains
its Action Command (AC) field. The AC of the CCgo consists of the sub-commands
of the three angles: agl, ag2, ag3, changed for each three excavator’s arms, that all

Vertical axis
1

Fig. 6 The excavator arms angles

are illustrated in the Fig. 6. The CCgo contains also the four following subsets for
movement of the all bulk RM: to the forward (Mfg), to the back (Mbg), turn to the
left Mlg) and turn to the right (Mrg), as follows below:

CCgo: = {(<Action _Command >:

<movement __arm __1__angle>, ‘ugl’
<movement__arm __2__angle>, ‘g2’
<movement__arm _3_angle>, ‘ag3’
<RM _forward _movement>, ‘Mfg'
<RM _back _movement>, ‘Mbg’
<RM _turn__left>, ‘Mlg’
<RM _turn_right>, ‘Mrg’
<cab_turn__angle> (7.4

_ The state graph of the GDS is shown in Fig. 7.
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Define:
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Fig. 7 The main state graph of GDS

L0 : {Out time} :

L1 : {CPU-GDS_do_communicate_with_‘address’}

L2 : {Start_of_work | CPU-GDS_do_define_work_area | CPU-GDS_do_define..work_danger |

CPU-GDS_send_(Xw, Yw, Zw)_to_ODS | CPU-GDS_send_(Xd, Yd, Zd)_to ODS}

L3 : {(«01 i x02 03 ic0iBi8iSdoiSpoiAb)! CPU-GDS_do_‘command’ ! v
CPU-GDS_send_to_ODS_data’}

L4 : {CPU-GDS_send_to_RDS_‘command’ | Nor | Rd ! Kor}

L5 : {CPU-GDS_send_to_RDS_‘Nog’ i CPU-GDS_send _to_RDS_‘Kog’}

L6 : {Te iHuiApiPciCPU-GDS_send_to_ODS_‘Rgo’}

L7 : {CPU-GDS_read_work_area | CPU-GDS_read _danger_area}

L8 : {CPU-GDS_send_to_RDS_‘command’}

CONCLUSION

The three stations in the DELTA system, exchange the messages between
themselves, in the wireless method. These messages are limited, according to each
function, also according to the relations between the stations. We observe from the
state graphs, that each station has its own number of limited states.

The poposed DELTA system, is a possible to be built system, that will be able to
execute its functions, according to its design. The DELTA system, in its prototype
version was, on the level of main concepts, developed (especially in the level of its
abstract ergonomical ideas and its functional possibilities), and partly implemented
(only the ODS part of the system) in the 1986 — 1989 period, during the realization
of the CPBP (2.13 Polish scientific program. This was realized by the two
departments of the Warsaw Institute of Technology (WIT): the Institute for Heavy
Working Machines IHWM/WIT — that was responsible for the heavy machine
part of the system) and the Institute for Computer Science (ICS/WIT — that was
responsible for the computer part of the system). In the implementation of the
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DELTA, realized to the moment, the prototype ODS station was designed, named
the DELTA/1/88. This was installed on the board of the 611 type hydraulic
excavator (now in operation and under investigation in the IHWM/WIT). ‘

Still, the other parts of DELTA, that is the full ODS-RDS-GDS network, are
only under the present scientific research. This is done, mainly in the
IHWM-ICS/WIT, but also in the other Polish technical universities (placed in
Gdansk, £.6dz, Poznari and Wroclaw) by means of the funds granted from the Polish
Scientific Researches Committee. -

In the next future the simulation model of the full DELTA (s1m111ar to that
described in [15]) will be under the extensive investigation.

The other work, now in progress, is oriented towards the w1re1ess data
link controller synthesis. This requires the application of the special two-channel
Zilog Z8530 HDLC controllers in every DS (with the additional Intel 8085AH
microprocessor, 32K ROM, 32K RAM, simulator programs, debugger programs
etc.).

The perspectives of the full DELTA practical uses are also good. There exists

- now a good couple of systems, that are very similiar to our DELTA ([16], [17]), some

of them are using the wireless RDS idea too ([18], [19]). The example of the partly
GDS-ODS system is extensively described in [16].
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K. BIENKOWSKI, M. GHABALLY

WYMIANY DANYCH I RUCH KOMUNIKATOW BEZPRZEWODOWYCH
W MIKROPROCESOROWYCH SIECIACH KOMPUTEROWYCH KLASY DELTA

Streszczenie

W artykule dokonano analizy nowej bezprzewodowej (z radiowymi liniami transmisyjnymi) sieci
komputerowej (SK) typu DELTA, przeznaczonej do zastosowann w zinformatyzowanych systemach
cigzkich maszyn roboczych (koparek, spychaczy, samochodéw samowyladowczych, itp.). Praca jest
kontynuacja i rozwinigciem tematu 3.5 CPBP 02.13 ,Flementy sztucznej inteligencji w maszynach
roboczych i pojazdach”, realizowanego w latach 1986 — 1990 (obecnie kontynuowanego w ramach grantu)
przez zespoly Instytutu Informatyki oraz Instytutu Maszyn Roboczych Cigikich z Politechniki Warszaws-
kiej, przy wspolpracy innych zespoléw naukowych (m.in. z Politechnik: Gdafiskiej, L.odzkiej, Poznanskiej,
Wroclawskiej oraz z Instytutu Podstawowych Problemow Techniki PAN z Warszawy i Kielc).

Zdefiniowano i przeanalizowano grafy stanéw oraz zespoly statuséw i komend dla trzech typéw
weztowych stacji danych (mikrokomputeréw weztowych) wystepujacych w SK typu DELTA: w stacjach
pokiadowych (ODS), w stacjach do sterowania zdalnego~ (RDS) i w stacjach naziemnych (GDS).
Przewidywane sa mechanizmy wspélpracy SK typu DELTA z dowolnymi innymi SK, na przyktad, przy
koniecznosci uzupelniania danych kartograficzxnych, geologicznych i innych. Podano listy komunikatéw
i statuséw dla tych graféw, ktore moga stanowi¢ podstawg do wygenerowania programéw symulacyjnych
i systemowych SK klasy DELTA. :
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In the article some general principles of the construction of the partial differential
constitutive state equation and its partial differential equation of the continuity has been
presented. These principles in the article in the forms of 4 (four) rules have been caught:
RULE1 — the signs of the summation of balance phenomenal effects,

RULEII — the definition of the following derivative, :

RULEIII — the partial differential constitutive state equation form,

RULE IV — the partial differential equation of the continuity with its invariance
interpretation.

The above considerations have been interpreted by the example balances of mass/charge,

thermic energy and momentum of mass/electric charge generation and transport in the

electronic apparatuses type electronic lamps or electrochemic processes without electric

parameters. For the general and example considerations space-time interpretation of the

principle of the phenomenal constitutive invariance was given in the article by the variable

and constant physical coefficients. :

1. INTRODUCTION

The problems of the constitutive distributed parameter modelling of the real
processes have their genesis in American scientific literature and for that reason
many years through they had not pertinent reflection in the Polish literature of this
topic. It arised from the taken direction of the literature and scientific researches in
Poland as others than those of the American which appeared from the business
conditions or even political respects in the science. Not numerous articles reprinted
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from the American literature were rather an information than an encurage to the
choose of constitutive way of modelling research works [7]. Meanwhile even in
Polish science literature appeared voices of known scientists that: “obtained (from
the other than constitutive modelling) results are rather the consequences of
- accepted assumptions than real image of the process” [13]. Simultaneously, in
International Federation of Automatic Control Newsletters was possible to meet the
discussions over congresses, conferences and symposia in which clear is stated the
task of “a bridge between control sciences and technology” [14].

For this purpose of the description of physical kinetics-source and phenomenal
features of the technological processes from the point of view of yield and quality
aspects of the products of these processes constitutive distributed parameter model-
ling has been determined. The constitutive distributed parameter modelling of the
- real processes contains the following operations:

— gathering of the dates for the classification of the real processes [2—6],
— constitutive features of the processes; choice of balances and state variables,
- physical phenomena and their sources [7], [8], [2— 6],

~ construction of the partial differential constitutive state equations in the forms
of the following derivatives [2— 6], [7],

— determination of the constitutive invariance of the constitutive distributed
parameter model from the balance partial differential equations of the continuity
pertinent to the balances of the model [2—6], [7],

— mathematical classification of the partial differential constitutive state equa-
tions and their partial differential equations of the continuity as the constitutive
invariance [2—6], [11],

— solution of constitutive distributed parameter model by [2—6]:
A. existence of the phenomenal initial conditions,
B. existence of the phenomenal initial and boundary conditions,

— discussion of the possibility of the phenomenally distributed parameter control
of the real processes by the use of the phenomenal boundary conditions [2—6], [15],

— choice of the phenomenally distributed parameter control structure for the
phenomenally distributed parameter control of the real processes [2—6], [15].

In the aims of the first part of this article we concentrate our focus on the
principles of the construction of the constitutive distributed parameter model but the
solution and applications of its results in the second part will be considered.

2. GATHERING OF THE DATES FOR THE CLASSIFICATION OF
THE REAL PROCESSES WITH RESPECT TO THE CONSTITUTIVE
DISTRIBUTED PARAMETER CONTROL

For the complete description of the real technological process we need to gailer
the information about this process being the answers for the below placed questici 1s:
— how many composite processes contains complete real process?
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— how many physical phases contains every composite process?

— how many state variables describes given phase or given composite process?

— how many source elements being decisive for the existence of the physical
phenomena act in given phase or given composite process?

— how many physical phenomena are decisive for the given balance?

— how many common physical phenomena are the links between balances?

The answers for these questions are the necessary and sufficient condition for the
preparation of the constitutive distributed parameter model of the considered real
process. The structure of these informations by the constitutive distributed parame-
ter modelling fulfils the relation presented in Fig. 1. ‘

Constitutive distributed
parameter singlecomponent model

) »{Multicomposite processes
Singlecomponent ’

and singlephase processes
——I Multiphase processes

v
»{ Number of source elements j=

!

Number of physical phenomena

.

Number of links between
balances

Between composite phases
or processes

t }

Fig. 1

Between physical phenomena

The example technological processes pertinent to the structure from Fig. 1
are:

— singlecomponent and singlephase processes; industrial cleaning of the water

by vapouration,

— singlecomponent and multiphase processes: continuous mass crystallization

process which contains composite processes such as:

— primary nucleation process, appearance of the crystal phase inside super-

saturated solution,
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— crystal growth process, enlarge of the crystal phase inside the supersaturated
solution,

— secondary nucleation process, mechanical generation of additional nucleons
from the collisions: crystal-crystal, crystal-mixer, crystal-walls of crystallizer.
This modelling approach can be extended for the multicomponent constitutive
distributed parameter modelling according to the procedure which is presented in

Fig. 2.

.Constitutive distributed
parameter multicomponent model

Multicomposite processes

- Mutti-
Singlephase COMBo-
Multicomponent process Py, ’
nent

Multiphase processes

Number of multicomponent
source element

!

Number of multicomponent
physical phenomena

\

Number of links by single
component physical phenomena

Sum of links by single Between composite phases

component physical or processes by singlecom

phenomena ponent physical phenomena
Fig. 2

The content of Fig. 2 is related to the following classified technological pro-
cesses:
— singlephase multlcomponent processes; for example multxcomponent elec-
trolytic processes and others,
— multiphase and multicomponent processes; for example multicomponent
continuous mass crystallization process with its composite processes and
others.
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3. CONSTITUTIVE FEATURES OF THE REAL PROCESSES FOR THEIR
CONSTITUTIVE DISTRIBUTED PARAMETER MODELLING

The following elements are the outset for the constitutive distributed parameter

modelling of the real processes [1— 6], [15]:

1. The local basis:

Z(x,y,z,t) — the point of the processing
of “working medium”, constant coor-
dinates point, °

Q, — the locally selected volume-
time element around the point Z(x,y,z,),
Fi,.: — outside oriented surface of

Q(x.y,z)t s

11. The global basis:

OR(CRy*,pR,1) — the variable point of
the reciprocal point Z(x,y,z,t),

Qg — the working space volume-time
containing the point QR({(® 7R, B%,7),
Fgr — outside oriented surface of Qg7,
n,® — the normal outside surface orien-
tation vector of the surface Fg,.

n®— the normal outside surface orien-
tation vector of the surface F,..),-

The circulation of the normal outside surface orientation vector n® has
underlying significance for the summations of surface effects of the physical
phenomena of the potential fields in relation to the physical phenomena of the
rotational fields in the adequate balance. Continuing it is necessary to stress here
that this approach is connected to the fact of closed volume-time element
Q:y — so that influences of the physical phenomena in considered balances can
be treated in the separate way. The circulation of thé normal outside surface
orientation vector nf is related to the phenomenal boundary control tasks on the
surface Fg, and by the circulation of n® can have influences on the single physical
phenomena of the considered process. : :

II1. The balance procedure [1—6]:

1. Choice of adequate balance state variables being important from the point of
- view of the yield and quality properties of the products of the real processes, for

the coordinates “x,y,z,t” [S,, W}, '

2. Determination of the physical phenomen a for the state variables from the point
(1), acting through the surface F; .,

3. Determination of the physical phenomena for the state variables of the point (1)
inside 2., [S,, W),

4. Determination of the phenomenal links between balances by their phenomenal
volume effects inside 2., [S,, W,), if not [S;, W], '

5. Determination of the circulation of the normal outside surface orientation
vector n® for Fy,, in relation to nf of Fg, and its influence on the signs of
summations of the potential fields (pot. fields) and rotational fields (rot. fields)

[8], [12], [16]
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RULE I: pot. rot. div . [(pot. \__[rot.
ﬁ [(ﬁelds)i<ﬁelds dF(x‘y'z) : div! fields + fields dQ(x.y.Z)
(x.y.2)

Fixyzy
6. Determination of the source elements for the physicél phenomena of the point 2,
for “¢” [S$, W],
7. Introduction of the general balance example formula pertinent to the
modelling task

P Geometric sum of

— _ phenomenal fluxes

ot Uﬁsl W, 1d0,. = type (2) according |Fesa +

Qxy.aye Foyz| t0 RULE T[S, W] (1)
Sum of effects of : Sum of effects of
+ single physical activity of sources (3)
Pheﬂg?zga(gpe Q.0 T for the physical ey
h t 2 ’
x| 15, 10 15, G| PRSI type 2

We consider the locally distributed parameters around the point Z(x,y,z,t) which
is surrounded by the locally selected volume-time element Q.55: with its surface
Fixy): outside oriented by the normal outside surface orientation vector n® having
its circulation. The locally selected volume-time element €.y2: is phenomenally
closed so that the influences of the physical phenomena on the state vector of
mass/charge, energy and momentum coordinates of the point Z(x,y,z,t) are treated
in the separate way:

Mass/Charge  Mass/Charge
Energy <—>| Energy
Momentum | Mutual | Momentum
reciprocal )]
7 relation
Z(xyzt) | <e— 5| QRER 1R BR,7)
(xp.2)t \_QR!

according to the reciprocity principle for the isotropic and anisotropic nonhomo-
geneous media with the space and time memories [9—10]. The locally distributed
parameter approach is connected with “v” the field vector velocity of the movement

of so called “working medium” for adequate balances % [8], [2— 6] consequently and
the definition of the partial differential equations of the continuity for the given
balance from %:0 condition [8], [2—6]. The application of Gauss law [12] for eq.

RULEI _
(1) leads by ¥, ), —IiT> 2., to the volume effects and after equalization
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of the operations under volume integrals one gets the partial differential form of the

eq. (1), [1-6], [8]

a [S,W,] = I:u}VZS1 ; u2V2IW, ]_*__I:Sldin ; Wodivy :li

ot gradu} grad S, ; gradu? (grad)W, vgrad S, ; (vgrad)W,
TEAVAR) ; uAV2W d . wrd
+[grad ugzgradsz; gradug(grad) WZ:I + [S G W,(t)], ©)
where ,
S, — scalar balance state variable, S4(¢) — scalar source element,
ul — physical coefficient of phenomenon related to the scalar state variable S,
W, — vector balance state vanable W 4(f) — vector source element,
u? — physical coefficient of phenomenon related to the vector state vanable W.,
v — field vector velocity of the working medium,
S, — scalar link state variable from the other connected balance,
u} — physical coefficient of phenomenon related to the scalar link state
variable S,,
W, — vector link state variable from the other connected balance,
u2 — physical coefficient of phenomenon related to the vector link state
variable W,.

For the eq. (3) we mtroduce the definition of the following denvatxve with the result

[2—6], [8]

RULEI:  D[S;;W,] = a[sl;wll-— [grad ul grad S, ; grad u?(grad)W ]+
Dt ot ! 4)
+[vgrad S, ; (verad)W,]—{graduj grad S, ; grad 43 (grad) w,]

and consequently [1 — 6], [8]
RULE 1III:

D[S,;W,]

LT = [l V28, ; wEVIWIFS, divy s Wodive]£[S{.WiOl+

+0LVIS, ; B VIW,]. ©)

According to the definition of partial differential equations of the continuity
as the constitutive invariance for the continous media with the space and time

memories fulﬁlling the condition P—[% = 0 [7] we have the general continuity
formula [2—6] -
RULE 1V:

a[S,;

w ]9-— [gradu} grad S, ; grad u?(grad)W,]F[vgrad S, ; (v  grad)W, ]+
+[gradu} grad S, ; grad uZ (grad)W,J*

ot
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[]* — in many balance partial differential equations of the continuity this part is included
only for the cemplete presentation of the phenomenal continuity from the other
balance, for example the problem of diffusion enthalpy transport in energy balance.

The above presented general considerations of the constitutive distributed
parameter modelling have:

— their geometrical interpretation of the space and time aspects presented in Fig. 3,

— their validity for all multibalance, multicomponent and multiphase cases of the
real processes.

Source element
[sdit), weit)]

Active physical phenomena

lg: pertinent to the sources

Phenomenal constitutive

[51'»"_”1] balance criterions : [52.&2]
—summation of effects of

- single physical phenomena,

{x,y,z,t)-coordinates — introduction of RULE II, Ax,y,2,t ) ~coordinates

— introduction of RULE IV,

4

Resultant balonce partial
differential constitutive
state equation and its partial
differential equation

of continuity.

Fig. 3

The approach which has been given above has its example interpretation for the
electrochemistry or electronic lamps parameters and a lot of others [16—18] as
singlecomponent and singlephase problems [1—6]. We consider mass/charge, energy
and momentum balances of the concentration of the singlecomponent ions or
electrons electric charge with respect to the following physical phenomena: diffusion
concentration and enthalpy transport, heat transfer, field vector velocity by presence
of concentration, thermic energy and momentum source elements obtained from the
electrical source conditions after pertinent transformation [7), [11], [1—6], [16—18].

As a consequence of this approach the below balances can be deduced:

— the mass balance of the concentration

d
2t ffdeQ(x g = ﬁ [Dcgrad C+ CvldF, ,,+ ff (VyG)de,, )

e yay (xy.2)t Qe gt
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The circulation of the normal outside surface orientation vector a™ with the
Gauss law [12] after simple transformations of the eq. (7) leads to:
0
7? = grad Do gradC+ DV *CF CdivvF vgradC+ V3G . ®)
Introducing now the definition of the following derivative we have the ability to
obtain [2—6], [8]

DC oC
T —grad Dograd C+ vgradC C)]
and consequently _
DC RPN
—ﬁ? = DCV CF CleViVBG. . (10)

D
From the condition for the following derivative B?—:O [2—6], [8] we get the
partial differential equations of the continuity for the following cases:

— for the variable coefficient D= D (x,y,2,t)

% = grad D grad CFvgradC, . 11
— for the constant coefficient D,# D, (x,y,z,1)
%g = FvgradC, , (12)

— the energy balance connected to the concentration.

With assumption that the mechanical energy influences can be neglected in the
energy balance of such continuous concentration the introduction balance
formula can be written as:

2 _”]. (CH)dQ,, = ﬁ [A¢ gradz +CHv]dF, ,+ J:[j HgVsG)dQ,»+

Bieyay Py ixya)

Hc f J J div(Dcgrad C)deQ, - (13)
Diey.e '

Continuing, the introduction of the circulation of the normal outside surface
orientation vector n® influences on the summation of the potential fields and the
rotational fields and the Gauss law [12] we can obtain:

9
(CH) = div(icgrad T)Fdiv(CHY) 2 HpV;G + Hodiv(DegradC).  (14)
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- S
The eq. (14) is transformed to the form

(27(t:+ C% = grad Acgrad T+ A, V2T FCHdivvFvH gradCF (15)
FvCgrad H+ HVyG+Hcgrad Do grad C+H DV 2C.

Now we introduce into our considerations the partial differential eéjuation of the
.concentration continuity for the constant coefficient D #D, (x,y,zt), given by the

eq. (12)
oC

at

which is subsequently multxphed both handmdes by the enthalpy “H” [J/kg] to the
form, as follows [2— 6]

= FvgradC (16)

5 = FvHgradC. 17

Subsequently we subtract both handsides the eq. (17) from the eq (15) with the
result
C% = gradlcgradT+lCV2¢CH divvFvCgrad H+H VG +
+Hcgrad Do grad C+ HDV2C. (18)
Now we recall the partial differential equation of the continuity for the variable
~ coefficient Dc=D¢(x,y,z,t) in the form (11) as below
oC
ot

which is both hands1des multiplied by the specific enthalpy “H » for the concen-
tration “C”

= grad D¢ grad C FvH, grad C . (19)

a .
HCa—f = Hcgrad Dograd CF yHC grad C. - (20)

For the continuation of our considerations we introduce the element “CH”

[n%:l sO that there are [2—6]

— time derivative
oH aT aC
C ot Ce, 6t+HC ot @0
and
— space derivative

CgradH = Cc,grad T+Hgrad C - (22)
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where:

| H [ 7 8(CH) [J
C, = _B?ICI:——kg"K] and H = ~5C |T[Eé:|

‘ and the eq. (21) is subsequently multiplied both handsides by the field vector velocity
| “Fv” to the form

FvCgradH = FvCc,grad TFvFvHgrad C. (23)

Applying the eq. (21) and the eq. (23) into the eq. (19) we have the ability to
obtain

) 0
Cce _T+HC_6£t: = grad Ao grad T+ V2T FCHdivvF¥c, gradT F gradC+

P ot
+H,V,G+HDVC . 24)
Subtraction of the eq. (20) from the eq. (23) makes A

oT
Ce, = = grad dcgradT +4cV *TF CHdivvF vCo,gradT + H,V,G+HD,V2C. (25)

Consequently to the concentration balance we introduce for the eq. (25) the
definition of the following derivative after simple transformations [2— 6], [8];

f- DT _oT 1

C Do C Fran g grad A; gradT 4+ vCc,gradT 26)

‘ and subsequently the eq. (25) obtains its following derivative form
f 1 H .
. C—DI:E V2T FCT divviI;IEVBG+—°DcVZC. 27)
t Dt c, Cp C,

DT
The continuity condition Cﬁt_=0 [2—6], [8] enables us to obtain the partial

differential equations of the continuity for the cases of:
— the variable coefficients 1.=Ac(x,y,2,t) and De=D(x,y,z,t)

) Ccp%rt- =grad/. gradT F Cc,v gradT[ +HcgradD, gradC]* (28)
- [J* — the included element only for the presentation of the thermic energy

continuity in the stream of diffusion,
— the constant coefficients 1. # Ac(X,y,z.t) and De#Dc(%,y,Z:t)

% = FvgradT 29)

— the momentum balance of the concentration
By the general balance assumption the outset formula of the balance forces is:
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0 . ~ |
¢ [t oo [
f 2

O(xJ,Z)t (2t (x.p.2)t

+(Cveradv]de,, , , + f J M ()49, .- (30)

g(xo',z)t

After simple transformations the eq. (30) obtains its partial differential form

v§+ca—v=nwv2v+%"

5 % grad divvFvdiv(Cv) F(Cv grad) v+ M(t). 31

Now in our considerations it is necessary to introduce the partial differential
equation of the concentration continuity by the constant coefficient D¢#Dc(x,y,z,t)
in the form of the eq. (12) multiplied both handsides by the field vector velocity “v”:

vaa—f = Fv(vgradC) 32)

obtaining from the eq. (31) fhe result

CZ—:= MoV 2v+1133 grad divvF CvdivvF(Cvgrad)v+M(t). 33)
For the eq. (33) we introduce i:he definition of the following derivative [2—6], [8]
Dv ov )
C—D—t-—CaiC(vgrad)v _ (34

and consequently the following derivative form of the eq. (33) can be written as:

cg—:=n,v2v:&divviM(t)+%"graddivv. (35)

Assuming in the definition of the following derivative that continuity condition is
fulfilled C%= 0 [2—6], [8] the partial differential equation of the continuity

obtained in this way contains two different cases:
- — for the variable coefficient #,, = 5,(x,y.z.f)

Z—:= F(vgrad)v : (36)

— for the constant coefficient #,, % #,(x,9.z.0)

v _ .
P F(vgrad)v. (37
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4. THE DISCUSSION OF COMPLETE FORM OF THE SYSTEM OF
PARTIAL DIFFERENTIAL CONSTITUTIVE STATE EQUATIONS OF
THE DEDUCED MODEL

The partial differential constitutive state equations of mass/charge, energy and
momentum balances deduced in the previous chapters can be presented as a system form:

I]))_(’C:_—_DCVZC-T-CdivviVBG )
' D A H H
o Pl _teq ot erdivet—2V,G+-SD,V2C @
Dt Cp ) cp CP
Dv - . Nw .
Cﬁ=nwvzv+0¢d1vviM(t)+?graddlvv _ 3

which all partial differential constitutive state equations bin the forms of the following
derivatives fulfil the RULE III of the balance procedure III. The definition of the
following derivative for all partial differential constitutive state equations of the

system (I)

D 0
SYRFT +vgrad — (sum of adequate gradient operations)

contains all properties of the RULE II [2—6], [8]. ‘
For the system (I) the partial differential equations of the continuity have two cases

: D
interpretation from the condition T)—f=0 [2—6], [8]

— for the variable coefficients D= Dc(x,y.2.8), Ac=Ad(x.y.2,1) and 1, =1,(x.y.2.1)

5 ,
.a%=graducgradcxvgradc : 19
51‘ .

(1) Ce, 5 =gradi.gradT ¥ Cc,v grad T [+ Hgrad D grad C]* _ 2"
% =F (vgrad)v ‘ 39

[T — the included element only for the presentation of the thermic energy continuity
in the stream of diffusion phenomenon.
— for the constant coefficients D #D¢ (X,y,Zt), Ac#Ac (X,¥,2,t) and 1, #1,(X,y,Z,t)

oCc  _ '

i FvgradC | a”
{m %: FvgradT : 2"

0

& Fgady. (3")

ot
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The systems of the partial differential equations of the contmurty (II) or (III)
fulfil the propertles of the RULE IV: for the coefficients. ul=ul(x,y,zt),
ui=u}(x,y,zt), ul =ul(x,y,z,t) and uZ=uZ (x,y,z,t) being variable — see the system -
(II) and consequently for the constant coefﬁcrents ui #ul (x,y,z,t), u2 #u? (x,y,z t),
uj #uj (x,y,zt) and u2 #uZ (x,y,z,t) the system (III) is va.lld K

From the above systems of partial differential equations of the contmurty (D or..
(IIT) we can observe that the system of the partial differential constitutive state™
equations, in the forms of the following derivatives (I) is invariant to its variable or _
constant coefficients adequate to the physical phenomena of the constructed model.
For the construction of of system (I) important are the following process properties:
— the constructed model should be based on all state varrables of the process related '

to its physical phenomena,

— should contain all source or kinetics aspects of the process wrth respect to

pertinent balance, ’

— should be based on all characteristic balances which describe in complete form all _

technological aspects of the considered process with respect to the yield and

quality problems of its products. :

The other properties of the system (I) can be presented as follows:
— PROPERTY P1; The system (I) remains its validity in the processing pomt ,

. Z(x,y,z,¢) and whole working space volume-time Qp,. ‘

— PROPERTY P2; Mathematically system (I) can be classified as [11] a quasr-
linear system of partial differential equations because its all
highest space darivatives are in the first power: i=1;
(V2C)™=!, (V2T)=!, (V2v)=! and (graddivv)i~! and this -
system is decomposable for the LINEAR . SYSTEMS of
partial differential equations of potential fields and rotatronal

. field according to the PROPERTY P3 [10]. - _ ‘

— PROPERTY P3; The system (I) is decomposable for: — the partial differentral
equations of the potential fields, and — the partial differential -
equations, in the forms of the following derivatives of the
rotational field. It appears because the column: F Cdivy in. .
the eq. (I.1), FCTdivv in the.eq. (1.2), FCdivv in the eq.
(I.3) is related to the definition of the rotational fields: exists -
B — vector potential of the flow field so that v=rotB and
divrotB=0 [12], [2—6). '

— PROPERTY P4; For the system (I) there is the possibility of the,determmatmn

' of the initial and boundary conditions pertinent to the bal-
ance which should be fulfilled for all and every physical
phenomenon of this balance.

— PROPERTY PS5; The system (I) is invariant to its physrcal phenomenal coef- -
ficients according to the partial differential equations of the
continuity (II) or (III) as THE CONSTITUTIVE INVA-
RIANCE, so that THESE COEFFICIENTS ARE ASSU-
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MED TO BE CONSTANT FOR THE ANALYTICAL
- SOLUTION OF THE SYSTEM (I) — see RULE IV.
— PROPERTY P6; The systems of partial differential equations of the continuity
' ' (I1) or (III) are connected to the system (I) on the basis of
common columns:

" F Cdivv Reciprocal | F vgradC" ¢
syS €m E> q: CTdivy (—F F CvgradT systems
F Cvdivy [9] [10] F C(vgrad)v (II) or (IIT)

. according to the RULE III and RULE IV.
— PROPERTY P7; The properties P5 and P6 are the consequences of the
'} assumptions of the RULE II for the definition of the

following derivative % for all balances of the model and the

RULE IV for the definition of the partial differential equa-
tions of the continuity for all balances from the condition
D _o ‘

Dt ‘

— PROPERTY P8; The signs of the summations of potential and rotational fields -
in mass/charge, energy and momentum balances are deter-
mined by the RULE I and are a result of adequate balance

: problems.
— PROPERTY P9; For the constant space coordinates of the volume-time
: element [_2(,,‘-,,,0, around source point Z(x,y,z,f) x=a, y=b,
z=c for time “t” — all space partial differential operations
are equal to ZERO and the system (I) gets its source form

[1-6], [7].

dc

=1 VsG SN F)
s dar_  Hy oy
® Cg =t VsC @

cj—v_+M(t) 3)

- PROPERTY P10; If the source system of ordinary differential equations (I°)
bases in its two coordinates on even partially identical
elements there is a possibility to combine them. For example
in the system (I°) there is a possibility to consider a combina-
tion. of the eq. (I*.1) and the eq. (I*.2) with the result [1—6]

C=+—2—~ - (@.10.0)
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where modulus of the left handside of the eq. (I*.1)

G=|+V;G| ' (P.10.2)
has been used — poss1b1hty of inverse transformation.
Considering the properties of the system of partial differential constitutive
~ state equations in the forms of the following derivatives (I) it is necessary to
stress that every physical phenomenon can be treated with respect to its

invariance partial differential continuity operations, so that the content of Table 1
s valid

Table 1.

The single physical phenomena of the poteatial fields and the rotational ficld of the model
and their constitative aspects

Mathemat1cal formulae Ground Constitutive | Invariance
formulation |  form formula
Physical phenomena .
Potential lIl)ei:i‘ltlssion div(DgradC) D,V ’C .grach gradC
1 2
fields transfer div(AcgradT) AcV 3T grad A .grad T
Rotatio- | Convec- | to scalar . div(Sv) Sdivy vgradS
nal field | tion to vector (divW)v Wdivy (vgrad)W

5. A GEOMETRICAL INTERPRETATION OF THE CONSTITUTIVE
DISTRIBUTED PARAMETER MODELLING ’

As a consequence of the constitutive approach to the distributed parameter
modelling of the real processes as the continuous media with the space and
time memories we can consider the following aspects of this scientific problem:
1°° — a general interpretation of the constitutive invariance based on the general
formula of the partial differential equation of continuity governed by the
RULE 1V,

2°° — an example interpretation of the complete idea of the constitutive invariance
for the deduced in the article system of partial differential constitutive state
equations (I) in the forms of the continuity systems of partial differeptial
equations (II) or (III).

The above presented approach makes possible on the detailed form presentatlon
[7), [2—6]:

— for the content of the pomt 1
We recall the general continuity formula given by the RULE IV
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o[S;;W,]

ot

=[gradul grad S,; gradu? (grad)W ] F[vgradS,; (vgrad) W, ]+

+[gradu} gradS,,; gradu} (grad)Wz]

and separate from the above formula the following elements
— for time “t” we have

L=

_ 0[5, W,]
ot

— for the scalar part related to ,,ui, S,”

L“i S, =[gradu} gradS ] .

— for the vector part connected to ,,u?, W,”

Lz , =[gradu? (grad) W,]

- — for the scalar part “S,” in the field vector velocity “v”

Spaces

shwl' Lo

. Szth

v
‘X:YIZ')
(mm,m)

Lv,sl=[:FVgrad81]

Links between spaces by the physical
phenomena.

(1%°1)

(12)
(1%3)
(1o4)

(1%°5)
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— for the vector part W, in the field vector velocity “v*

L =[F(en)W,] - (6)
— for the scalar links based on u}, S,
A . L,,l,2 =[gradu] gradS§,] . (1*7)
— for the vector links based on u2, W, ’ '
L,z , =[graduZ (grad)W,]. - axs)

The lead radius L:: is very helpful by the geometric interpretation of space and
time parts of the constitutive invariance for the continuous media with the space and
time memories. The geometric interpretation of this idea in Fig. 4 has been
presented. : ,

For the partial differential equation of the continuity presented by the RULEIV
two cases of the time interpretation from the figure Fig. 4, are valid:
— the balance phenomena appear in the identical time “t”

' tzsl.wl =lg,= tzs;.w, =t . (1x9)

— the balance phenomena times are different for all physical phenomena of the
balance formula

U, w, %tz El, A (1°10)
— for the modelling example idea given by the point 290 '

To our analysis is taken thé system of partial differential equations of the
continuity (II) possessing the form for the variable coefficients Do=D,(x,y,zt),

xC = XC (XJYsZ’t) and nw = nw (X,y,Z,t)

grach gradCFvgradC @1

ot
oT ' _ :
Ce, Frae grad Acgrad T +Cc,v grad T [+ H grad D, grad CJ* (2°2)
av :
- 6_t=v:F (vgrad)v (2°3)
— the time “t” operations _ )
aC o1 av |
Lee[ 5 tae[eaf 1[5 Cn4)
— the scalar part related to “D., C” — diffusion phenomenon in mass balance
Ly, c=[gradD.grad C] (2°5)

— the scalar part connected to “D., C* — diffusion phenomenon in energy balance
Lo, cr=[Hcgrad D grad CJ* (26)
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— the scalar part for “Ag, T” — heat transfer phenomenon in energy balance

L, r=[grad 1. gradT] o (27
— the scalar part of “C” — in the field vector velocity “v”
L. c=[FvgradC] (2°8)
— the scalar part of “T” — in the field vector velocity “v”
L,r=[F Ce,vgradT] (2°9)
— the vector part of “v”— in the field vector velocity “v”
L,,=[F (vgrad)v] (2°10)

The geometric interpretation of the constitutive invariance of the system (II) as
the continuous medium with the space and time aspects is given in Fig. 5.

Spaces [
c,T,v
(x,y,z}
[mmm]

Fig. §

Two time cases for the system (II) are possible:
— the identical balance time for all balance phenomena as given “t”
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— the different balance times for every balance phenomenon
tzc #tz, #1z, #t (2°12)

Consequently to the analysis step for the system (II) we concentrate our focus on
the system of the constant coefficients D, #Dc (X,y,2t), Ac#Ac(X,y,z,t) and
Ny #MNy (X,Y,2,t) partial differential equations of the continuity (III) rewritten as
follows:

(?’Tf= FvgradC , | (2*13)
%= FvgradT (2°14)
‘ g: F(vgrad)v (2°15) .

which can be separated for the below parts:
— the time “t” operations

aC oT ov
R e16)
— the scalar “C” in the field vector velocity “v”’
L,c=[F vgradC] @°17)
]
Spaces
C,T,v
x,y,z)
{m,m,m)

bl maste et T P

N
—

tls]
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— the scalar “T” in the field vector velocity “v”

L.r=[F vgradT] (2°18)
— the vector “v” in the field vector velocity “v”’
Lw~[3F (vgrad)v]. : - (2*19)

In Fig. 6 the above presented approach in the-detailed form has been given.
We consider two cases of the time conditions for the system (IIX) as follows:
— the identical balance time “t” :

— the different balance times
o tae#ty, # . (2°21)

6. CONCLUSIONS

This article is an attempt to the géneralization of the constitutive distributed
parameter modelling concept by the introduction of the rules: RULE I, RULE II,
RULE III and RULE 1IV. These rules make possible on the determination of the
procedure of this kind of distributed parameter modelling by the use of the physical
phenomena balanced with their effects for the singlecomponent continuous media
with the space and time memories. The procedure of construction of partial
differential constitutive state equations in the forms of the following derivatives
presented in this article by the RULE I, RULE II, RULE III and RULE IV for all
balances describing the considered real process remains, valid.

This general approach for the mass/charge, energy and momenum balances by
the constitutive description of singlecomponent electric active media has been
illustrated. All above presented RULES have been separately discussed for adequate
steps of the construction of balance partial differential constitutive state equations
with complete concord to the phenomenal distributed parameter modelling of the
real singlecomponent processes. For the RULE IV — the partial differential formula
of the continuity as the constitutive invariance a general geometric space and time .
interpretation has been suggested — see Fig. 4. For this idea an example illustration
for the variable physical coefficients Do=D;(X,y,z,t), Ac=Ac(X,y,2t) and
N, =M, X,¥,zt) in figure Fig. 5 is given and subsequently for the constant coef-
ficients Do #D¢(X,y,Z:t), 4 #Ac(X,y,Zt) and Ny #Nw (X,Y,Zt) the results are shown in
Fig. 6. The above mentioned analysis enables us to formulate the general conclusion
that the RULE I, RULE II, RULE III and RULE 1V have underlying significance
for the creation of the constitutive distributed parameter modelling theory for the
singlecomponent real processes.
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Q(X.y,Z)t

Fiyam —

n®

Qp,
Fx:
n®

M(t)

NOTATION

— the locally selected volume-time element (cuboidal form)
. around the processing point Z(x,y,z,t), and x=a, y=b, z=c¢

— constant coordinates, _

the outside oriented surface for Q,,. ),

the normal outside surface orientation vector F, . for which
circulation has underlying significance for the summation of
effects of potential and rotational fields in adequate balances,
working space volume-time for the real processes

the outside oriented surface for Qpg,

the normal outside surface orientation vector for ¥y, which
circulation is in relation to n® and the boundary control tasks
by the phenomenal boundary conditions

the contentration of the singlecomponent processing medium

the temperature of the singlecomponent processing medium
the field vector velocity of the singlecomponent processing
medium '

the diffusion coefficient for the singlecomponent processing
medium ,

the own enthalpy for the concentration “C*

the heat transfer coefficient for the singlecomponent proc-
essing medium _

the specific heat of the singlecomponent processing medium
the coefficient of the dynamic viscosity

the intensity of the generation of the mass/charge

the own molar mass for the mass/charge generation

the specific enthalpy for the intensity of mass/charge gene-
ration

the force generation function of mass/charge

m3-s
m2-s

‘m3-s
m2-s
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W. NIEMIEC

O KONSTYTUTYWNYM ROZLOZONYM PARAMETRYCZNIE MODELOWANIU JEDNO-
SKLADNIKOWYCH RZECZYWISTYCH PROCESOW
CZESC 1. ROWNANIA ROZNICZKOWE CZASTKOWE KONSTYTUTYWNE STANU OPISUJA-
CE JEDNOSKLADNIKOWE RZECZYWISTE PROCESY

Streszczenie

W artykule przedstawiono ogélne zasady konstruowania réwnania rézniczkowego czastkowego
konstytutywnego stanu oraz jego réwnania rézniczkowego czastkowego ciaglosci. Zasady te ujeto
w artykule w postaci 4 (czterech) regut: )

REGULA1 — znaki sumowania bilansowych efektow zjawisk,

REGULAII — definicja pochodnej sledczej, .

REGULATII — posta¢ réwnania réimiczkowego czastkowego konstytutywnego stanu,

REGULA IV — postaé¢ réwnania rozniczkowego czastkowego cigglofci z jego inwariantna inter-
‘ pretacja.

Rozwazania powyzsze zinterpretowano przykladem bilanséw masy/tadunku, energii termicznej i pedu

w ukiadach generacii i transportu fadunkéw elektrycznych i masy dla elektronicznych urzadzen typu

lampy elektroniczne lub procesach elektrochemicznych bez uwzgledniania elektrycznych parametréw. Dla

rozwazan ogblnych jak i przykladu podano przestrzenno-czasows interpretacje zasady zjawiskowej

inwariancji konstytutywnej przy zmiennych i statych wspélczynnikach fizykalnych zjawisk.
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‘ The article is devoted to the presentation of the constitutive approach to the solution of
E the general formula of the partial differential constitutive state equation deduced in Part
I of this article. Suggested general constitutive solution approach has consequently been
applied to the solution of the deduced in Part I example system of mass/charge, thermic
energy and momentum partial ‘differential constitutive state eqlldgu?ons. Two cases of this
example solution by:
A. existence of the initial conditions,
B. existence of the initial and boundary conditions,
for all its physical phenomena have been considered.
The boundary controlability index defined on the basis of mass/charge thermic energy
and momentum state vector form has been introduced and discussed.

74

1. INTRODUCTION

In this part of the article we concentrate our attention on the analytical
solution of:

— the general partial differential constitutive state equation, deduced in [1],

— the example system of balance mass/charge, thermic energy and momentum
partial differential constitutive state equations, deduced in [1], '
by existence of phenomenally determined [2—6]:
A. the initial conditions,
B. the initial and boundary conditions.
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For the realization of this task the important role play the following literature
proved ideas:

— the réciprocity principle for the isotropic and anisotropic nonhomogeneous
media with the space and time memories [7], [8]
— the properties of the potential and rotational fields [9],

D .
— the definition of the following derivative Dt and the definition of the partial

differential equation of the continuity from the condition %=0 [10], [2—6],
— the properties of the phenomenal Green functions {11].

We consider the general analytical solution of the general partial differential
constitutive state equation to use the obtained in this way corollary subsequently to
the complete multibalance example case. According to the proved in Part I of the
aticle [1] the constitutive invariance of the general and example models the physical
phenomenal coefficients are assumed to be space-time constant for the analytical
phenomenal solutions. Such given approach provides the complete analytical
solution of mass/charge, thermic energy and momentum coordinates state vectors

~ based on the analytical source and phenomenal solutions of the potential and

rotational fields [2—6]. This makes possible the application of the obtained complete
solution as follows [13—17]:
— to the identification of the technological aspects of the considered processes,
— the yield and quality of the products of the considered processes control
problems by the use of the phenomenal boundary conditions.

2. SOME CONSTITUTIVE SOLUTION ASPECTS OF THE CONSTITUTIVE
DISTRIBUTED PARAMETER MODELLING

According to the geometric interpretation of the constitutive problems of the
general partial differential constitutive state equation [1] and the example system of
balance mass/charge, thermic energy and momentum partial differential constitutive
state equations [1] the solutions of both cases should possess all constitutive aspects:
I. — the system of partial differential constitutive state equations presented as
a source should in all points of Qg, and Fy, be fulfilled, according to the
PROPERTY Pl in[1]. .

II. — the system of partial differential constitutive state equations in its homo-

- geneous part, PROPERTY P3 in [1], fulfils:

1. — the phenomenal partial differential equations of the physical phenomena of the
potential fields,

2. — the phenomenal partial differential equations in the forms of the following
derivatives of the rotational field.
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III. — the complete solution of the constitutive distributed parameter mpdel should
contain all source and phenomenal problems in the forms of state vectors
having pertinent coordinates if consequently to the balances these coor-
dinates exist. '

The general partial differential constitutive state equation deduced in [1] fulfils
the problems I, II and III, too. The analytical solutions of the constitutive
distributed parameter models fulfil the rule:

[v]=[1]+[IL.1]+[IL.2] @2.1)

and [f’] — the state vector of complete solution. The formula (2.1) for both cases of:

A. — the existence of the initial conditions,
B. — the existence of the initial and boundary conditions,

for every phenomenon and all physical phenomena of the considered cases remains
valid.

3. THE GENERAL PARTIAL DIFFERENTIAL
CONSTITUTIVE STATE EQUATION

Let us recall the general formula of the partial differential constitutive state
equation in the form of the RULE III [1]
D[S,; ‘ e 4 . ;
—[—ﬁvll—]=[u{V2S1; u? V2W 1F[S,divy; W, divi]£[S$(0); Wi(@)]+

+[uiV2S,; uzV2W,]. (3.1)
As a consequence of the application of the PROPERTY P9 in [1] the source form

of the eq. (3.1) for the point Z(x,y.z,t), all space partial differential operations are
equal to zero and we have

d[s,; W] AN
Tdat

The integration of the eq. (3.2) leads to its source form

=+[S4(); W" ® (3.2)

t

[S3(0; Wi(OI=[S,0; W0l j[S 10, wi(9lat (3.3)

0

and the homogeneous part of the eq. (3.1) is

D[S,; W]

D =[u}V2Sl;u§V2W1]$[S1divv;W1divv]+[u§V2S2;u§V2W2]. (G4

For the solution of the eq. (3.4) the following conditions should be fulfilled:
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— the partial differential constitutive state equation (3.4) pertinent to the PROPER-
TY P3 has its forms [1]
— for the potential fields

IS: W, [Sla;tVVJ:[ui V28 ;u VW] (3.5)
() . '
54 W, [SgtWJ:[u;vzsz;ugvzwz] (3.6)

— for the rotational field

D[S;;W,]
Dt

() = F[S, divy; W, divv] 3.7

— the source functions state vector for the solutions of the partial differential
~ equations of potential and rotational fields (3.5), (3.6) and (3.7) are:

S5(0; Wi(D ed. (3.5)| complete solution possibility '
S5(8); W5()) p—»{eq. (3.6)|link and source supplement (3.8)
Y(® eq. (3.7)| ground equation and source supplement

being simultaneously necessary and sufficient condition of the analytical solution of
the equation of the RULE III.

4. EXAMPLE INTERPRETATION OF THE CONSTITUTIVE SOLUTION
OF MULTIBALANCE CONSTITUTIVE DISTRIBUTED
PARAMETER MODEL

Let us recall the model partial differential constitutive state equations in the
forms of the following derivatives (I) in [1]:

DC

E=DCV2C$CdivviVBG 0))
H
@ CBI=%EV2T$C1‘divvi-&VBG+—CDCV2C 2
Dt ¢, : C, Cp
Dv : fMw .
Cft =1, V2vFCvdivv+ M(t)+—3— graddivv ?3)

where: %=%-l_—vgrad — (sum of adequate gradient operations) [10], [1—6].

The analysis of the system (I) for its constitutive analytical solution contains the
below listed considerations.
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4.1. THE SOURCE DECOMPOSITION OF THE SYSTEM OF PARTIAL DIFFERENTIAL
CONSTITUTIVE STATE EQUATIONS (I)

According to the PROPERTY P9 in [1] cited as PROPERTY I in chapter 2 the
following Theorem can be proved:

Theorem 1. If for the defined @ (x,y,z) — the scalar function and ¥ (x,y,z) — the vector
function of the space coordinates these space coordinates are assumed to be
constant, X =a=const, y=b=const, z=c=const, there are fulfilled relations:

& (a,b,c)=const and W(a,b,c)=const (3.1.1)
and consequently
V=0 : and V¥Y=0 (3.1.2)

Proof. The proof is coming from the definition of the differentiation of the
multivariable functions [9].

As a consequence of the utilization of this point of view for the constant cooridnates

x=a=const, y=b=const and z=c=const of the locally selected volume-time

element Qg around processing point Z(x,y,z,t), from the system of partial

differential constitutive state equations (I) one obtains its source form

dC

a C%% = +HB VG (2) | Source functions: C*(¢), T*(¢), v*(%).
P
dv
Cq = +M() 3) y

Initial conditions: C,, T, v,

Remark 1. For the integration of the eq. (I*.2) modulus of the eq. (I*.1) has been used
to keep the possibility of inverse transformation in the point Z(x,y,z,t).

42. THE ANALYSIS OF THE HOMOGENEOUS PART OF THE SYSTEM OF PARTIAL
DIFFERENTIAL CONSTITUTIVE STATE EQUATIONS (1)

In continuation of the previous chapters we need to consider the homogeneous
part of the system (I) having the form:

¥=DCV2C+Cdlvv 0))
b DT
@ C—= ACV2T$CTd1VV+HCDCV2C )
Dt ¢, Cp
Dv

Cﬁ-—r]wvzv+ Cvdlvv+ 3 ¥ grad divv ?3)
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D © '
where: —=—+vgrad — (sum of adequate gradient operations) [10], [1 —6].

Dt ot ‘ _
Introducing now the definition of the rotational fields:

Definition 1. Exists vector B, vector potential of the flow field such that v=rotB and

divrotB=0 [9], [10], [1—6],

“we have from the system (I%):

— for the rotational fields

oC

=D,V2C
ot ¢ ~
()
C—a—T—-—ACVZT+HCDCV2C.
6t P P

To the eq. (I%.2) we introduce the rules [1]

6H_ 0T HgoC
CE‘CE“L c, ot

and without source [1]

H=c,T.
Consequently we have
H;oC HCDCV 2C
(Ilzlp) | C 6t Cp
0 2
c e a—C=—CV2T+H—CDCVzC.
ot ¢, ot ¢, »
Substraction of the eq. (I4°.1) from the eq. (I4P.2) allows to obtain at last
oC :
D 2
5t ¢V2C
T H
hp o C 2
as") Cx e DcVv=C
C—=E V2T
ot ¢,
— for the rotational field
PDE = F Cdivyv
T
I C%—= FCTdivv

C—l—)-——nwvzv¢ Cvdlvv+12 grad divv

ey

@

©)

“

0y

@

ey
@

€)

ey
@
€)
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where:

D 4

5. ANALYTICAL SOLUTION OF THE PHENOMENAL PARTIAL
DIFFERENTIAL EQUATIONS OF POTENTIAL FIELDS
AND ROTATIONAL FIELD WITH RESPECT TO THEIR SOURCES

A. EXISTENCE OF THE INITIAL CONDITIONS
1. The source functions for the phenomenal solutions
The integration of the system (I°) pertinent to the procedure described in the

chapter 3.1 makes possible to obtain:
— from the eq. (I°1) after integration we have

t
C*(t)=C,+§ V;Gdt @an
]
consequently,
— from the eq. (I%2) with respect to REMARK 1 one obtains
Hy, 1C*(t)
()= —Injl——— .
T*(O=T,+ ., °[C, 1.2)
with, '
— from the eq. (I*3) one can have
t
V() =v, [ M(Hdt. : 1.3)
]

The formulae (1.1), (1.2) and (1.3) are the sources for the phenomenal responses
of the continuous medium inside Qg,. The source functions [CX(t), TXt), v*(t)] are the
coordinates of the source state vector correlated to adequate physical phenomena of
the potential fields and rotational field.

2. The phenomenal solutions of the potential fields

2.1. The diffusion concentration transport (variable point Q(,1,{,7)

Let us consider the partial differential equation of the diffusion concentration
transport (I3P1) rewritten as:
oC

- = —DcV2C=0. @l

The concentration function can be presented as follows
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Cx,y,z,t)=U(x,u,z,t) C(t) 2.12)
which modifies the eqg. (2.1.1) to the system form
0*U o0*U o*U
pe + 3y + 572 +AU=0 (2.1.3)
and o
dC = '
primiats 228 (2.1.4)

Furthering we assume that the conditions on the brim of the volume-time element
Qo are equal to zero [11]

U@, y, 0) Ua, y, 0) :
U(x, 0, 0) |=0 and U(x, b, 0) |=0. 2.1.5)
U@, 0, 2) | . u@, y, o
The introduction of the new form of the function U(x,y,z) as follows
Ux,y,2)=X(x) Y(y) Z(2) (2.1.6)
into eq. (2.1.3) allows to obtain
X"+3X=0, X(0) X(a)
Y'+uY=0, Y(0) |=0 and Y(b) |=0. 2.1.7)
‘ Z"'+pZ=0, Z() Z(c)
The space ordinary differential equations (2.1.7) have the solutions
2
X,,(x)=sin@, 9=(ﬂ)
a a
2
Y, ()=sin "2, #=<ﬂ) (2.1.8)
b b
\ 2
Zk(z)=sink—HZ, p=<k—H>
c c

with eigenvalues alIN2  /mII\2  /KIT\?
mp= — + - + — 2.1.9)

and continuing our considerations the eigenfunctions

. nllx  mlly . kllz

Unmp= AnmpSint ,sin——sin—.

In the approach of this article we need to determine the amplitude 4, ,,; respec-

tively to the dimensions “a,b,c” for time “t” so that the norm of the eigenfunctions
U, ms With the wieght equal to 1 (one) is equal to 1 (one) [11], [10], [2—6]

(2.1.10)
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abe b c
nlTx
Hj 2 dxdydz= A,,,,,Jsmz dxjsinszydy-fsmz kIcIZdz=1.(2.l.ll)

000 0 0

The integration of the eq. (2.1.11) makes poss1b1hty to obtain the value of the
amplitude of the eigenfunctions

Apmp= E:-E- (2.1.12)
The eigenfunctions belonging to the constant coordinates point Z(x,y,z,f) have
the form _
Upmic (%,3,2)= \/}mw("’y’z) (2.1.13)
where is that
W (x,y,z)=sin nIZx sin mf)Iy sin kgz

and consequently for the variable coordinates point Q(¢, 7, B, 1) the eigenfunctions

are
8
Unme G1.B)=_ [ = W (E1:0) 2.1.14)

by the additional formula
W(f,'l,() =sin nIZf sin mfﬂ sin kIZC .

After time integration of the eq. (2.1.4) one can obtain

C(t)=DEyy hmsDet, (2.1.15)

In the eq. (2.1.15) the integration constant possesses the form

8
D%.;FH‘[CO | =5a W Em:p)didndE, (2.1.16)
2r

W (En,B)=sin "’: ¢ sin ”’f” sin "’c’ (.

where exists

The source function for the concentration is:

-

C*(t)=C,+ | V3 Gdt. (2.1.17)

0
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The above presented considerations enable to state the resultant solution for the
diffusion concentration transport:

Cz.n= j f f f { ,.,,.,ke“-“"°““’ 8 W(x,é,y,n,ZC)}(C.,_
n-l

e ‘ 2.1.18)
+ j V3 Gdt) dédndpdr,
where:
W(x,&;y,1;2,0) =W (x,y,2) W(,n,B)

and the part of the solution (2.1.18) inside brackets {} is the phenomenal Green
function

GR(Z.t; Q)= { Y. Dfppe st — 8 = W58y ,c)} (2.1.19)

n=1
=}

k-
which properties represent reciprocal constant image for points [7—8], [11], [2— 6]
WACLAER)) Q€m0
€8s Reciprocal €Qp (2.1.20)

constant image

2.2. The diffusion enthalpy transport (variable point Q (&,1,(,7)

. The partial differential equation of the topic problem has the form

T _He = ., |
CE—C_pDCv C. 2.2.1)
The source formula for the partial differential equation (2.2.1) is:
dT HC dC
T 2, oGt 2.2.2)
and this equation is coming from the eq. (2.2.1) and the diffusion relation
H.o0C H,
—<£_~=-"€p.vzcC. (2.2.3)
c, ot ¢,
From the eq. (2.2.1) and eq. (2.2.3) we can write
HcoC 0T _HC 5
., 3t Car c, DCV C 224)
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which can be modified to

T H. (oC 5
Fin o (ﬁ DV C) : (2.2.5)
with additionaly
H.oC '
— - oT. (2.2.6)

P

Consequently to the solution of the chapter 2.1 the solution of the problem of the
diffusion enthalpy transport due to above considerations is given by the formula:

@ 8 v
j m {ngl Dipe™ b0 W (.G y13 z,C)} (Cot
m=] » |

0 QR k=1

T(Z,H=T, (Z,t)+&|:1n

Cp

-t ’
+ I\@'Gdt)dfdndCdr —In|C, ] (2.2.7)

[}

The solution given/ by the eq. (2.2.7) possesses the identical phenomenal Green
function as numbered (2.1.19) for the solution (2.1.18) in the chapter 2.1.

2.3. The heat transfer temperature transport (variable point Q(¢,7,{,7))

From the system of partial differential equations of the potential fields (I%P) the
‘heat transfer temperature transport is govezned by the formula (I50.3); rewritten as:

C_Zf_l‘_)i V3T =0. 2.3.1)
ot c,
For the eq. (2.3.1) is introduced the temperature function
T(xy,z)=V(xy.2) T (2.3.2)
which transforms the partial differential equatipn (2.3.1) to the system form
2V 2V 2V ' :
Ex—2+3)-,;+—a;2—+AV=O (2.3.3)
and _
dT e =
—_—=— . 3.
dt ¢, C() T 234)

With the assumption of the zero brim conditions of the temperature for Q-(a‘b,c)t (see
chapter 2.1) we have the eigenvalues

Am,k=<%>2 +(’3b1—7>2+<]%)2. - (23.5)
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The eigenfunctions for the constant coordinates point Z(x,y,z,t) are:

[ 8
Vn,m,k (X,y,z) = ﬁ W(X,Y,Z) (236)

for W(x,y,z) — see chapter 2.1.
The eigenfunctions for the variable coordinates point Q(é.1,{,7) have the form

.
Voux &8 =_| 2be V(&m0 (2.3.7)

The integration of the eq. (2.3.4) leads to the result

T(t)=D] e hm il-f 50
where 238)

pol= |—2
C +jVBGdt

The eq (2.3.8) contains the integration constant possessing the form

8 ' ’
Dlns= ﬂfTo / 2he W (EnL)dddndl. 2.3.9)
Qr -

With the source function of the heat transfer phenomenon eq. (1 .2) rewritten here as

T‘(t)=Toiﬁln gﬁ (2.3.10)
C, G,
the heat transfer temperature transport solution has the form
‘c 8
- e
;'n" :l
+H1, (€ (T)]dfdndl;dr 2.3.11)
Cp G

where W (x,£; y.1;2,0) =W (x,y,2) W (£,1,0).
For the solution (2.3.11) the phenomenal Green function has the form:

N .
(@t Q)= {Z D7, ;e hmes, D= —ach(x,é; i z,C)} (2.3.12)
n=]
=1
k=l
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for the reciprocal constant image of the points [7—8], [11], [2—6]

Z(x,y.zt) - QL)
€ Qabon Reciprocal € Qpe (2.3.13)
constant image

3. The phenomenal solution of the rotational field

3.1. The field vector velocity (variable point Q'(¢’, %', B, 1')).

As an introduction of our considerations let us recall the partial differential
equations of the field vector velocity in the forms

DC — g
DL F Cdivvy 3.1.1)
DT : S

Cﬁ_ F CTdivv (3.1.2)
Dv _ ) N )

Cﬁ=nwvzv+ Cvd1vv+?gradd1vv (3.1.3)

where:

D o0
-ﬁ—a—t-_l-vgrad [10], [1 —6].

Applying eq. (3.1.1) multiplied both handsides by the field vector velocity “v” into
the eq. (3.1.3) this equation can be presented as:

C——v——-—=nw\72v+%‘"graddivv. (3.14)

The assumption of the reciprocal constant image for the volume element
Q@b being in the statical state, the eq. (3.1.4) obtains its system form [7—8], [10]

nwV2v+n-3l"graddivv=0 (3.1.5)
and
Dv DC
——v—=0. 3.1.6
‘o "o . (3.1.6)
As a consequence of the application of the rule [9]
rotrotv=grad divv— V 2v 3.1.7

" to the eq. (3.1.5) this equation gets its new form

(qw+%"> graddivy—n, rotroty=0. (3.1.8)



168 W. Niemiec Kwart. Elektr. i Telekom.

Subsequently the eq. (3.18) is undergoing to the transfromation with the result

V2y=0=agrad divv— frotroty (3.1.9)
where: _
“=11w+%w and ﬂ=’1w .

In the statical state, for f=0 every constant coordinates point Z(x,y,z,!)
possesses the field vector velocity vy(x,y,z,0)=v, and the statical distribution of the
field vector velocity is given by the formula

v(Z,0)=v(x,y,z,0)= f f f I (Z,Q)d¢dn'ar. (3.1 .10)

QR
The formula (3.1.10) for the following cases of Green tensor for Q(a,,,,,;, remains valid
[12], [2—6]: . :
— the isotropic case, see Appendix 1

I§(Z.Q)=I;(Z.Q) ' - (3.1.11
— the anisotropic case, see Appendix 2
I&(ZQ)=I4(Z,Q).. (3.1.12)

Furthering we need to consider the formula governing the dynamical aspects of the
field vector velocity, and for the realization of this task let us recall the following formula

which is subsequently integrated to the form
In|N|+Injvj=In|C|. : (3.1.14)
The eq. (3.1.14) can be modified to ' '
c* @
v()= N, (3.1.15)

where: C?(f) — the source function of the concentration in the point Z(x,y,z,t), for

x=a=const, y=b=const, z=c=const.
. t

C’(t)=CoifVBGdt (3.1.16)
0

N, — the integration constant taken so that N, =v(Z,0) from the eq. (3.1.10).
The resultant solution of the field vector velocity distribution by the source
function of the field vector velocity -
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v‘(t)=voiJ.M(t)dt S (3.1.17)

is given by the formula

to(—1)

[ e Tuse] o

OQR

t—1

fM(t)dt]df dn’ d{’dt (3.1.18)

For the solutlon (3.1.18) the phenomenal Green function of the field vector

velocity is =)

Y (Zt Q)= { [c+ IVBGdr]Fg(Z,QQ} (3.1.19)

‘as the reciprocal interpretation of the constant and variable coordinates points

[7-8], [11], [2—6] '

Z(X,y,z,t) = Q (f,n ﬂ 1.')
€ Qapon Reciprocal €0, (3.1.20)
constant image

4. The complete solution of tht". constitutive distributed" parameter model by the
existence of the initial conditions

The complete solution of the constitutive distributed parameter model bases on
the state vectors of mass/charge, energy and momentum coordinates of the source
and phenomenal solutions of the potential and rotational fields by the initial
conditions. This chapters idea according to the chapters (A 1, A.2 and A.3), has its
precisely made interpretation as follows:

Complete form Source functions in point
of solution Z(x,y,z,t)
[ Concentration | Concentration changes T
(formula (A.1.1))
Temperature = Temperature changes +
(formula (A.1.2))
Field vector Field vector velocity changes
| velocity N (formula (A.1.3))
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Diffusion Heat transfer
Q-Z , Q-Z
Concentration changes *
+ | Temperature changes + | Temperature changes +
(formula (A.2.2.7)) (formula (A.2.3.11))
* * -

Field vector velocity

Q'-Z
Concentration continuity * — the places without
(formula (A.3.1.1)) : relations between

+ | Temperature continuity physical phenomena.

(formula (A.3.1.2))

Field vector velocity changes
(formula (A.3.1.18)) “4.1)

B. EXISTENCE OF THE INITIAL AND BOUNDARY CONDITIONS

1. The surface boundary source problems

Let us assume the existence of the boundary functions for: — mass/charge S(¢),
— thermic energy U(f)-scalar, — momentum W(f)-wector, on the outside oriented
by the normal outside surface orientation vector n{? surface F, of the working space
volume-time Q. While the system of the partial differential constitutive state
equations (I) on the surface £, is valid so that for the point Rx,y.z ek, , for
x=const, y=const, z=const is:

. Boundary source functions;
dC _
F=Ts0 ) CP (1), T (1), v° (1).
dT 1 '
b —_-—
@ Ca=F U0 @ ASSUMPTION 1. The surface Fy is
dv defined as having cuboidal form of
C(—1{= FW(Q) 3) constant space dimensions.
)]

Boundary initial conditions: Ciy, Tsos Vho-
For the considerations of this paper one can assume that

Co = Cbo (4)
149 : T,=T,, ©)
: V; = Vbo | (6)
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and the initial conditions of the inside of g, are identical to those boundary

conditions on the surface Fy,.

Remark 2. For the system (I®) validity of the REMARK 1 does not exist.

In the continuation of our considerations a necessary problem is to introduce:

Assumption 2. The boundary source fonctions on Fg, generate the identical physical
phenomena as existing inside working space volume-time Q.

This assumption can be written as

[LY*] ———— [L¥] (AS2.1)
Physical
phenomena
generation,

where: [L*] — boundary source state vector F,,
[L°P] — state vector inside working space volume —time Q4,.

2. The boundary source functions

The integration of the boundary source system of time ordinary differential
equations (I®) makes possible to obtain:
— for the concentration boundary source function from the eq. (I°1) one gets

t

B Cb(t)=C,, F I S@dt, @2.1)

0

— for the temperature boundary source function from the eq. (I°2) we have

U(t)

oot ' jeE)

ToO=To, ¥ f

and consequently,
— for the field vector velocity boundary source function according to the eq. (I!3)
takes the form

W t
PO=-%F |G

0

dt. 2.3)

The boundary source functions (2.1), (2.2) and (2.3) are the sources for the
generation of the physical phenomena from the source on the surface Fy, in direction
to the inside of Q. Obtained above boundary source functions [CP(t), T®(t), v°(t)]
represent the source state vector for adequate physical phenomena of the potential
and rotational fields.

The above presented ideas lead to:
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Assumption 3. The given above ASSUMPTION 2 possesses its detailed based on the
state-vectors form [2—6]:

[c”'(Q,rj - ' [Cb(tj . [C"'(Q;zj
T**(Q,r)|  Potential fields |T°(f)| Rotational field  |T™(Q;r)| (AS3.1)
)

* v (o) v (O;T
point point ‘ point
Q¢nl7) R(x.y.z,0) SH( H
€, x=const, y=const, z=const €2,
ek,
where:

% — the place without relation between physical phenomena.

3. The phenomenal solutions by the existence of the initial.and boundary conditions

3.1. The phenomenal solutions of the potential fields

3.1.1. The diffusion concentration transpbrt (variable point Q(&,4,{,7)

From the chapter A.2.1. the phenomenal Green function of the initial conditions
has for £, the below form

GR(Z5QD)= Y Dimee P4 L Wa&ymzd) (LY

n=|]
m=]
kel

with the integration constant given by the eq. (A.2.1.16).

On the basis of the formula (3.1.1.1), assuming that Fy, has cuboidal shape one
can determine the surface phenomenal Green functions:
— for “xy” surface

GRY RY, ;Q%,7)= ), DX e ~#alet—) Z:lb W(X,f; yi) (3.1.1.2)

n=1
ma=]

DE?%=HCM\/:% Wx,&ymdédy, (3.1.1.3)
Fug

GRF(R™ 5Q% )= %, DREe > L Wiz (114)

m=]
k=1

where:

— for “yz” surface
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Fuye

where:

— for “xz” surface

B (R™, & Q“‘,r)={2 DEFe-P) LW z,o}, (3.1.1.6)
n=]
k=1

Dr¥= f j Ceo [ Wi(x, é,z,()dédc (3.1.1.7)

As a consequence of the application of the above considerations the complete
form of the surface phenomenal Green function has been written:

where:

G2 (R,t; Q,1)=2[GR¥ R™,t; Q*,7)+ Goy* (R, 0%, 1)+
+GB= (R t; Q%, 7). (3.1.1.8)

With the complete phenoménal Green functions at hand, of time and volume

problems eq. (3.1.1.1) and surface problems eq. (3.1.1.8) with adequate. source
functions:

— for the volume-time problems see eq. (A.1.1), and

— for the surface-time problems given by the eq. (B.2.1), the resultant solution of
the topic diffusion concentration transport

t—1

t
CEZR;t)= f 'f GRa (Z; Q) (Co % f V;Gdt) dédndlde+
¥ d |

R
+ Pﬁ; GR (R,;Q,7) I:C,,o F I S(t) dt] dédnd{dr. (3.1.1.9)

o
oF, 0

3.1.2. The diffusion enthalpy transport (variable point Q(&,7,8,7))

The content of the chapter B.3.1.1. allows on the formulation of the solution of
the problem of the diffusion enthalpy transport:
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t—1

f f f f GB (Z,Q,7) (c,, + J VBGdt> dédnagde
f ﬁ GE (R Q,r)[cbo

] (3.1.2.1)

T(ZR;H)=T,(Z, t)+HC[ln

—In|C

:|+Tbo(R t)—C [m

-7

f S(t)dt:ldfdnd(dr ~In|C,,

In the above formula the phenomenal Green functions are determined in the chapter
B.3.1.1. as the eq. (3.1.1.1) — the working space volume-time problems and the eq.
(3.1.1.8) the working surface-time problems.

3.1.3. The heat transfer temperature transport (variable point Q (£,1,{,7))

The phenomenal Green function of the heat transfer phenomenon for the initial
and working space volume-tlme problems consequently to the chapter A.2.3. is given
by the formula:

o

Ac
G (Z,4;Q,1)= ), D]y e A5 ledIW (x, £y, 2,0) (3.13.1)

nuﬁ
m=
k=1

where D,1 m,x is shown by the eq. (A.2.3. 9) and [J(t—17)] is taken from the eq. (A.2.3.8).
From the assumed cuboidal shape of the surface Fy, there is

[F@®)]= *‘tit— (3.1.3.2)

Coo FfS()dt
0

— for “xy” surface

® A
GIP RV Qg",’t)={ Y DIw e“---EZU"“')];—bW(x,f;y,n)} (3.13.3)

n=1]

and m=1

4
Diw= ﬂTbo / b Wx.&ynydédy, (3.1.3.4)
Fu,,

‘ A
GHF (Rt Q"‘,r)={ Y D7 e~heag - i o WOz ,c)} (3.1.3.5)
m=1
k=1

— for “yz” surface
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DIE= ImefW@,n,szndC, (3.1.3.6)

Fy,.

and

— for “xz” surface

de
G}I;}fz (sz t; Q§§ ’L') — { Z I)T"z —)'-tc' - ') W(X,f,z Q} (3.13.7.)

n=1

D ¥= ﬂTbo \/' W(x,&z0)dEdE, (3.1.3.8)

As the result of above formulae the complete form of the surface phenomenal
Green function for the working surface Fy, can be written
IS(RE QD) =2[GFF R, Q¥7) + Gi*(R™t; Q" 1)+
+ G (R=t; Q¥,1)]. (3.1.3.9)
The phenomenal Green functions (3.1.3.1) and (3.1.3.9) with their source func-

; tions:

‘ — the volume-time source function given by the eq. (A.1.2)
|

|

and -

— the surface-time source function the eq. (B.2.2)
allow to formulate the initial and boundary conditions heat transfer solution:

- [Jenzsos]rste

1=t

j ﬁ GIS (R 01) [Tbo Jg,((?)dt]dg dndpds. (3.13.10)

3.2. The phenomenal solution of the rotational field

)

0

:IdfdndCdr+

3.2.1. The field vector velocity (variable point Q'(¢',7'.{",7))-

The outset of our considerations is the working space volume-time field vector
velocity general Green function from eq. (A.3.1.19)

to{t—1)

GL(Z5 Q,‘L’)—-—-—[ ok j VBGdt]FGW(Z,Q') (3.2.L.1)
0

and contajns two different cases:
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— the isotropi¢ case, see Appendix 1

— the anisotropic case, see Appendix 2

" (Z.Q)=L4(Z.Q).

(3.212)

(3.2.1.3)

The working space volume-time phenomenal Green funcnon (3.1.1.1) possesses its

following surface-time coordinates:
— for “xy” surface

to(t—1)

GRER75Q | CuF [ s@at|rFm@eqem)
NY
0

where:

Niy = JI%Y I"(!ny(ny’Qlf’n')dél dn'

— for “yz” surface
t-f(t—t)
= lz[Cbﬁ f S(t)dt]l“ ¢ (R™=Q™)
Ny

[

GRE(R=:;Q'™
where:
NY*= ‘H‘v{,‘ r&»=Rr=Q"ydy' d¢’
. . Fl)‘l
— for “xz” surface

\ ' t->(t—1) ) -
G (Rt Q%)= [Cbﬁ f § (t)dt] ry=®=Q"*v)
N¥*
o

where:

- f Vf)z F(}sz(sz’Qrgz') d f' dC' .

(3:2.14) '

(3.2.1.5)

(3.2.1.6)

(3.2.1.7)

(3.2.1.8)

(3.2.1.9)

With the above surface time con31derat1ons at hand the complete form of the

fjworkmg surface-time phenomenal Green function can be stated:
DERE Q' 5)=2 [G::;y R¥,5Q"" 1)+ G (R0 1) +
BER™EQ 5]

(3.2.1.10)

The field vector velocity phenomenal Green functions of working space wolume-time
the eq. (3.2.1.1) and working surface-time the eq. (3.2.1. 10) pertinent to their source

problems
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— the volume-time source function, the eg. (A.1.3),

— the surface-time source function, the eq. (B.2.3), make possible the formulation of
the complete form of the field vector velocity initial and boundary conditions
distribution: :

t—1

v(Z,Rt)= fﬂ:[G,ﬂZt Q') I:vo fM(t)dt]df dyg'd{’d7"+

Iﬁ GhH (R,t;_ Q')7) I:vbo + j C"Et;dt] d&dn'd{’dz (3.2.1.11)
OF, - .

with additionally
DC

Dt =FCdivy
T
c%—— FCTdivv. (32.113)

4. The complete solution of the constitutive distributed parameter model by the
existence of the initial and boundary conditions

The content of the chapter B.3 has been taken to bu11d the complete solution
of the whole constitutive distributed parameter model based on the state vectors
of the concentration, thermic energy and momentum coordinates of the volume '
and boundary source functions and the solutions of the phenomenal partial
differential equations of the potentlal and rotational fields. This concept has
its formal expression:

Complete form  Volume source functions

of solution in point Z(x,y,z,t)
Concentration Concentration changes
(formula (A.1.1))
Temperature |_| Temperature changes
=| (formula (A.1.2)) +
Field vector | +| Field vector velocity changes
velocity (formula (A.1.3))

Boundary source functions
in point R(x,y,z,t)
Concentration changes
(formula (B.2.1))
+ Temperature changes n
(formula (B.2.2))

Field vector velocity changes
(formula (B.2.3))
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Difusion *  Heat transfer
. Z+«<~ Q>R Z ~ Q>R
Concentration changes
(formula B.3.1.1.8) S *

Temperature changes Temperature changes
*| (formula B.3.12.1) |*| (formula B.3.1.3.70) [t

* *

Field vector velocity

Z « Q - R
Concentration continuity * — the places without relations between
(formula B.3.2.1.12) "~ physical phenomena.

+ Temperature continuity
(formula B.3.2.1.13)
Field vector velocity changes
(formula B.3.2.1.11)

6. THE ANALYSIS OF THE ANALYTICAL SOLUTIONS OF
THE CONSTITUTIVE DISTRIBUTED PARAMETER MODEL
.Due to the chapters A and B we have the solution of the initial conditions
'— performed by the formula (A.4.1) and the solution of the initial and boundary
conditions having its performance by the eq. (B.4.1). Both of them fulfil the rule of
constitutive invariance based on the existence of the solution state vectors in:

Every point Every point
[LP1E| Z(x,y,z,1) Rxyzt |3 LY
F

>
a,b,c)t Rt
with with
F (a,b,o)t QR(
n® . nf

6.1)

Common physical

phenomena of potential

and rotational field in
Qp

L.

The state vectors of the formula (5.1) have all identical mass/charge, thermic
energy and momentum coordinates if the physical phenomena of adequate influences
exist — see diffusion and heat transfer influences. The problems of state vectors can
be shown as follows: ' .

— the source state vector [Ii7] acting in every point Z(x,y,z) € Qup is related to the
physical phenomena of the potential and rotational fields state vector [I7*] by the



TOM XXXIX 1993 On the constitutive distributed parameter... Part II 179

circulation of the normal outside surface orientation vector n® being decisive for
the summations of the effects of the physical phenomena of the potential and
rotational fields in adequate mass/charge, energy and momentum balances,

— the boundary source state vector [I2] existing for every point R(X,y,z,t)EFg, has
connection to the physical phenomena of the potential and rotational fields [£*]
according to the circulation of the normal outside surface orientation vector
nf having underlying significance for the summations of the effects of the
physical phenomena of the potential and rotational fields pertinent to the
mass/charge, energy and momentum balances,

— the physical phenomena state vector [IF*] pertinent to the summations of the
effects of the physical phenomena of the potential and rotational fields in

adequate mass/charge, energy and momentum balances is a consequence of the
activity of the source state vector [I*] or can be extorted by the boundary source
state vector [I"].

The phenomenal distributed parameter control problems for the constitutive dis-

tributed parameter model of the real process contains two different aspects:

I — the working space volume-time influences by the use of the initial conditions,
called [L7],

II. — the surface-time of Qp, influences by the application of the boundary con-
ditions [I*] or their initial conditions [I%] existing on the brim Fy, for
the time t=0.

With the assumption that the initial conditions on the surface-time Fg are
identical to those existing inside working space volume-time 2 — see mentioned
system formula [I*] the above explained influences I°° and II°° remain valid.

There exists a possibility to generate by the circulation of n, so signed potential
and rotational fields that:

— for the characteristics defined by the initial conditions

[DI1=[A.]+[Apor] +[Arar - (62
where:
[A,] — the state vector of the source functions, -
[A,.] — the state vector of the phenomenal solutions of the potential fields,

[A.:] — the state vector of the phenomenal solutions of the rotational field,
and consequently,

— for the characteristics determined by the initial and boundary conditions,

[DIB]=[DI]+[B,]+ [Byc:] + [Brot] (6.3)
where: .
[B,] - the state vector of the boundary source functions in R(x,y,z,t)

[B,] — the state vector of the boundary phenomenal solutions of the potential
fields only for the point R(x,y,z,t),
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[B.:] — the state vector of the boundary phenomenal solutions of the rotational
field only-for the point R(x,y,zt).
The index of controlability for Q, physical problems is constructed by the
boundary conditions approach which is given by the rule:

[DS]=[DIB]—[DI] (6.4)
The formula (5.3) has its mterpretatlon pertinent to the cases defined as follows:
A+B or A ‘% B 6.5)

with “+” or “—” signs and: () — generation of the physical phenomena, 3) — the
initial conditions.

The controlability problem defined by the use of the boundary conditions is
formulated as follows [13—17], [2—6]:

[DS]=[B]+[Brad + [Bol - (6.6)

The most important feature for the formula (5.5) is that the control problems are

realized by the use of the dimensions “a,b,c’” pertinent to the dimensions of the

locally selected volume-time element Q,; ), because the amplitude of the phenome-
nal solutions are related to the all of them.- This approach is a result of the

Assumption 1 that the norm of the eigenfunctions is: N,=1.

On the basis of the formulae (5.3), (5.4) and (5.5) we can propose some control
ideas by the use of the boundary conditions:
— the classic control theory — with the space and time elements, :

— the hierarchy control theory — for example: optimal control, adaptive control
different criterions — with space and time parts.

The constitutive interpretation of the formulae (6.4), (6.5) and (6.6) assures:

— validity of the boundary control problems for the point Z(x,y,z,t) € Q. € Qg
by the source generation of the physical phenomena in the ‘point
R(X’Y3Zst) € FRt € QRt:

— invariance of the constitutive djstributed parameter model to its phys1ca1
coefficients inside Qp, and on the brim Fy,, pertinent to the systems of
mass/charge, energy and momentum partial differential equations of the con-

~ tinuity inside Qg, and on its brim Fg,.

7. CONCLUSIONS

.The article represents an attempt to the formalization of the constitutive theory
of the solution of the partial differential constitutive state equation although the
considerations may be extended for the system of partial differential constitutive
state equations. All characteristic constitutive steps of the solution method of partial
differential constitutive state equations such as:
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— source decomposition,

— homogeneous phenomenal decomposition,

— the splice of the phenomenal Green function with the source function pertinent to
the physical phenomenon, '

— state vector of mass/charge, energy and momentum.coordinates of the sum-
mation of the effects of the influences of the potential and rotational fields, have
been explained in detailed form.

In the article influences of the phenomenal links on the mass/charge, energy and
momentum complete solution coordinates have been discussed. As an example for
the presentation of the general solution method concentration, thermic energy and
momentum coordinates state vector solution for the constitutive distributed parame-
ter model deduced in Part I of this article [1] has been considered. This solution
presents working space-time distributed parameter dynamics of the state variables
from the constitutive distributed parameter dynamics and possesses the following
properties: ‘ »

— the high, related to the physical coefficients precision of the information,

— the interpretation of the information by the use of the physical phenomena,

— the complete information about the state variables inside £, and on its brim Fg,

— possibility of the realization of the yield and quality different kinds control of the
products of the considered processes by the use of their single physical phenom-
ena generated from the boundary conditions.

The important feature of the considered phenomenal solutions of the potential
fields is that all of them are related to the dimensions “a,b,c” of Qs These
- dimensions are adjustable to the kind of the kinetics of the analyzed reaction
or processing of the interested media. Although in this article we consider the
continuous media having source space and time memories like: — electronic
lamps and other electronic apparatuses, — electrochemical processes and others,
all based on electrons and ions transport WITHOUT ELECTRICAL PARA-
METERS, as an example of the constitutive way of the constitutive distributed
parameter modelling, this approach can be applied to many other important
real processes. The solutions of the constitutive distributed parameters obtained
in the article have significance for:

A. existence of the initial conditions — by the identification of the considered
processes and optimization of the working space volume-time Qg

B. existence of the initial and boundary conditions — for the phenomenally dis-

~ tributed parameter control by the use of the single physical phenomena generated
from the existence and activity of the boundary conditions on Fg;. '

In the article an original state vector controllability [DS] according to the
formulae (5.3) and (5.5) has been introduced. The state vector of the controllability
contains boundary phenomenal distributed parameter control influences on the yield
and quality aspects of the products of the considered processes. As a consequence of
the presented features of the constitutive distributed parameter solution of the real
processes ‘the area of the application of this approach should be very wide. This



182 W. Niemiec ' Kwart. Elektr. i Telekom.

opinion comes from the analysis of the discussions appearing during the Inter-
national Federation of Automatic Control Meetings where Authors present in their
publications [14] idea called “A Bridge Between Control Science and Technology” as
a necessary tool to make the real processes distributed parameter control more and
more effective. The analysis of the considerations of this article enables us to
formulate the opinion that the considerations of this article fulfil all requirements in
this area.

NOTATION

Qoee — the locally selected volume-time element (cuboidal form) around
the processing point Z(x,y,z,t), and x=a, y=b, z=c — constant

coordinates : m3-g
Fyz — the outside oriented surface for Qepor m3-s
n® - — the normal outside surface orientation vector for Fixyz: Which

circulation has underlying significance for the summation of
effects of potential and rotational fields in adequate balances,

Qg  — working space voloume-time for the real processes m3-s
Fr, — the outside oriented surface for Qg, to which belongs the boun-

dary conditions point R(x,y,z,f) m2-s
n®  — the normal outside surface orientation vector for Fg, which

circulation is in relation to n® and the boundary control task by
the phenomenal boundary conditions, '

C - — the concentration of the singlecomponent processing medium kg
| m
T — the temperature of the singlecomponent processing medium °’K
v — the field vector velocity of the singlecomponent processing m
medium ' s
D; — the diffusion coefficient for the singlecomponent processing  m?
medium s
H, - the own enthalpy for the concentration “C” J
. kg
A — the heat transfer coefficient for the singlecomponent processing W
medium m°K
. . . . J
Cp — the specific heat of the single component processing medium K
L . N
M.  — the coefficient of the dynamic viscosity —
ol

Vs — the intensity of the generation of the mass/charge —
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. . k
G — the own molar mass for the mass/charge generation <& _
molm?
H, — the specific enthalpy for the intensity of mass/charge generation e
’ . . N
M(t) — the force generation function of mass/charge —
m
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APPENDICES .

APPENDIX 1. THE STATICAL ISOTROPIC GREEN TENSOR
FOR THE VOLUME ELEMENT 0@, . [12], [2—6]

For the tensor of the statical deformations of the volume element Q,,
Eixtm = 00k Om + B(0dim + SiraSa) M

the statical isotropic Green tensor has the general form

r l l I 1 ’
FG (ZsQ )—gﬁ I:&I: (Z’Q )+EE(Z:Q )] . . (2)
" The component I; (Z,Q’) is connected to the operation [grad divv] and is written by
the formula
: 1. rxr
LEZQ)==]—— -3
REO ©
where: I — unitary matrix, r=r;—rg..
Consequently the component L(Z,Q) belongs to the operation [ —rotrotv]
r Xr
LZ,Q)= @)
I I MR
The coefficients « and B are defined by the formulae
a=a-+b and f=a with a=n#y and b=%11w 5

and the above presented information makes possible to state the isotropic Green
tensor for the volume element Q)

1 1. rxr
L (2 ,Q)—W[ﬂ ] , ®

el e

where: I — unitary matrix, n, — coefficient of the dynamic viscosity, r=r;—Ty
— radius of the activity of the viscosity forces.

APPENDIX 2. THE STATICAL ANISOTROPIC GREEN TENSOR
FOR THE VOLUME ELEMENT T, , [12], [2—6]
We define the material coefficients of the medium as:
x=a+b and f=a. 1
The elasticity tensor of the deformations of t\he volume element Q,y,, is written in the form
6 WV Vi(Z) = —Nu(Z) @
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and &y, — the elasticity tensor of the volume element Qg ,), V,(Z) — the field of
the deformations of the volume element O, 5, Ny;(Z) — the field of the forces of the
deformations of the volume element Q.. Now let us introduce the followmg
operation

S e o =i 3
which modifies the eq. (2) to its another form
EVi(2)=—Nw(Z). @)
The field of the deformations V,(Z) of the locally selected volume element Qb ois:
v(@- ([ [RE-mu@mn@) ®
QR

where I, (Z—Q')— the statical Green tensor of the volume element Q. We can
write the eq. (4) id* the form

&l = — 6;300(Z) (6)
and the eq. (5) can be rewritten in the splice form'
vl=1110 * NVn . (7)

Now we introduce the tensor series form of

M

Eixim= ), ¢ Eitim ®)

r=0

&iim = #0301 + B(SiSrcm + Simmr) 9

with consequently the series form of the statical Green tensor

and

Z<p'r (10)

r=0

Makmg use of the eq. (8) and the eq. (3) with the eq. (10), the eq. (6) obtains
its final form

[i@'&][i(p%} —budnlZ) an

After development of the series (8) and (10) in the eq. (11), comparing the parts
being in the identical power of small parameter @, the anisotropic Green tensor can
be written as:

IF;A(Z,Q')?IFn(Z,Q')=ng(Z,Q')*51pq(Z,Q') TaZQ) 1

for k=1(1)w and 5P(Z,Q')=FG(Z,Q') where w — number of power of the small
parameter,
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W. NIEMIEC

O KONSTYTUTYWNYM ROZLOZONYM PARAMETRYCZNIE MODELOWANIU
JEDNOSKLADNIKOWYCH RZECZYWISTYCH PROCESOW
CZESC 11. ROZWIAZANIE ROWNAN ROZNICZK OWYCH
CZASTKOWYCH KONSTYTUTYWNYCH STANU DLA
JEDNOSKLADNIKOWYCH RZECZYWISTYCH PROCESOW

Streszczenie

Artykul jest poswigcony prezentacji konstytutywnego podejécia do rozwiazania ogodlnej postaci
rownania rozniczkowego czastkowego konstytutywnego stanu wyprowadzonego w CZESC 1 tego
artykulu. Ten ogélny sposédb konstytutywnego rozwigzania zostal nastgpnie uzyty do rozwigzania
wyprowadzonego w CZESC 1 ukladu réwnan roézniczkowych czastkowych konstytutywnych stanu dla
masy/ladunku, energii termicznej i pedu jako przykladu. Rozwazono dwa przypadki tego przykladowego
rozwigzania przy:

A. — istnieniu warunkéw poczatkowych,

B. — istnieniu warunkow poczatkowych i brzegowych,

dla wszystkich jego zjawisk fizykalnych. Zdefiniowano, wprowadzono do rozwazain i przedyskutowano
uzycie brzegowego wskaznika sterowalnosci na bazie postaci wektora stanu o wspolrzgdnych
masaﬁadunek energia termiczna i ped.
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Pojemno$¢ wzajemna dwoch przetwornikow
migdzypalczastych w obudowie metalowej
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Rozwazany jest periodyczny uklad idealnie przewodzacych elektrod umieszczonych
w warstwowym ofrodku dielektrycznym. Analizowany jest problem przenoszenia sygnalu
droga pojemnoSciowg pomiedzy przetwornikami miedzypalczastymi w ukladach z akus-
tyczna falg powierzchniowa. Wyniki moga tez byé stosowane w analizie pojemnosciowego
czujnika odleglosci bazujacego na konstrukcji kondensatora migdzypalczastego.

1. WPROWADZENIE

Przechodzenie sygnahu droga elektromagnetyczna (pojemnosciowa) miedzy dwo-
ma przetwornikami miedzypalczastymi w urzadzeniach z akustyczna fala powierzch-
niowa (AFP) jest zrodlem sygnalu falszywego, ktéry moze by¢ znaczny w filtrach
AFP o malym opéznieniu [1]. W artykule analizowane jest modelowe zagadnienie
nieskoniczonego, okresowego ukladu idealnie przewodzacych elektrod umieszczo-
nych w warstwowym osrodku dielektrycznym jak na rysunku 1. Okres elektrod

Y¢ €

€, ,
Vm -
0 x>
w <—A——: &
|
-h
| &

Rys. 1. Rozwazany uktad elektrod w warstwowej strukturze dielektrycznej
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jest A, szeroko$é kazdej z nich réwna jest \/5 Paski umieszczone sa w plaszczyznie
y=0 (pomigdzy waistwami o wspolczynnikach przenikalnoéci dielektryczne; &, 18,),
réwnolegle do osi z.

Niech elektroda m bedzie podlaczona do zrodla o potencjale V,, a pozostale

niech beda zwarte do masy (Rys. 1). Prad doplywajacy do elektrody k jest

ik = ykam ! (1)
gdzie yp, jest transadmitancja elektrod k i m. W przypadku ofrodkdéw péinie-
skonczonych, (niewarstwowych) y;,, wyznaczono w [2]. W artykule zostala wykorzystana
ta sama metoda ale uogélniono ja na przypadek dielektryka warstwowego, ograniczone-
8o przez polplaszczyzny metalowe, modelujace cianki obudowy metalowej filtru z AFP.

Przedstawione w niniejszym artykule rezultaty moga byé uiyteczne w projek-
towaniu filtrow z AFP w aspekcie minimalizacji pojemnosciowego sygnalu fal-
szywego (transmisja sygnalu ,.elektromagnetycznego” migdzy przetwornikiem wejs-
ciowym a wyjSciowym). Prezentowane wyniki moga byé tez wykorzystane przy
konstrukcji pojemnosciowego czujnika odleglosci zbudowanego na bazie konden-
satora migdzypalczastego o analogicznej konstrukcji do. przetwornika miedzypal-
czastego ale wykonanego na podlozu niepiezoelektrycznym [4]. W czujniku takim

~wykorzystuje si¢ zalezno§¢ wspélezynnikéw y,, od odleglofci i przenikalnoci
dielektrycznej zblizanego do elektrod plaskiego przedmiotu. -

W nastepnym punkcie rozwazana jest tzw. efektywna przenikalno$é dielektrycz-
na dla podioza warstwowego, charakteryzujaca to podtoze pod wzgledem zaleznosci
miedzy potencjalem a ladunkiem na powierzchni podloza. W kolejnym rozdziale
krétko przedstawiona jest metoda analizy prezentowanego zagadnienia (moze ona
by¢ tez stosowana przy analizie kondensatora migdzypalczastego).

2. EFEKTYWNA PRZENIKALNOSC DIELEKTRYCZNA'

'Rozwazmy dielektryczna struktur¢ warstwowa przedstawiona na Rys. 2. Analo-
gicznie jak uczyniono to w [3], [2], [S] mozna elektryczne wlasnosci badanej struktury
odnies¢ do plaszczyzny y=0 korzystajac z pojecia tzw. efektywnej przeni-

y} N
H
€2
T E" 3
0 X
I ADy €,
-h
€,

Rys. 2. Warstwowa struktura dielektryczna
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kalnosci dielektrycznej zdeﬁniowanej dla amplitud zespolonych exp(—jkx+ jwt)
gdzie k — liczba falowa, ® — czgsto$é kolowa, na powierzchni y=0 nastgpujaco

.o AD
efk)=jSe—+ e
Eﬂ y=0

gdzie E; jest skladowa pola elektrycznego styczna do plaszczyzny y=0, za$
AD,=D,(y= 0%)—D,(y=07) jest skokiem indukcji elektrycznej roOwnej gestosci
ladunku na plaszczyzme y=0. Funkcja S, wprowadzona dla wygody, jest zdefinio-
wana nastgpujaco _
St = {+1 dla k>0
—1dla k<0,

Zakladajac powyzsza harmoniczna postac rozwigzania na pole elektryczne dla y=0,
potenqal w kazdej z warstw moze byC zapisany w postaci

¢ = (® otk 4 @"e —Ikl;') e~kx g ot 3)

Przy czym stala ®'=0 w warstwie &, (dla y>H), za§ ®"=0dla y < —h tj. w warstwie

g, (wynika to z koniecznosci znikania potencjalu odpowiednio w + o0 i —0).
Poniewaz E,=—0¢/0x i D,= —&,¢,0¢/dy, w i-te] warstwie o przenikalnosci

dielektrycznej ¢; to warunki brzegowe na granicach migdzy warstwami majg posta¢

—dlay H Dy(y=H")-Dy(y=H") =0
- E(y H")= E(y H7)
—dlay=0  D,(y=0%)-D,(y=0")=AD,
. Ex(y=H+)=Ex(y=H—)=Eu
—dlay=—h D(y=—h*)—D(y=—h")=0
E(y-—h“) E(y=—h") .

Ostatecznie rozwxazu_]qc wynikajace z tych rownan warunki na @' i ®” dostajemy
poszukiwang przenikalno$¢ dielektryczna efektywna w postaci

~_ . J &+tetanh|kH ¢, +&stanh [klh)
&)= {82 e, +& tanh [kJH ' * &, +¢,tanh |k @
Istotny dla dalszej analizy jest fakt, ze dla duzych wartosci k zachodzi
g k) T e, = go(e,FE). )

Rysunek 3 przedstawia przebieg e, /s.(k) dla r6znych wartosci H, A i przenikalnosci
dielektrycznych poszczegblnych warstw (funkcja ta bedzie wykorzystywana do
konstrukcji rozwiazania w dalszej czgsci artykutu). Zakladajac &, =4.5 (szklo kwar-
cowe) i &, =1 rozwazano przypadki

a) H=co (polprzestrzen), &, = co (metal idealny)

b) H=1, ¢,= 00, ¢, =1

c)H=1, ¢, =00, ¢,=00

d) H=00, g, =0, ¢, =¢,.
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15~ L a)
L ef

H=co, €,=c0 15r Ew
h=0 == h=]—~— - .e_f.
h=10 -e--- h=01—— 3

c) H=1, €=,E =
‘h=D == Rz =
h=10 ++ h=0]——

. : “d) _ -
_62 b) H=1, ei=1’€4=m 151~ Ei . H=o , €,=€,
- h=00 == h=% -
€ h=to — h=l—— ¢
h=10 ==-e- h=01 —-— [ : h=10+-+=-- h=0.1——
? 1.01 ,/,.. - .;.—_-—-
i , // Rttt
" ,
H \ g
Pamabe osk
'//l— """" :
1 1 ] 1 J L 1 1 1 )
1 2 3 4 K 5 0 1 2 3 4 K 5

Rys. 3. Przebieg funkji ¢.,/2, (k) dla réznych wariantéw struktury dielektrycznej

3. ANALIZA PERIODYCZNEGO UKLADU ELEKTROD

W analizowanej strukturze (Rys. 1) na plaszczyZnie y =0 mamy
‘ | E, =0 na paskach metalowych 6)
AD, =0 pomiedzy paskami.
Sa to mieszane warunki brzegowe na poszukiwane pole elektryczne migdzy elektro-

dami i gestodé ladunku (AD)) na elektrodach. Zgodnie z twierdzeniem Floqueta
rozwiazania poszukuje si¢ w postaci [3], [2]

E;= Z E, e it tnK)g jot )
n=—o0
AD, = Z D et rKg ot , (®)

gdzie K=2n/A, re(0;K) (czynnik exp(jwt) bc;dz1e pomijany w dalszej czesci ar-
tykulu). Wspolczynniki D, powiazane sa z E, poprzez efektywna przenikalno$é
dielektryczna, wyprowadzonq w poprzednim punk01e

Dn = _jskenEn _ (9)
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przy czym w miejsce k nalezy podstaWié r+nK oraz
&, = &,(r+nK). (10)

Rozwigzania na E, i D, mozna zapisa¢ w nastepu_]acej postaci wykorzystujacej
pewne wlasnosci funkc_u Legendre a[3]

E, = Y.0,Ss—mPn-m(cosA) an

D, = Y B,Ps-mlcosA), (12)

gdzie' A=nw/A, a,, i f,,, sa dowolne. Sumowanie po m przebiega w pewnych duzych
lecz skohczonych gramcach zaleznie od zakladanej dokladnosci. '

Poniewaz dla duzych k mamy &,(k)->&,,, mozemy znalez¢ takie liczby calkow1te
N, i N,, ze tylko dla ne[—N,,N,] jest

g, = g(r+nK) # &, ’ (13)
podczas gdy dla n< —N,—1 lub n>N, +1 mozna polozy¢ ,~¢,. W rezultacie
z poréwnania (11) i (12) dla duzych » otrzymujemy

B = €ulim

Dalsza analiza [3] pokazuje, ze sumowame po m nalezy przeprowadzaé w granicach
me[N,,N, +1].
Relacje (11), (12) i (13) daja nastgpujacy uklad réwnan na niewiadome o,

ocm(S,,_,,,—%” S,,)P,,_,,,(cosA)=0 (14)

z ktoérego mozna wyznaczy¢ wszystkie stale o, w zaleznosci od jednej z nich np. a,.
Ta z kolei okreslona jest przez dodatkowe zaleznosci dotyczace potencjatow elektrod
i calkowitych pradéw elektrod {2].
Wyznaczmy admitancje paska jako stosunek pradu plynacego w elektrodzie do
jej potencjalu dla danej liczby falowej r.
0 _
Y@ = o) = JooC((r) (15)
przy czym potencjal V() i catkowity prad paska I(r) polozonego w x=0 wy-

' znaczane s3 nastgpujaco
8]

N E,
V(") = "Z_w ](r-l-—nK) (16)
w2

() = jo jADﬁx, 17

w2
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postepujac analogicznie jak w [3] dostajemy (v=r/K)
V) = % 2(— " == %0 P,sv_i(cosA) (18)

0

Ksm TV

i) =222 g %ot wZ P,,,+,_,(cosA) (19)
Ostatecznie dostajemy Y (r)=jwC(r) gdme

Y %’—' P,.,_; cosA
C()=2s,sin(w) —2-"0— . (20)
Y(—1)"-"P,,, ; cosA
m - Oy

Poter{cjal i prad elektrod (w odniesieniu do jednostki ich dtugosci) sa wyznaczane
z odwrotnej transformaty Fouriera poprzez catki [2], [5]

ik=% f f(r)e* dr | 21
K
| v,=% JV(r)e"”"dr.. (22)

0

Kladac v,—é,,,,V (zasilana jest tylko elektroda o numerze m, wszystkie pozostale sa
uziemione) z r6wnania (22) wyznaczamy nieznane o oM, ktore podstawione do (21)
daje szukang transadm1tanqq 4]

Vim = JOCp_p (23)
K
Chom = % C(r)e"("""‘)A dr (24)

0

Obliczenie calki (24) jest w ogélnym przypadku mozliwe tylko numerycznie.
Jednak w przypadku gdy g,(k)=const tzn. gdy elektrody umieszczone na granicy
dwoch pélprzestrzeni dielektrycznych, C, mozna wyznaczyé écifle [2], [5]

— 4800
' ‘ 25
Co = n@dn?=1) @3)
C, dla n#0 jest ujemne, gdyz kierunek pradu plynacego w uziemionych elektrodach
jest przeciwny do kierunku pradu elektrody zasilane;.
W prezentowanych przyktadach numerycznych wspélczynniki C, wyznaczano za
pomoca algorytmu FFT.
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4. WYNIKI NUMERYCZNE

4.1. POJEMNOSC WZAJEMNA DWOCH PRZETWORNIK OW

We wszystkich obliczeniach przyjeto nastgpujace zalozenia

— A =0t.w=A2

— &, = 4.5 tj. elektrody umieszczone sa na podlozu ze szkla kwarcowego
— &, = 1 (proznia)

- h i H normowano wzgledem A:h=h/A i H=H/A

-
WE- L paskdw

Rys. 4. Uklad dwoch przetwornikow migdzypalczastych (pélnieskbﬁczonych)

Rozwazmy konfiguracj¢ przedstawiona na rysunku 4. Mamy- tu dwa pOlnie-
skonczone przetworniki mi¢dzypalczaste rozdzielone L elektrodami uziemionymi.
Pojemno$¢ wzajemna ukladu tych przetwornikéw definiujemy jako stosunek
Cx=1]/joU gdzie

— V jest napieciem przylozonym do przetwornika nadawczego WE,

— J jest pradem przetwornika odbiorczego WY.

Pojemno$¢ wzajemna C, odpowiada za przechodzenie sygnalu falszywego z wej-
scia na wyjscie. Rozwazmy C, w funkgcji L i konfiguracji polaczen obu przetwor-
nikow. ‘

Przetwornik nadawczy (zrédlo sygnatu falszywego) moze by¢ zasilany w dwojaki
sposab:

- W konﬁgurac_u antysymetryczneJ V*=Vand V- =0 (napx@me jest przylozone
tylko do wejscia WE +, wejscie WE — jest uziemione),

— w konfiguracji symetrycznej: V¥ =V/2 and V- = —V/2 (napigcie jest podawa-
ne na wejscia w przeciwfazie np. przéz transformator symetryzujacy).

Anbalogiczne konfiguracje sa rozwazane w przypadku przetwornika odbior-
czego:

—-w konﬁguracp antysymetrycznej: J=1I" (prad wyjsciowy jest zbierany wylacz-
nie z wyjscia WY+ ),
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— w konfiguracji symetrycznej: J=(I*—1")/2 przy spehieniu relacji I*=—1".
Prady I* i I~ wyznaczane sa nastepujaco

= Y Aul, (26)
- = YB,L, @7
za$
L, = ijvk g SR - (28)
gdzie
1 dla elektrod polaczonych z WY+,
A = : 29
0 w przeciwnym przypadku, ‘
—1 dla elektrod polaczonych z WY —, '
B, = : (30)
0 w przeciwnym przypadku, :
V. = V* dla elektrod polaczonych z WE -+, G1)
¥~ ) V~ dla elektrod polaczonych z WE—.

Na Rys. 5. przedstawiono wyniki odniesione do warto$ci maksymalnej na
wykresie w skali decybelowej, dla réznych konfiguracji przetwornikéw (pierwsza
litera opisuje konfiguracje przetwornika nadawczego, druga — odbiorczego). v

Rezultaty nie zaleza od ukladu dielektrykéw, w ktorym umieszczone sa elektro-
dy: najwicksza pojemnos¢ wzajemna mamy w konfiguracji A— A (oba przetworniki
sa polaczone antysymetrycznie), najmniejsza w S—S (oba przetworniki polqczone
symetrycznie).

QQCX o A-A e S-A
d8 o A A-S A S-S
-104 ©%o
$ A o °0 0o
20 Sea A 0000000000
-20+ AAA
L A
4. AAAAAAAA
-30F ®
A °
*
~40 ..
40 a ...
“A ...
-50 A ® 9
50 A‘AA ......
-60 i i L 1 1 1 4 a

0 2 4 6 8 10 12 14 16 18 20 L
Rys. 5. Pojemno$¢ wzajemna dwoch przetwornikow dla roznych konfiguracji ich polaczen (skala dB)
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Rys. 6. Porownanie pojemnosci wzajemnej dla roznych osrodkow a) w konfiguracji A—A, b) w kon-
figuracji S—S (skala dB)

Rys. 6 daje porownanie pO]CIIlllOSCl wzajemnej dla konfiguracji A— A i S-S
w czterech.przypadkach:

— elektrody umieszczono na polprzestrzeni dielektrycznej i h oo (wyniki
przedstawiono kotkami),

— podobnie ale =11 g =0 (kwadraty),

— elektrody na plycie dielektrycznej o H=11i ¢, =1 (tr6jkaty),

— podobnie ale &, = 0 (,,kara”).

Wszystkie wyniki sa w dB (normowano do wartosci maksymalnej na wykresie).
W obu przypadkach (A—A i S—S) pojemno$¢ wzajemna jest najmniejsza dla plyty
jednostronnie metalizowanej, najwigksza zas dla elektrod na poOlprzestrzeni dielekt-
ryczne;j.
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4.2. POJEMNOSCIOWY CZUJNIK ODLEGLOSCI

Rozwazmy C, w funkcji H, 4 oraz g, poszczegblnych warstw. Poniewaz C,
szybko maleje z n rozwazymy jedynie C, dla bliskich elektrod t] dla n=0,...,3.

Na rysunku 7 przedstawiono wyniki numeryczne dla H=co i 0 <A< 10 (elektrody
umieszczono na poOlprzestrzeni’ dielektrycznej ze szkla kwarcowego — sytuacja od-
powiada Rys. 3a. Przedstawiono wyniki obliczen dla kolejno &, =c0, 10s,, &,, linia
ciagla reprezentuje przypadek ¢,=1. C, na Rys. 7 unormowano wzglgdem e,

— o~ C .
201, Cofe. _ 0 [ /e, ¢)
1811 i
= e
~0.5 /./,’—
L f/
7!
/
[/
- |
-1.0 | i 1 1 1 | 1 i 1 !
0 1 3 4 5 6 7 8 9_10
h
d)
0 C3/EO
~-041 —K
-02 = =
-
~03F"7
!
L
=04F 4
f
-3.0 1 ! i I 1 \ i 1 I J =051 I 1 1 1 1 1 1 1 |
0 1 2 3 4 S 6 7 8 9_10 0 1 2 3 4 5 6 7 8 910

h

Rys. 7. Przebieg C, w funkcji h dla elektrod umieszczonych na potprzestrzeni dielekirycznej

Dla duzych wartosci # wyniki dla g, =0 jak i g, <oo s3 podobne: prad elektrody
zasilanej (C,) narasta wraz ze zmniejszaniem A, prady elektrod uziemionych maleja
z powodu’ zamykania linii pola elektrycznego w ofrodku na granicy y= —h.
Jednak dla malych £ sytuacja jest odmienna: prady elektrod uziemionych w przypa-
dku &,=co maleja nadal co do modutu wraz ze zmniejszaniem %, natomiast dla
&, <oo z powodu wnikania pola elektrycznego w glab dielektryka ¢,, ten prad
narasta co do modutu. W skrajnym przypadku tj. dla A=0 mamy C =o0 i C,=0
dla &, =c0. Poniewas ¢, (h=0)>¢_ (h=c0) krzywe na Rys. 7dlan #0 w przypadku
g, < wykazujq charakterystyczne wygiecie.

Na rysunku 8 przedstawiono dla poréwnania rezultaty dla &, = oo dla elektrod
umieszczonych na roznych podlozach: poélprzestrzeni d1elektryczne_], plyty dielekt-
rycznej o H=1 z gérna powierzchniag swobodna tj. g, =11 na plycie o H=1 ale
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Rys. 8. Poréwnanie C, w funkcji h dla elektrod umieszczonych w réznych osrodkach

N

zZ gornq powierzchnia metalizowana tj. &, = co. Przypadki te odpowiadaja odpowied-
nim wykresom efektywnej przen1ka1n0s01 dielektrycznej z rysunku 3.

Widaé, ze dla elektrod polozonych na cienkiej (H=1) plytce dlelektrycznej
metalizowanej po jednej stronie wspolczynniki C, sa dla n#0 znacznie mniejsze niz
dla elektrod umieszczonych na pélprzestrzeni dielektrycznej czy plyty niemetalizo-
wanej. Ma to istotne znaczenie w minimalizacji pojemnosci wzajemnej przetwor-
nikow.

W przypadku czujnika zbudowanego na bazie kondensatora miedzypalczastego
‘dla otrzymania pelnych zaleznosci jego pojemnosci od odleglosci przedmiotu i jego
przenikalno$ci dielektrycznej &,, nalezy przeprowadzi¢ sumowanie po wspolczyn-
nikach C, analogicznie jak to czyniono-przy analizie pojemnosci wzajemnej w po-
przednim rozdziale.

N

PODSUMOWANIE

— Pojemno$¢é wzajemna dwoch przetwornikoéw jest najmniejsza gdy oba prze-
tworniki pracuja w konfiguracji symetrycznej. -

— Inny sposéb na zminimalizowanie tej pojemnosci to zamknigcie ukiadu
migdzy dwiema plytami metalowymi.
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— Parametry czujnika zaleza od jego konfiguracji: mozliwe jest wykorzystanie
wszystkich lub niektérych C, w tworzeniu sygnalu wejsciowego. Ogblnie najlepiej
jest umiefci¢ elektrody na szkle o malej przenikalnosci dielektryczne;.
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MUTUAL CAPACITANCE OF TWO INTERDIGITAL TRANSDUCERS IN THE METAL CASE

Summary

A periodic system of ideally conducting electrodes deposited in layered dielectric media is analysed.
A capacitive electromagnetic crosstalk between interdigital transducers in surface acoustic wave devices is
investigated. The results are also applicable in designing of capacitive distance sensor based on the
interdigital capacitor.
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Metoda szczegblnego probkowania stuzy do pomiaru wektora harmonicznej pod-
stawowej przebiegu odksztalconego. Podstawy teoretyczne tej metody zostaly opub-
likowane w pracy [5]. Podano tam jedynie wstepne dane na temat osiagalnej doktadnosci,
bowiem problem ten jest mocno zlozony. Biad pomiaru skiada sig z dwu zasadniczych
czgSci. Jedna z nich wynika z faktu, Zze niektére wyzsze harmoniczne, wystgpujace
w badanym przebiegu, pozostaja niewyeliminowane. Ta przyczyna powoduje wystgpowa-
nie tak zwanego ,,bledu podstawowego™. Nieidealne wlasciwosci przetwarzania analogo-
wo-cyfrowego prowadza do pojawienia si¢ innej niedokladnosci, wywolujacej tak zwany
»blqd digitalizacji”. W niniejszym opracowaniu wyprowadzono zaleznosci, ktére umoz-
liwiaja znalezienie granicznych wartosci bledu podstawowego, jakie moga wystapié
w najbardziej niesprzyjajacych warunkach. Obliczono takze odnosne wartosci bledu dla
kilku -regularnych przebiegow odksztalconych, odpowiadajace réznym realizacjom
metody.

1. WSTEP

W pracy [5] wykazano, ze watos¢ blgdu podstawowego zalezy od wielu czyn-
nikéw. Istotng rolg graja tu nie tylko ksztalt badanego przebiegu oraz wlasciwosci
zastosowanej realizacji metody — lecz takze moment poczatkowy x, w ktorym
rozpoczyna si¢ proces pobierania serii probek. Ogolnie biorac, argument odpowia-
dajacy wspomnianemu momentowi poczatkowemu nie posiada okreslonej wartosci,
bowiem wynika on z przypadkowego przesuniecia czasowego pomiedzy przebiegiem
badanym i dzialaniem urzadzenia sterujacego procesem pomiarowym. W dalszej
czesci niniejszych rozwazan wszystkie argumenty i katy wyrazane sa w [deg].

Amplituda 4, i faza «, szukanego wektora harmonicznej podstawowej wy-
znaczane s3 w rozwazanej metodzie z wartosci dwu sum: Y, oraz Y, wyprowadzo-
nych w publikacji [5]. Przy obliczaniu wyniku pomiaru przyjmuje si¢, Ze powyzsze
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sumy sa wolne od wplywu wszelkich innych skladowych oprécz podstawowe;.
W rzeczywistosci jednak zaloZenie to moze nie by¢ spelnione i wowczas pomiar daje

przyblizone rezultaty 4], ;. W ten sposéb powstaja:
a) wzgledny blad amplitudy 4, odpowiadajacy zaleznosci

A =(1+8)*4, (1)
b) bezwzgledny blad fazy e, ktory jest okreslony zwiagzkiem '
ay=a, +e : )

2. ZALEZNOSCI PODSTAWOWE

Na podstawie rozwazan, przedstawionych w [5], mozna napisaé:

C(1)Ajcos(e; + x + f) = +7Y,
_ ' )
C(HA4;sin(@; + x+ )= -7%,,

gdzie C(1) oraz B oznaczaja stale, zalezne od wybranej realizacji, natomiast x jest
momentem poczatkowym serii probkowan. Nalezy tu zaznaczyé, iz rozwazania
niniejsze odnoszy si¢ do ,,wariantu drugiego” metody [5], ktoéry wykazuje najlepsze
wlasciwosci. Wyzej wspomniane sumy sa w rzeczywistosci okreslone zaleznosciami:

+Y,=C()a,cos(@, +x+ ) +

+ Y C(2k—1) Ay cos oy +(2k—1) (x+ )] | (4a)
k=2 _

—Y, =C@1) A4, sin(, + x4+ p) +

+. Y =1 CQRk—1) Ay, sinfay_,+Qk—1)(x+p)]. - (@b)
k=2

Powyisze wyrazenia sa wolne od skladowej stalej oraz wszystkich harmonicznych
parzystych i to bez wzgledu na zastosowana realizacje metody. Przez poréwnanie
wzor6w (3) i (4) oraz przy uwzglednieniu zaleznoéci (1), (2) otrzymuje si¢ wyrazenia
umozliwiajace obliczenie bledu amplitudy i fazy. Celem uproszczenia zapisu dal-
szych rozwazan wprowadza si¢ teraz oznaczenia pomocnicze:

CQk=1), Aoy _
Q) * A, = B2k-1 (%)

s + k1) () = @, ©)

Nalezy tutaj zauwazy¢, iz stala C(1) oraz wszystkie amplitudy 4,, 4, sa
wartosciami dodatnimi. Inaczej rzecz si¢ przedstawia w odniesieniu do stalych
C(2k—1), ktére dla pewnych harmonicznych sa w danej realizacji ujemne. Przy
k=1, czyli dla harmonicznej podstawowej, jest g, = +1. Wobec tego otrzymuje si¢
nastgpujace wyrazenia:




